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Preface 


* 


Electromagnetism  is  one  of  the  cornerstones  of  classical  physics.  For  the 
student  it  is  usually  the  first  introduction  to  a  fully  developed  field  theory.  The 
concept  of  a  vector  field  (the  electromagnetic  field)  with  its  sources  (positive  and 
negative  electric  charges)  and  their  mutual  interactions  is  new  and  difficult.  The 
fact  that  such  interactions  require  a  finite  time  (i.e. ,  propagate  with  a  finite  velocity) 
is  a  philosophically  and  mathematically  complicating  aspect. 

Electromagnetism  is  also  one  of  the  cornerstones  of  modern  technology — 
indeed,  of  modern  life.  Electromagnetic  waves  through  space  or  along  wires,  optical 
fibers  and  waveguides  provide  our  principal  means  of  communication;  electric 
currents  activate  our  lights,  motors,  computers,  television  and  radio  transmitters 
and  receivers.  Antennas  on  roofs,  on  automobiles  and  ships,  space  shuttles  and 
satellites  expand  the  range  of  our  eyes  and  ears. 

How  should  the  physics  and  mathematics  of  electromagnetic  field  theory  be 
presented  to  the  modern  student  who  would  rather  program  a  computer  than 
acquire  the  mental  and  technical  expertise  needed  to  understand  the  fascinating 
complexities  of  the  physical  world?  The  explicit  introduction  of  computer-based 
methods  into  a  course  on  electromagnetic  theory  is  not  the  answer.  Numerical 
methods  and  computer  software  are  invaluable  tools  for  the  modern  scientist  and 
engineer  which  he  must  certainly  learn  to  use.  But  this  does  not  mean  that  skill  in 
the  use  of  techniques  like  the  method  of  moments  is  an  acceptable  alternative  to 
physical  understanding  or  mathematical  analysis.  Accordingly,  this  introduction  to 
electromagentism  seeks  to  develop  an  understanding  of  electromagnetic  phenom- 


ena,  their  mathematical  representation,  and  their  manifold  applications  without 
the  explicit  added  distractions  and  complications  of  computer-related  methods. 

In  the  first  section  of  his  distinguished  book,  Electrodynamics,  (volume  III 
in  his  Lectures  on  Theoretical  Physics)  Arnold  Sommerfeld  describes  the  surprising 
new  insights  which  he  gained  as  a  student  from  the  great  work  of  Heinrich  Hertz, 
“On  the  Basic  Equations  of  Electrodynamics  for  Bodies  at  Rest.”  In  particular, 
he  points  out  that  in  Hertz’s  presentation — in  contrast  with  the  “old-style  lectures” 
that  begin  with  Coulomb’s  law  and  electrostatics — the  equations  of  Maxwell  are 
introduced  initially  and  axiomatically  as  the  basis  of  electromagnetism.  He  em¬ 
phasizes  that  from  them  “the  entirety  of  electromagnetic  phenomena  can  be  de¬ 
duced  logically  and  systematically.  Coulomb’s  law,  that  used  to  provide  the  initial 
foundation,  now  appears  as  a  necessary  consequence  of  the  comprehensive  theory.” 

Fundamental  Electromagnetic  Theory  and  Applications  departs  from  the  tra¬ 
ditional  “old  style”  to  follow  the  lead  of  Hertz  in  the  spirit  of  Maxwell.  It  provides 
a  moderately  comprehensive  and  logically  coordinated  introduction  to  electro¬ 
magnetism  based  directly  on  Maxwell’s  equations.  The  basic  theory  in  the  first  six 
chapters  borrows  heavily  from  the  senior  author’s  earlier  work,  Fundamental  Elec¬ 
tromagnetic  Theory,  but  with  appropriate  rearrangement  and  a  completely  mod¬ 
ernized  symbolism  and  standardized  notation.  Since  the  book  begins  with  first 
principles,  it  does  not  depend  directly  on  previous  work  in  electricity  and  mag¬ 
netism,  but  does  presuppose  an  intermediate  level  of  physical  and  mathematical 
maturity. 

Chapter  1  serves  a  double  purpose.  Although  directed  primarily  toward  de¬ 
fining  the  density  functions  which  subsequently  appear  in  Maxwell’s  equations  and 
formulating  the  principle  of  conservation  of  electricity,  it  also  introduces  the  vector 
operators  in  terms  of  fundamental  physical  concepts,  rather  than  merely  as  a  math¬ 
ematical  symbolism.  Instead  of  summarizing  vector  analysis  in  a  separate  intro¬ 
ductory  chapter  or  in  the  appendix,  it  is  made  an  integral  part  of  the  logical 
formulation  of  electromagnetic  principles.  In  this  manner,  it  becomes  associated 
with  tangible  pictures  that  are  basic  to  the  very  subject  of  study.  The  outline  of 
classical  electromagnetism  begins  in  Chapter  2  with  the  definition  of  the  electro¬ 
magnetic  vectors  and  continues  in  the  succeeding  three  chapters  with  the  intro¬ 
duction  of  potential  and  energy  functions.  Chapter  6  is  concerned  with  the  for¬ 
mulation  of  general  theorems  and  their  applications.  Beginning  with  Chapter  7, 
the  theory  is  applied  to  the  scattering  and  diffraction  of  plane  waves,  linear  antennas 
and  arrays,  the  foundations  of  electric  circuit  theory  and  the  loop  antenna,  trans¬ 
mission-line  theory,  the  insulated  antenna,  the  theories  of  metal  and  dielectric 
waveguides,  and  to  waves  and  antennas  near  and  across  the  boundary  between 
electrically  different  half-spaces. 

Because  investigators  concerned  with  outward  traveling  waves  are  accustomed 
to  the  time  dependence  exp(  —  mt)  while  those  dealing  with  electric  circuits  use 
exp(/W),  both  forms  appear  in  this  book.  The  choice  is  made  dependent  on  the 
particular  subject  being  discussed.  The  conversion  from  the  one  to  the  other  in¬ 
volves  the  simple  relation  i  =  —j  except  in  Hankel  functions,  where  H^\x)  goes 
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over  into  H^\x)  when  i  is  changed  to  Note  that  in  the  exponential  the  letter 
j  is  used  consistently  and  exclusively  with  the  positive  sign,  the  letter  i  with  the 
negative  sign. 

Boldface  type  is  used  for  space  vectors  whether  real  or  complex.  Real  and 
complex  scalars  are  in  lightface  type.  Readers  are  reminded  that  the  so-called 
rotating  “vectors”  used  to  represent  periodic  phenomena  are  actually  complex 
numbers.  The  “rotating  vector”  is  a  rotating  pointer  in  the  complex  plane.  A 
complex  vector  in  boldface  is  a  shorthand  for  a  real  space  vector  in  boldface  (often 
a  unit  vector)  multiplied  by  a  complex  number  in  lightface. 

All  of  the  material  in  this  book  except  that  which  appears  in  the  last  chapter 
has  been  tested  in  the  classroom. 
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Mathematical 
Description  of  Matter : 
Density  Functions  and 
Vector  Operators 


Electromagnetic  engineering  is  concerned  with  solutions  of  mathematical  equations 
which  can  be  interpreted  physically  and  applied  to  practical  problems  in  electrical 
communication,  geophysical  exploration,  biomedical  science,  and  other  fields.  It 
deals  with  an  elaborate  symbolism  that  describes  the  physical  models  in  terms  of 
which  all  macroscopic  electrical  phenomena  are  explained.  It  requires  a  mathe¬ 
matical  shorthand  to  express  as  concisely  as  possible  the  interrelations  between 
symbols  in  accordance  with  the  fundamental  postulates  of  physical  science.  This 
chapter  is  concerned  with  the  vector-analytical  description  of  the  electrical  prop¬ 
erties  of  matter. 


STATIONARY  STATES:  THE  STATIC  STATE 
1.1  ELECTRIC  CHARGE 

In  the  systematic  formulation  of  an  electrodynamical  model  to  serve  as  the  math¬ 
ematical  foundation  of  electromagnetic  engineering,  it  is  convenient  to  consider 
electric  charge  to  be  a  basic  concept  that  is  not  derivable  from  or  expressible  in 
terms  of  other  concepts.  This  view  is  consistent  with  atomic  theory,  which  constructs 
its  models  of  matter  in  terms  of  the  four  concepts  of  space  (length  L),  time  ( T ), 
mass  (M),  and  electric  charge  (Q).  Its  picture  of  matter  involves  vast  numbers  of 
molecules  characterized  by  mass  and  random  velocity  in  space.  The  molecules  are 
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combinations  of  atoms;  the  atoms  are  complex  structures  consisting  of  electrons 
and  protons  (neutrons,  positrons).  The  electron  is  not  divisible,  is  associated  with 
a  mass  me  =  9.1  x  10 " 31  kg,  and  is  invariably  characterized  by  a  definite  quantity 
of  negative  electric  charge  qe  -  —e=  — 1.6  x  10" 19  coulomb  (C).  For  most 
engineering  purposes,  a  simplified  model  of  the  nucleus  is  adequate:  a  mass  M 
(e.g.,  mass  of  proton  mp  =  1836. 3me  §>  me,  mass  of  neutron  mn  >  me )  with  a 
positive  electric  charge  qt  =  Ze,  where  Z  is  the  number  of  electrons  outside  the 
nucleus.  The  atom  as  a  whole  is  neutral.  In  constructing  the  electrodynamical 
model,  it  is  adequate  to  treat  electrons  and  positive  nuclei  as  charges  and  masses 
associated  with  points.  It  is  not  necessary  to  specify  shape  or  volume. 

Two  fundamental  properties  of  electric  charge  are  postulated.  The  first  is  its 
indestructibility.  A  basic  characteristic  of  electric  charge  is  that  it  can  be  neither 
created  nor  destroyed.  If  a  charge  disappears  from  one  point,  it  must  reappear  at 
another.  This  postulate  is  called  the  principle  of  conservation  of  electricity.  The 
second  postulate  is  that  of  mutual  interaction  at  a  distance.  This  assumes  attraction 
and  repulsion  between  charges  both  as  a  characteristic  of  the  charges  themselves 
and  of  their  relative  motions.  No  attempt  is  made  at  this  point  to  formulate  these 
two  postulates  with  precision.  They  will  be  involved  quantitatively  in  describing 
the  physical  models  on  which  the  mathematical  structure  that  constitutes  the  real 
theory  of  electromagnetism  is  based.  An  essential  part  of  this  theory  is  the  for¬ 
mulation  of  the  mathematical  counterparts  of  these  two  qualitative  principles  as¬ 
sumed  in  the  physical  model. 

The  fundamental  problem  of  engineering  electrodynamics  is  to  incorporate 
millions  of  electrons  and  positive  nuclei  in  a  mathematical  model  from  which 
quantitative  observations  associated,  for  example,  with  antennas  and  transmission 
circuits  may  be  predicted  in  terms  of  their  theoretical  analogues.  It  is  formally 
possible  to  set  up  this  problem  in  terms  of  the  individual  position  and  motion  of 
the  fabulous  numbers  of  electric  charges  contained  in  the  atomic  model  of  matter. 
But  this  formulation  is  mathematically  so  complicated  that  it  is  of  no  practical  value 
for  deriving  experimentally  verifiable  quantities.  Clearly,  a  fundamental  prereq¬ 
uisite  of  any  model  is  a  reasonable  simplicity  and  transparency  in  its  mathematical 
structure,  even  at  the  expense  of  consistency  in  the  picture  and  of  a  degree  of 
accuracy  in  its  final  predictions.  In  the  present  case,  as  in  others  involving  a  very 
large  number  of  similar  units,  great  simplification  results  from  a  study  of  average 
rather  than  of  individual  behavior.  This  permits  an  approximate,  overall  description 
in  terms  of  continuous  functions  suitably  defined  throughout  the  body  and  so 
constructed  that  they  assume  at  every  point  values  characteristic  of  the  average 
properties  of  a  small  region  near  the  point.  The  number  of  such  functions  required 
and  their  complexity  depend  on  the  number  of  classes  of  units  present  and  their 
relative  behavior,  as  well  as  on  the  degree  of  approximation  desired.  For  example, 
in  representing  the  mass  of  a  solid  body  in  terms  of  its  molecular  model,  a  single, 
continuous  function  giving  the  average  density  D  at  every  point  is  adequate  to 
secure  a  good  approximation.  In  this  case,  there  is  only  one  class  of  units,  since 
each  molecule  is  characterized  alike  by  mass.  The  corresponding  electrical  problem 
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is  considerably  more  complicated  owing  to  the  presence  of  two  distinct  classes  of 
units ,  the  positive  nuclei  and  the  electrons ,  and  the  possibility  of  widely  dissimilar 
behavior  because  of  their  different  structures  and  functions  in  the  atom.  To  secure 
a  reasonably  good  approximation  in  a  large  variety  of  problems,  it  is  necessary  to 
construct  a  mathematical  model  that  includes  several  continuous  functions  called 
densities.  These  take  account  of  the  magnitude,  the  distribution,  and  the  relative 
velocities  of  the  charges.  In  certain  problems  requiring  a  higher  degree  of  approx¬ 
imation,  additional  functions  and  a  more  complicated  model  may  be  constructed. 
These  will  not  be  described. 

To  define  the  continuous  functions  required  for  the  mathematical  model,  it 
is  convenient  to  examine  in  detail  separate  atomic  models  with  special  structures. 
These  are  so  chosen  that  a  general  case  may  be  obtained  by  superposition  or 
combination,  although  usually  not  without  overlapping.  These  special  models  are 
considered  conveniently  in  two  important  groups  or  states  called,  respectively,  the 
stationary  and  the  nonstationary  states.  The  former  is  subdivided  into  the  static 
state  and  the  steady  state. 


1.2  THE  STATIC  STATE  AND  THE  ATOMIC  MODEL 

The  static  state  is  more  correctly  called  the  statistically  stationary  state  since  it  does 
not  involve  charges  at  rest.  On  the  contrary,  all  charges  are  assumed  to  be  in  motion 
in  a  most  general  and  irregular  way.  A  motion  in  which  no  regularity  exists  is  called 
random.  Each  charge  moves  in  its  own  unique  way  unlike  that  of  any  other.  For 
any  volume  as  a  whole  there  must  be  no  preferred  directions,  no  common  axes, 
nothing  that  would  in  any  way  permanently  relate  the  average  motion  of  one  charge 
to  that  of  another.  Any  effect  due  to  the  motion  of  one  charge  in  a  given  direction 
or  around  a  particular  orbit  is  undone  by  the  motion  of  other  charges  in  the  opposite 
direction  somewhere  in  its  neighborhood,  or  by  the  combined  effect  of  the  indi¬ 
vidual  motions  of  many  charges.  All  effects  due  to  the  individual  random  motions 
of  the  charges  cancel  over  a  time  average  taken  over  a  period  that  is  long  compared 
with  the  time  of  atomic  or  molecular  events  (such  as  rotations  or  collisions)  but 
that  may  be  very  short  from  the  point  of  view  of  an  experimental  observation. 
Such  a  time-average  picture  of  the  behavior  of  a  large  number  of  entities  moving 
at  random  is  called  statistical.  From  the  statistical  point  of  view,  a  volume  containing 
millions  of  charges  moving  at  random  is  indistinguishable  from  the  same  volume 
containing  the  same  charges  with  each  fixed  at  an  average  rest  position .  Hence  the 
charges  may  be  spoken  of  as  statistically  at  rest,  and  to  each  may  be  assigned  a 
statistical  rest  position.  The  average  overall  electrical  properties  of  the  statistically 
static  model  are  the  same  as  those  of  the  dynamic  one  with  random  motion,  and 
one  may  be  substituted  for  the  other  whenever  convenient.  Any  regularity  in 
orientation  or  motion  of  the  charges  may  be  pictured  in  the  dynamic  model  as 
superimposed  on  the  random  motion;  in  the  static  model  it  is  represented  by  a 
relative  orientation  or  motion  of  the  statistical  rest  positions  of  the  charges. 
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It  is  possible  to  incorporate  within  the  picture  of  random  distribution  a  rather 
complicated  model  skillfully  devised  to  represent  the  inner  structure  of  the  ele¬ 
ments.  It  assigns  a  definite  and  different  number  of  electrons  to  the  atom  of  each 
element  and  divides  the  electrons  so  assigned  into  groups  according  to  a  compre¬ 
hensive  scheme.  This  defines  a  set  of  energy  levels  or  shells ,  of  which  each  is  limited 
to  a  specified  maximum  number  of  electrons .  Each  positive  nucleus  has  associated 
with  it  a  certain  number  of  electrons  in  an  arrangement  characteristic  of  a  particular 
element.  In  the  case  of  a  molecule  consisting  of  several  closely  bound  atoms,  the 
electronic  distribution  peculiar  to  each  atom  is  complicated  by  an  overlapping  or 
sharing  of  shells .  All  the  electrons  in  an  atom  or  in  a  molecule  are  freely  movable 
to  the  extent  that  each  individual  electron  can  exchange  places  with  any  other  and 
in  this  way  associate  itself  successively  with  different  shells  or  nuclei  belonging  to 
different  atoms  or  molecules  throughout  a  body  or  region.  However,  the  number 
of  electrons  belonging  to  each  shell,  nucleus,  or  group  of  nuclei  in  a  molecule  is  a 
constant  time-average  characteristic  of  each  element  or  compound. 

In  each  atom  two  classes  of  electrons  may  be  distinguished  solely  with  ref¬ 
erence  to  the  type  of  shell  to  which  they  belong.  One  class  is  associated  with 
complete  or  full  shells,  the  other  with  shells  that  are  only  partly  filled.  In  most 
atoms,  there  is  only  one  incomplete  shell,  the  outermost  one.  But  in  some  cases 
(e.g.,  copper  and  silver)  the  difference  between  the  energy  levels  of  two  shells  is 
so  small,  as  determined  by  the  mathematical  scheme  used  to  define  these,  that  the 
outermost  one  may  already  contain  some  electrons  while  the  next  one  still  has 
empty  spaces.  The  electrons  in  partly  filled  shells  are  called  valence  electrons.  It  is 
assumed  that  closed  shells  in  atoms  and  closely  linked  configurations  in  molecules 
are  characterized  by  strong  intra-atomic  and  intramolecular  constitutive  forces  that 
act  to  maintain  them  over  a  time  average.  Such  forces  are  not  presumed  to  act  on 
valence  electrons  of  atoms  unless  they  are  a  part  of  a  molecular  configuration. 
Electrons  that  are  subject  to  strong  constitutive  forces  are  called  closed-shell  elec¬ 
trons  or  bound  charges',  valence  electrons  are  called  free  charges.  The  term  “bound 
charge”  does  not  mean  that  random  exchanges  may  not  take  place  freely.  It  does 
mean  that  a  definite  and  characteristic  number  of  electrons  is  bound  to  each  atom 
or  molecule  not  only  under  random  conditions  but  also  under  the  action  of  strong 
external  forces  tending  to  disturb  a  random  distribution.  The  term  “free  charge” 
refers  to  a  charge  that  may  leave  the  atom  or  molecule  with  which  it  is  statistically 
associated  without  having  another  charge  take  its  place .  A  motion  of  free  electrons 
may  occur  from  one  section  of  a  body  to  another,  leaving  an  excess  of  positive 
charge  behind  and  bringing  with  it  an  excess  of  negative  charge.  But  such  a  transfer 
of  free  charge  can  take  place  only  under  the  action  of  external  influences  that 
disturb  the  normal  random  conditions. 

The  number  of  free  electrons  characteristic  of  an  atomic  configuration  is  a 
fundamentally  significant  property.  Atomic  or  molecular  models  in  which  there 
are  very  few  or  none  will  be  called  closed-shell  or  bound-charge  models.  Other 
names  are  nonconductors,  dielectrics,  or  insulators.  Models  in  which  there  is  an 
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abundance  of  free  electrons  will  be  called  free-charge  models  or  conductors.  In¬ 
termediate  cases  are  semiconductors  or  imperfect  dielectrics.  Some  of  their  mac¬ 
roscopic  properties  may  be  deduced  by  a  suitable  combination  of  the  properties 
of  the  two  extremes.  The  free-  and  bound-charge  models  are  necessarily  statistically 
identical  as  long  as  purely  random  conditions  prevail.  But  they  behave  quite  dif¬ 
ferently  under  the  action  of  external  forces  which  seek  to  establish  preferred  di¬ 
rections  in  the  motions  or  relative  positions  of  the  charges  or  in  the  orientation  of 
the  atoms  or  molecules. 


1.3  VOLUME  DENSITY  OF  CHARGE 


The  electrical  properties  of  a  region  (or  body)  in  which  a  random  (statistical) 
distribution  of  charge  prevails  may  be  described  approximately  by  a  continuous 
function  which  assigns  to  every  point  in  the  region  a  number  characteristic  of  the 
average  condition  of  total  charge  in  the  neighborhood  of  the  point.  Any  function 
that  assigns  a  scalar  to  every  point  in  a  region  in  which  it  is  defined  is  called  a 
scalar  point  function.  For  a  volume  V,  the  physical  meaning  of  the  volume  density 
of  charge  p(r)  is  contained  in 


Figure  1.3-1  shows  the  element  of  volume  dV. 
The  average  volume  density  of  charge  is 


(1.3-la) 


(1.3-lb) 


However,  this  formula  tells  nothing  about  the  distribution  of  charge  in  V.  If  the 
volume  V  containing  many  millions  of  electric  charges  is  divided  into  small  elements 
AF  and  the  density  function  is  defined  to  be  the  limit  approached  by  the  ratio  of 
the  total  charge  in  the  element  to  the  volume  of  the  element  as  the  latter  is  allowed 
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Figure  1.3-1  Location  of  volume  ele¬ 
ment  dV. 
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to  approach  zero,  a  microscopic  definition  of  the  volume  density  of  charge  is 
obtained: 


(1.3-lc) 


Figure  1.3-2  shows  the  location  of  the  charge  In  (1.3-lc),  8(|r 
the  Dirac  delta  function,  which  has  the  following  properties: 


r  ±  r, 


r  =  r 


1 8(ir  -  r'i) dv  =  15; 


when  V  contains  ry 
when  V  does  not  contain  ry 


p(r)  dV  = 


r,l)  dV 


which  is  the  same  as  (1.3- la). 

Since  every  charge  is  endowed  with  mass ,  a  corresponding  scalar  point  func¬ 
tion  to  describe  the  distribution  of  mass  is 


(1.3-ld) 
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Figure  1.3-2  Location  of  charge  <?,. 
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In  (1.3- lc)  ej  is  the  magnitude  of  any  one  of  the  N  charges  in  the  volume  element. 
In  (1.3-ld)  myis  the  mass  associated  with  the  same  charge.  Unfortunately,  functions 
constructed  in  this  way  are  discontinuous  because  the  charges  and  masses  are 
associated  with  discrete  points.  They  have  values  different  from  zero  only  at  points 
characterized  by  charge  and  mass.  For  example,  at  a  point  locating  an  electron, 
p  =  —  oo,  D  =  oo  and  at  a  point  locating  a  positive  nucleus,  p  =  oo,  D  —  oo.  At 
all  intermediate  points  both  p  and  D  vanish.  This  is  precisely  the  representation 
in  terms  of  individual  charges  which  has  already  been  rejected  because  of  its  great 
mathematical  complexity. 

To  obtain  functions  that  will  represent  the  average  distribution  of  charge  and 
of  mass  in  a  small  element  of  volume,  it  is  necessary  to  subdivide  a  larger  region 
into  small  elements.  But  these  may  not  approach  zero  as  a  limit.  Several  questions 
arise:  How  large  must  each  element  of  volume  be  in  order  that  the  discontinuous 
effect  of  individual,  more  or  less  widely  separated  charges  and  masses  may  be 
avoided?  How  small  must  each  element  be  so  that  significant  variations  in  charge 
and  mass,  which  may  characterize  the  region  as  a  whole,  are  not  obscured?  Is  it, 
in  fact,  possible  to  select  volume  elements  that  are  at  the  same  time  sufficiently 
large  and  sufficiently  small?  The  answers  to  the  first  two  questions  are  easily  given. 
Each  volume  element  must  be  large  enough  to  contain  enough  charges  so  that 
statistical  conditions  prevail.  But  it  must  also  be  very  small  compared  with  physically 
measurable  magnitudes.  The  answer  to  the  last  question,  whether  these  two  re¬ 
strictions  on  the  size  of  volume  elements  can  be  fulfilled  simultaneously,  depends 
on  the  inner  structure  of  the  postulated  atomic  model,  in  particular  on  the  average 
distance  between  charges.  Fortunately,  atomic  theory  requires  this  distance  to  be 
so  small  that  it  is  possible  to  construct  volume  cells  that  are  large  enough  to  contain 
many  millions  of  charges,  and  that  are  yet  extremely  minute  compared  with  lab¬ 
oratory  magnitudes.  In  fact,  the  mean  distance  between  charges  in  the  model  is 
assumed  to  be  so  short  that  a  volume  cell  which  is  only  as  thick  as  this  mean  distance 
may  still  be  made  large  enough  to  be  statistically  regular  as  a  whole  without  ap¬ 
proaching  directly  measurable  magnitudes  in  length  or  breadth. 

Let  the  region  or  body  for  which  the  continuous  functions  are  to  be  constructed 
be  subdivided  into  volume  cells  of  which  At,  is  a  typical  one  (Fig.  1.3-3).  At,  = 
d f  such  that 

(mean  free  path)  dc  <  dt<  L  (laboratory  dimension)  (1.3-2) 


Typical  volume 
cell  At,- 


0 


Figure  1.3-3  Body  divided  into  vol¬ 
ume  cells. 
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where  the  mean  free  path  is  the  mean  distance  between  charges.  For  solids  and 
liquids, 

dc  ~  4  x  10“ 10  m;  d{  ~  4  x  10~6  m;  L  ~  4  x  10~2  m 


The  inequality  (1.3-2)  is  satisfied  and  Nt  =  ( di/dc )3  ~  1012  particles  in  At,.  This 
satisfies  the  condition  for  statistical  regularity.  For  gases  and  plasmas,  dc  is  usually 
quite  large  and  the  definition  of  a  useful  density  may  be  impossible. 

Let  there  be  N  charges — positive,  negative,  or  both — in  a  typical  cell.  The 
total  charge  e(  in  the  volume  At,  is  the  algebraic  sum  of  the  individual  charges.  It 
is 


The  total  mass  is 


N 

= 

(1.3-3a) 

i 

N 

-  2  rnj 

y=i 

(1.3-3b) 

/ 


Here  ej  is  the  charge  and  m}  the  mass  of  an  electron  or  of  a  positive  nucleus. 
Appropriate  magnitudes  and  algebraic  signs  are  to  be  used  in  each  case.  Evidently, 
the  total  charge  in  the  volume  element  vanishes  if  it  contains  either  no  charges  or 
equal  amounts  of  positive  and  negative  charge.  On  the  other  hand,  the  total  mass 
vanishes  only  if  At,  contains  no  charges  and  hence  no  units  of  mass. 

Two  scalars  are  defined  at  the  center  of  each  volume  cell  (located  by  the 
vector  r,)  according  to  the  formulas 


C/m3 


(1.3-4a) 


YYl . 

D( r,)  -  —L  kg/m3  (1.3-4b) 

At  t 

and  giving,  respectively,  the  average  charge  and  mass  per  unit  volume  in  the  cell 
At,.  Corresponding  scalars  are  defined  at  the  center  of  every  volume  element 
throughout  the  entire  body.  Using  all  these  scalars  as  a  reference  frame,  two 
continuous  scalar  point  functions  are  constructed  that,  by  definition,  assume, 
respectively,  the  values  p(r,)  and  D(r,)  at  the  center  of  each  cell,  while  smoothly 
and  continuously  connecting  them  at  all  intermediate  points.  This  is  shown  in 
Fig.  1.3-4.  The  continuous  functions  constructed  in  this  way  are  said  to  be  inter¬ 
polated  from  the  discrete  values  p(r,)  and  D( r,).  They  are,  respectively,  the  volume 
density  of  charge  (denoted  by  p)  and  the  volume  density  of  mass  (denoted  by  D) . 
The  former  has  the  dimensions  of  charge  divided  by  volume,  the  latter  of  mass 
divided  by  volume. 


P(r)  ~ 

Q 

L3 

C/m3 

(1.3-5a) 

D(  r)  - 

M 

L3 

kg/m3 

(1.3-5b) 
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Figure  1.3-4  Volume  density  of 
charge. 


From  the  very  manner  in  which  they  are  constructed,  it  is  clear  that  such 
interpolated  functions  can  adequately  represent  the  average  densities  of  charge 
and  of  mass  in  a  body  only  if  this  possesses  considerable  uniformity  of  structure. 
The  mean  distribution  of  charges  may  vary  only  slowly  from  volume  cell  to  volume 
cell.  In  fact,  an  adequate  representation  of  the  properties  of  a  body  or  region  in 
terms  of  volume  densities  of  charge  and  mass  as  defined  above  requires  that  these 
functions  be  so  slowly  varying  through  the  body  as  to  be  sensibly  constant  over 
distances  that  are  large  compared  with  the  dimensions  of  a  volume  cell.  Such  a 
condition  of  very  slow  variation  must  be  assumed  to  prevail  wherever  the  density 
functions  are  used. 


1.4  SURFACE  DENSITY  OF  CHARGE 

In  constructing  the  volume  density  of  charge  p  by  interpolation  from  the  scalars 
p(r;)  defined  at  the  centers  of  the  volume  cells  At,,  it  was  assumed  that  these  cells 
were  all  sensibly  alike  throughout  the  region  in  which  p  was  defined.  In  the  interior 
of  a  region  this  assumption  merely  implies  a  reasonably  slow  variation  in  charac¬ 
teristic  structure  in  passing  from  cell  to  cell.  On  the  surface  of  a  region,  or  on  the 
boundary  between  two  dissimilar  regions,  however,  this  uniformity  of  structure 
does  not  exist  because  there  the  volume  cells  are  not  completely  surrounded  by 
other  similar  ones.  At  a  surface  or  boundary,  all  cells  are  asymmetrically  placed 
because  one  side  is  necessarily  exposed  to  surroundings  that  are  entirely  different 
from  those  experienced  by  the  other  sides.  It  must  be  expected,  therefore,  that  at 
a  surface  or  boundary,  the  electrical  properties  of  a  region  cannot  in  general  be 
represented  correctly  by  the  same  continuous  function  used  to  describe  the  interior. 
In  particular,  the  volume  density  of  charge  p  cannot  be  required  to  be  as  slowly 
varying  as  is  demanded  for  the  interior  and  at  the  same  time  to  represent  correctly 
the  rapid  change  that  may  occur  near  the  surface.  This  difficulty  may  be  overcome 
by  treating  separately  a  layer  of  very  thin  surface  cells  of  which  At,  is  a  typical  one 
(Fig.  1.4-1).  The  thickness  of  the  surface  layer  is  taken  to  be  dc,  the  mean  free 
path,  and  the  dimensions  parallel  to  the  surface  are  dh  where  dc,  dh  and  L  are 
related  as  in  (1.3-2).  It  is  stated  in  Sec.  1.3  that  on  the  basis  of  the  atomic  theory 
these  tangential  dimensions  may  be  so  large  that  each  surface  cell  contains  enough 
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Figure  1.4-1  Body  divided  into  vol¬ 
ume  and  surface  cells. 


charges  to  be  statistically  regular  and  yet  so  small  that  they  are  of  a  different  and 
much  smaller  order  of  magnitude  compared  with  physical  dimensions.  It  is,  there¬ 
fore,  possible  to  choose  the  tangential  dimensions  of  the  surface  cells  to  be  of  the 
same  order  of  magnitude  as  the  dimensions  dt  of  the  interior  cell  and  still  have 
both  surface  and  volume  cells  satisfy  the  limiting  conditions  for  statistical  regularity 
on  the  one  hand,  and  physical  smallness  on  the  other.  In  this  case  the  number  of 
charges  is  Ns  =  dcdj/d3c  ~  108  particles  in  At,,  which  still  satisfies  the  requirement 
for  N  >  105.  Because  the  surface  cells  are  like  the  volume  cells  in  the  tangential 
plane,  it  is  reasonable  to  suppose  that  for  such  properties  as  depend  only  on 
conditions  in  this  plane,  and  not  on  those  along  a  perpendicular  to  a  boundary, 
each  surface  cell  will  behave  just  like  a  correspondingly  thin  slice  of  an  adjacent 
volume  cell.  It  follows  that  a  surface  layer  of  cells  need  be  used  only  when  asym¬ 
metry  along  the  normal  to  the  surface  leads  to  significant  and  different  effects  from 
those  determined  from  conditions  of  charge  that  are  characteristic  of  the  interior. 
Since  the  volume  of  each  surface  cell  is  negligible  compared  with  that  of  the  adjacent 
interior  cell,  surface  cells  may  be  disregarded  in  describing  tangential  effects. 

The  significance  of  thin  surface  layers  of  charge  and  their  relation  to  the 
volume  density  of  charge  as  already  defined  are  illustrated  in  the  following  example . 
Suppose  that  a  closed  region  containing  positive  and  negative  charges  is  at  first 
under  the  action  of  no  external  influence.  The  static  condition  of  complete  statistical 
equilibrium  prevails,  and  every  volume  and  surface  element  is  electrically  neutral 
because  it  contains  on  the  average  an  equal  amount  of  positive  and  negative  charge. 
This  is  true  for  both  the  free-charge  and  the  bound-charge  models  since  a  random 
distribution  prevails  in  each.  If  an  asymmetrical  external  force,  for  example,  due 
to  a  positively  charged  body  placed  near  its  left  end,  acts  on  the  region,  electrons 
in  it  experience  an  unbalanced  force  of  attraction  toward  the  left,  whereas  positive 
nuclei  are  repelled  toward  the  right.  In  the  free-charge  model,  mobile  free  electrons 
drift  toward  the  left  to  make  the  left  surface  negatively  charged  and  leave  the  right- 
hand  surface  positive.  The  drift  extends  through  the  entire  region  and  does  not 
stop  until  the  average  force  acting  on  each  charge  due  to  the  external  charges  and 
the  two  oppositely  charged  surface  layers  is  again  zero.  A  new  condition  of  statistical 
equilibrium  is  established  in  this  way  with  a  greater  electron  density  at  the  surface 
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on  the  left  and  a  correspondingly  diminished  electron  density  at  the  surface  on  the 
right.  In  the  interior,  each  volume  element  remains  neutral. 

In  the  bound-charge  model,  conditions  are  different.  All  electrons  are  in 
closed  shells ,  and  although  individually  free  to  move  and  exchange  places  with  one 
another  they  are  under  the  influence  of  strong  intra-atomic  forces  that  seek  to 
maintain  a  distribution  which  is  random  from  the  point  of  view  of  a  volume  cell, 
but  which  on  the  average  provides  each  nucleus  with  a  characteristic  number  of 
electrons  properly  distributed  in  shells.  Hence,  even  under  the  action  of  quite 
strong  external  forces,  there  can  be  no  mean  drift  of  electrons  one  way  or  the 
other.  Over  a  time  average  the  same  number  must  always  move  away  from  an 
attracting  external  influence  as  toward  it.  Consequently,  the  statistical  rest  positions 
of  the  electrons  can  at  most  be  shifted  slightly  to  produce  a  distorted  outer  shell 
of  electrons  in  each  atom  or  molecule.  If  an  external  force  is  applied  outside  the 
left  surface  of  a  region  to  attract  electrons  as  in  the  preceding  case,  each  atom  or 
molecule  exhibits  a  slight  distortion  and  orientation  in  the  form  of  a  shift  of  the 
statistical  rest  positions  of  the  electrons  relative  to  those  of  the  positive  nuclei.  The 
mean  rest  position  of  the  total  negative  charge  associated  with  each  atom  or  mol¬ 
ecule  is  in  this  way  displaced  so  that  it  no  longer  coincides  exactly  with  that  of  the 
positive  center.  The  net  effect  is  a  small  shift  of  the  electrons  associated  with  each 
atom  toward  the  left.  This  does  not  constitute  a  general  drift  in  that  direction 
throughout  the  charged  region  as  in  the  free-charge  model,  but  only  an  infinitesimal 
distortion  and  orientation  within  each  atom.  The  final  effect,  however,  is  again  to 
make  the  left-hand  surface  of  the  entire  region  negative,  the  right-hand  surface 
positive  while  the  interior  remains  neutral. 

From  these  simple  illustrations  it  is  clear  that  similar  distributions  of  charge 
may  exist  in  both  models.  In  particular,  charges  may  be  so  distributed  that  a  volume 
density  of  charge  would  have  to  have  the  value  zero  throughout  the  interior,  rise 
continuously  but  very  steeply  to  a  positive  value  at  one  surface  and  descend  to  an 
equal  negative  value  on  the  opposite  surface.  In  general,  and  under  identical  ex¬ 
ternal  circumstances,  the  distribution,  although  similar  in  the  two  models,  would 
not  be  the  same  because  the  conditions  determining  the  final  equilibrium  are  quite 
different.  In  the  free-charge  model,  equilibrium  is  reached  when  enough  negative 
charge  has  accumulated  on  the  left-hand  surface  (by  effectively  taking  it  from  the 
right)  to  neutralize  in  the  interior  of  the  region  the  action  of  the  external  positive 
charge.  In  the  bound-charge  model,  equilibrium  is  reached  when  each  atom  has 
been  distorted  and  oriented  in  such  a  way  that  stronger  internal  forces  are  brought 
into  play  to  balance  the  external  influence.  The  amount  of  distortion,  which  de¬ 
termines  the  density  of  charge  at  the  surface,  depends  on  the  nature  of  the  intra- 
atomic  forces  of  constitution. 

If  such  an  equilibrium  distribution  of  free  or  bound  charge  is  to  be  described 
in  terms  of  the  volume  density  of  charge  p  as  defined  above,  difficulties  are  en¬ 
countered.  For  a  region  that  has  been  divided  into  similar  volume  cells  at  the 
surface  and  the  interior,  the  following  observations  may  be  made  about  the  discrete 
densities  of  charge  p;  defined  for  the  individual  cells.  In  the  free-charge  model,  p; 
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vanishes  in  each  interior  cell  because  it  contains  on  the  average  equal  magnitudes 
of  positive  and  negative  charge;  p,  has  a  small  negative  value  in  the  layer  of  cells 
along  the  left  surface;  a  small  positive  value  in  the  layer  along  the  right  surface. 
The  values  of  p,  in  the  At ,•  cells  along  the  surfaces  are  very  small  because  the  surface 
layer  constitutes  only  a  minute  part  of  the  volume  of  these  cells.  The  process  of 
averaging  over  cells  that  are  extremely  thick  compared  with  the  surface  layer  of 
charges  (the  thickness  of  such  a  layer  is  of  molecular  magnitudes)  obscures  the 
actually  high  concentration  of  charges  in  such  a  thin  layer.  The  p/s  are  average 
values  defined  at  the  centers  of  cubical  volume  cells.  When  p  is  interpolated,  no 
account  is  taken  of  concentrations  of  charge  in  layers  that  are  thin  compared  with 
the  dimensions  of  the  volume  cells.  In  brief,  a  subdivision  into  At,  cells  of  dimension 
dj  is  too  coarse  near  the  surface  or  boundary  where  a  thin  layer  of  charge  exists. 

The  same  conclusion  is  reached  for  the  bound-charge  model.  Since  each 
volume  cell  is  assumed  to  contain  a  large  number  of  neutral  atoms ,  a  mere  distortion 
of  each  atom  by  small  shifts  of  the  negative  charges  relative  to  the  positive  nucleus 
does  not  change  the  total  charge  in  each  volume  element  either  in  the  interior  or 
along  the  surface  if  boundaries  are  drawn  so  that  they  do  not  cut  through  atoms 
or  molecules.  Hence  the  volume  density  of  charge  is  zero  throughout  the  interior 
and  along  the  surface. 

In  neither  the  free-charge  nor  the  bound-charge  model  is  a  representation  in 
terms  of  the  volume  density  of  charge  p  adequate  to  take  account  of  surface 
conditions  of  charge.  The  reason  in  both  cases  is  that  a  function  interpolated  from 
values  averaged  over  thick  volume  cells  cannot  be  sensitive  to  a  thin  surface  dis¬ 
tribution  of  charge  that  contributes  little  to  the  volume  of  these  cells.  What  is 
needed  is  a  separate  treatment  of  the  surface.  This  is  easily  accomplished  by  con¬ 
structing  a  layer  of  extremely  thin  cells  along  each  boundary,  while  the  remainder 
of  the  volume  is  divided  up  into  volume  cells  as  before.  The  volume  density  of 
charge  p,  as  already  defined,  continues  to  characterize  the  condition  of  charge  in 
the  interior,  while  a  new  function,  iq,  the  surface  density  of  charge,  is  defined  to 
describe  the  condition  of  charge  along  the  surface. 

The  surface  density  of  charge  is  defined  in  a  manner  analogous  to  that  used 
for  the  volume  density  of  charge.  Let  At,  =  dcdj  be  one  of  the  thin  surface  cells 
each  of  thickness  dc  that  satisfies  the  inequality  (1.3-2).  A  scalar  iq(r,)  is  defined 
at  the  center  of  each  surface  cell  (Fig.  1.4—1)  by  the  relation 


(1.4-1) 


A  continuous  scalar  point  function  iq(r)  is  constructed  for  the  entire  surface  by 
interpolation  from  the  discrete  values  in  (1.4-1).  By  definition,  iq(r)  has  the  values 
T](r^)  at  the  centers  of  the  individual  surface  cells;  it  connects  these  continuously 
and  smoothly  at  all  intermediate  points.  This  definition  of  iq(r)  is  meaningful  if  the 
body  represented  is  sufficiently  uniform  so  that  iq  varies  so  slowly  in  tangential 
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directions  along  the  surface  as  to  be  sensibly  constant  over  distances  that  are  large 
compared  with  the  lateral  dimensions  d,  of  the  cells.  Since  the  thickness  of  the 
layer  is  of  molecular  magnitude,  no  condition  of  uniformity  can  or  need  be  imposed 
in  a  direction  normal  to  the  surface.  The  dimensions  of  the  surface  density  of  charge 
are  charge  per  unit  area. 


C/m2 


(1.4-2) 


A  static  distribution  of  charge  in  a  region  constructed  according  to  the  free-charge 
or  the  bound-charge  model  may  be  described  in  terms  of  the  scalar  functions  p  and 
r\  to  a  degree  of  approximation  that  is  adequate  for  all  practical  problems. 


1.5  NUMBER  DENSITIES 


An  alternative  notation  for  describing  the  properties  of  a  region  is  in  terms  of  a 
number  density  which  can  be  defined  in  any  volume  containing  several  different 
kinds  of  particles.  For  electrons,  the  number  density  at  the  center  of  the  volume 
cell  (given  by  the  point  r,)  is  defined  as 


(1.5-1) 


where  Nei  is  the  number  of  electrons  in  the  cell  At,.  The  continuous  number  density 
ne{ r)  may  be  obtained  from  the  discrete  values  ne{ r,)  by  interpolation. 

If  a  surface  representation  is  desired,  the  number  density  at  the  center  of  the 
surface  cell  (given  by  the  point  r5)  may  be  defined  as 


(1.5-2) 


where  Nes  is  the  number  of  electrons  in  the  surface  cell  At*.  The  continuous  number 
density  nes(r)  is  obtained  by  interpolation. 

The  number  densities  for  positive  charges  are  defined  in  a  similar  manner. 
If  a  volume  representation  is  to  be  used,  the  number  density  at  the  center  of  the 
volume  cell  is 


Npi 

np(rd  =  (1.5-3) 

where  Npi  is  the  number  of  positive  charges  in  At,.  Interpolation  will  yield  the 
continuous  density  function  np{ r).  If  the  surface  density  is  to  be  used,  the  number 
density  at  the  center  of  the  surface  cell  is  given  by 


(1.5-4) 
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where  Nps  is  the  number  of  positive  charges  in  At,  .  The  continuous  function  nps(r) 
is  obtained  by  interpolation. 

The  previously  defined  volume  and  surface  densities  of  charge  may  be  related 
to  the  number  density  for  electrons  as  follows: 


Pe(r)  =  qene(  r)  =  -ene(  r) 

(1.5-5) 

THe(r)  =  qenes(r )  =  ~enes{  r) 

(1.5-6) 

Similar  relations  are  obtained  for  the  positive  charges: 

Pp(r)  =  qPnP(r)  =  eZnP(r) 

(1.5-7) 

rip(r)  =  qpnps(  r)  =  eZnps(  r) 

(1.5-8) 

The  total  volume  and  surface  densities  of  charge  for  a  region  containing  positive 
and  negative  particles  may  now  be  written: 

p(r)  =  ?e(r)  +  pp(r) 

(1.5-9) 

ri(r)  =  T]e(r)  +  rip(r) 

(1.5-10) 

The  mass  density  may  also  be  related  to  the  number  densities. 

De( r)  =  mene{ r),  for  electrons 

(1.5-11) 

Dp{ r)  =  mpnp{ r),  for  protons 

(1.5-12) 

Dn{ r)  =  mnnn{ r),  for  neutrons 

(1.5-13) 

The  total  mass  density  for  a  region  containing  positive  and  negative  particles  and 
neutrons  is  given  by 

D(  r)  =  De(  r)  +  Dp(  r)  +  Dn(  r)  (1.5-14) 

The  dimensions  of  the  number  density  of  charge  are 


m 


-3 


m 


-2 


1.6  ALTERNATIVE  MODES  OF  REPRESENTATION 

Up  to  this  point  the  statistically  stationary  state  has  been  characterized  by  the  two 
continuous,  slowly  varying  scalar  point  functions  p(r)  and  T](r).  The  surface  density 
iq  was  introduced  because  a  representation  in  terms  of  the  volume  density  p  alone 
is  inadequate  to  represent  conditions  at  a  surface  or  boundary  resulting  from  asym¬ 
metry  in  the  direction  normal  to  the  surface.  The  definition  of  t]  required  a  simple 
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change  in  the  mode  of  subdivision  of  the  region  into  elementary  cells.  The  new 
mode  of  subdivision  and  the  definition  of  p  and  iq  may  be  used  for  both  free-  and 
bound-charge  models.  But  whereas  in  the  free-charge  model  the  surface  conditions 
are  real  surface  effects  involving  distinct  layers  of  free  charge  that  can  be  considered 
simply  and  naturally  as  separate  from,  and  superimposed  upon,  volume  phenom¬ 
ena,  the  same  is  not  true  of  the  bound-charge  model.  Here  a  condition  ascribed 
specifically  to  the  surface  is  actually  a  surface  manifestation  of  a  phenomenon 
existing  throughout  the  interior.  The  appearance  of  a  surface  layer  of  charge  is  the 
result  of  a  distortion  and  orientation  of  all  the  atoms  in  the  region.  And  the  charges 
on  the  surface  are  simply  parts  of  the  outermost  layer  of  neutral  but  distorted 
atoms.  From  the  physical  point  of  view  of  the  atomic  model,  the  separate  consid¬ 
eration  of  a  thin  surface  sheet  is  not  really  appropriate  or  reasonable  for  the  bound- 
charge  model  because  the  thin  surface  layer  cuts  off  a  part  of  the  outer,  closed 
shell  of  each  atom.  Hence,  although  a  subdivision  using  surface  cells  and  the 
separate  definition  of  a  surface  density  provides  an  adequate  representation  of  the 
external  properties  of  the  bound-charge  model  from  the  mathematical  point  of 
view,  an  alternative,  more  appropriate  representation  is  desirable  from  the  point 
of  view  of  the  physical  model.  According  to  this,  the  entire  surface  effect  is  fun¬ 
damentally  a  part  of  a  volume  phenomenon,  and  it  is  not  merely  plausible  but 
logically  necessary  to  provide  an  alternative  representation  entirely  in  terms  of 
volume  functions.  Instead  of  changing  the  mode  of  subdivision  and  introducing 
separate  surface  cells  and  a  separate  surface  density,  an  alternative  procedure  using 
the  original  subdivision  into  volume  cells  is  required.  The  orientation-distortion 
effect  in  the  interior,  as  well  as  its  surface  manifestation,  must  be  represented  by 
an  additional  function  defined  throughout  the  volume. 


1.7  VOLUME  DENSITY  OF  POLARIZATION 

An  alternative  representation  of  the  static  state  in  terms  of  two  volume  functions 
instead  of  a  volume  and  a  surface  function  is  designed  specifically  for  the  bound- 
charge  model  with  a  subdivision  into  volume  cells  only.  The  volume  density  of 
charge  is  defined  to  describe  the  average  condition  of  total  charge  throughout  the 
region  just  as  before.  It  does  not  take  account  of  the  average  separation  and 
orientation  of  the  statistical  rest  positions  of  positive  and  negative  charge,  so  that 
a  new  function  must  be  constructed  for  this  purpose.  Consider  a  region  containing 
only  closely  bound  charges  which  are  exposed  to  the  action  of  an  external  force 
that  attracts  negative  and  repels  positive  charge.  Because  there  are  no  free  charges 
in  the  region,  there  can  be  no  general  transfer  of  charge.  Instead,  the  bound-charge 
groups  associated  with  each  atom  or  molecule  are  distorted  and  oriented  in  such 
a  way  that  the  statistical  rest  position  of  the  entire  negative  charge  in  each  group 
is  moved  away  from  coincidence  with  the  rest  position  of  the  positive  charge.  Each 
bound  group  continues  to  be  electrically  neutral,  but  a  statistical  separation  and 
orientation  of  its  positive  and  negative  charges  takes  place.  Such  a  group  may  be 
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described  in  terms  of  a  statistically  stationary  positive  charge  q  separated  a  distance 
d  from  a  similar  negative  charge.  A  structure  of  this  kind  is  called  a  dipole.  Let  a 
polar  vector  d  be  drawn  from  the  statistical  center  of  the  negative  charge  to  that 
of  the  positive  charge.  The  polar  vector 

P  =  <?d  (1.7-1) 

is  a  measure  of  the  statistical  separation  of  the  rest  positions  of  the  positive  and 
negative  charge  and  their  orientation  in  space  as  seen  in  Fig.  1.7-1.  (The  direction 
of  a  polar  or  ordinary  vector  differs  from  its  opposite  in  a  real  physical  sense.  Thus 
the  polar  vector  points  from  negative  to  positive  charge  where  these  two  kinds  of 
charge  are  physically  different.)  The  polar  vector  p  is  called  the  average  polarization 
of  the  bound  group  of  charges  in  the  atom  or  molecule;  it  is  the  polarization  of  a 
statistically  equivalent  dipole.  The  direction  of  the  vector  defines  the  axis  of  po¬ 
larization;  the  magnitude  of  the  vector  is  the  electric  moment. 

An  entirely  equivalent  representation,  which  is  more  readily  generalized  to 
apply  to  a  volume  containing  many  charges,  is  illustrated  in  Fig.  1.7-2.  An  arbitrary 
origin  is  fixed  at  any  convenient  point  near  the  rest  positions  of  two  equal  and 
opposite  charges.  Let  dx  and  d2  be  vectors  drawn,  respectively,  from  the  origin  to 
each  of  the  two  charges  ex  and  e2.  The  positive  direction  of  each  vector  is  from  the 
origin  to  the  charge,  regardless  of  the  sign  of  this  latter.  The  polarization  of  the 
dipole  composed  of  the  two  charges  is  defined  by 

p  =  exdx  +  e2d2  (1.7-2) 

Since  e1  and  e2  have  been  assumed  to  be  equal  in  magnitude  and  opposite  in  sign , 
this  relation  may  be  written 

p  =  ex(dx  -  d2)  =  exd  (1.7-3) 

It  is  therefore  equivalent  to  (1.7-1)  with  ex  replaced  by  q.  In  (1.7-3)  it  has  been 
assumed  that  e2  is  the  negative  charge;  that  is,  e2  =  -  ex  =  —e,  where  e  is  positive. 

The  notation  used  in  (1.7-3)  may  be  applied  to  define  the  polarization  p(r,) 
of  any  number  N  of  different  charges  in  a  volume  element  At,  referred  to  the  center 
of  At,,  as  shown  in  Fig.  1.7-3.  The  polarization  p(r,)  is  given  by  the  vector  sum 

p(l)  =  2  eA  (1.7-4) 

y=i 


p=  c/d 

Figure  1.7-1  Representation  of  a  dipole. 


Figure  1.7-2  Equivalent  representa¬ 
tion  of  a  dipole  with  unequal  charges. 
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Volume  Density  of  Polarization 
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Figure  1.7-3  Location  of  charge  et  in 
volume  element. 


The  vectors  df  are  drawn  from  an  origin  at  the  center  of  the  volume  element  At, 
to  the  individual  charges  ey.  In  a  region  containing  no  free  electrons,  the  At,  elements 
may  be  so  chosen  that  each  one  contains  only  complete  atoms  or  molecules.  With 
such  a  subdivision  the  volume  density  of  charge  is  zero  throughout.  The  electrical 
properties  of  the  region  are  then  characterized  entirely  by  the  polarization  of  the 
individual  volume  cells.  Thus,  if  a  vector  P(r,)  is  defined  at  the  center  of  each 
volume  cell  At,  according  to 


(1.7-5) 


a  vector  point  function  P(r)  which  is  continuous  and  slowly  varying  throughout  the 
region  may  be  constructed  by  interpolation  from  the  discrete  values  P(r,).  If  free 
charges  are  present  in  addition  to  the  complete  atoms,  their  distribution  is  described 
in  terms  of  p.  However,  if  p  is  not  so  slowly  varying  as  to  be  sensibly  constant  over 
distances  comparable  with  the  dimensions  of  each  At,  cell,  the  nonuniformity  of 
charge  distribution  contributes  not  only  to  p(r,)  but  also  to  p(r,)  defined  at  the 
center  of  the  cell  by  (1.7-4).  In  order  not  to  take  this  same  variation  into  account 
twice,  it  must  be  subtracted  from  (1.7-5)  if  it  is  at  all  significant.  Its  value  is  easily 
determined  as  follows.  Since  p  is  a  continuous  function,  the  departure  from  a 
constant  charge  density  at  a  point  within  the  cell  at  a  distance  s  from  its  center  is 
given  to  a  first  approximation  by  s(d p/ds).  The  derivative  is  evaluated  at  the  center 
of  the  cell.  The  resulting  contribution  to  the  polarization  of  the  entire  cell  referred 
to  its  center  is  obtained  by  multiplying  this  charge  density  by  a  vector  s  drawn  from 
the  center  of  the  cell  to  the  point  and  then  integrating  over  At,.  Accordingly,  if  p 
is  not  sensibly  constant,  P(r,)  must  be  defined  as  follows  instead  of  by  (1.7-5): 


ss 


dp 

dS 


dj 


(1.7-6) 


The  integral  in  (1.7-6)  with  a  vector  in  the  integrand  is  a  shorthand  form  for  three 
integrals,  one  for  each  component.  The  function  P(r,)  in  (1.7-6)  evidently  reduces 
to  (1.7-5)  if  p  is  sensibly  constant.  A  continuous  function  P(r)  may  be  interpolated 
from  the  discrete  values  in  (1.7-5)  or  (1.7-6)  as  required.  P(r)  is  the  vector  volume 
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density  of  polarization,  or  simply  the  polarization  vector.  A  function,  such  as  P(r), 
that  assigns  a  vector  to  every  point  in  a  region  is  called  a  vector  point  function. 
Thus  P(r)  assigns  to  each  point  a  vector  that  is  a  measure  of  the  electric  moment 
and  its  direction.  The  volume  density  of  polarization  has  the  dimensions  of  charge 
per  unit  area 

%  C/m2  (1.7-7) 


1.8  COMPARISON  OF  TWO  REPRESENTATIONS 

In  describing  the  static-state  properties  of  a  region  in  terms  of  volume  and  surface 
densities  of  charge  p  and  t],  each  of  these  two  functions  is  defined  in  an  entirely 
separate  part  of  the  region  in  which  it  alone  bears  the  full  responsibility.  On  the 
other  hand,  in  the  alternative  representation  in  terms  of  volume  densities  of  charge 
p  and  of  polarization  P,  both  functions  are  defined  in  terms  of  the  charges  contained 
in  the  same  volume  elements.  Both  functions  are  defined  throughout  the  whole 
region;  to  every  point  the  function  p  assigns  a  scalar,  the  function  P  a  vector.  Since 
each  point  is  characterized  by  two  independently  defined  quantities,  a  question 
must  arise  as  to  what  extent  the  two  functions  overlap  and  to  what  extent  the  entire 
representation  depends  on  the  mode  of  subdivision  into  volume  cells.  Furthermore, 
since  the  volume  density  of  charge  is  unable  to  take  account  of  asymmetrical 
conditions  in  the  form  of  thin  layers  of  charge  at  surfaces  and  boundaries,  the 
volume  density  of  polarization  must  in  one  way  or  another  describe  these. 

Let  a  region  that  is  under  the  influence  of  an  external  force  be  examined. 
Suppose,  first,  that  it  is  divided  into  volume  elements  in  such  a  way  that  each  cell 
contains  only  complete  and  therefore  neutral  bound-charge  groups  (Fig.  1.8- la). 
The  volume  density  of  charge  is  zero  throughout  and  since  the  boundaries  cut  no 
dipoles,  p  =  0,  P  =£  0.  If  surface  cells  are  used,  dipoles  at  the  ends  will  be  cut  by 
boundaries,  r\  £  0,  and  P  will  be  smaller  than  before  because  some  dipoles  are 
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Figure  1.8-1  External  force  acting  on 
a  charged  region. 
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cut.  By  careful  location  of  the  boundaries  P  can  be  made  zero  (Fig.  1.8- lb).  Figure 

1.8- 2  shows  an  electrically  one-dimensional  section  of  a  volume  constructed  so  that 
the  polarization  is  everywhere  fixed  in  direction,  but  increasing  in  magnitude  uni¬ 
formly  in  a  direction  parallel  to  the  axis  of  polarization.  The  volume  density  of 
polarization  P  is  a  uniformly  increasing  function  in  the  direction  from  left  to  right. 
The  three-dimensional  picture  of  the  volume  under  consideration  is  shown  in  Fig. 

1.8- 3.  The  volume  V  is  a  slab  that  extends  from  x  =  8  to  x  =  24  and  is  infinite 
in  the  y  and  z  directions.  It  is  subdivided  into  cubical  cells  with  dt  =  4  and  At,  = 
4x4x4.  Because  of  the  uniformity  in  the  y  and  z  directions,  this  may  be 
simplified  by  choosing  cells  such  that  At,  =  4xlxl.p,p,  and  P  may  be 
calculated  for  each  cell  from  the  definitions 


p,  =  2  eJdP 


Subdivision  I:  Representation  entirely  in  terms  of  the  volume 
density  of  polarization  P;  p  =77  =  0.  Note  that  doubly  spaced 
dipoles  are  counted  as  two. 


•  P=  6 


*Ts 

Vr  =  +6 


Subdivision  II:  Representation  in  terms  of  both  volume  and 
surface  densities  of  charge,  p  and  r\\  P  =  0 


Figure  1.8-2  Schematic  diagram  to  show  two  possible  modes  of  subdivision  into  volume  cells  in  the 
static  state. 
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and  the  representation  in  Fig.  1.8-2.  Doubly  spaced  dipoles  are  counted  as  two 
in  the  volume  cells.  The  functions  for  the  four  volume  cells  are 

pi  =0;  P2  =  0;  p3  =  0;  p4  =  o 

px  =  lOx;  p2  =  14x;  p3  =  18x;  p4  =  22x 

Px  =  2.5x;  P2  =  3.5x;  P3  =  4.5x;  P4  =  5.5x 

It  is  to  be  noted  that  the  centers  of  the  volume  cells  are  at  x  =  10,  14,  18,  and  22, 
respectively.  The  volume  density  of  charge  is  zero  since  each  volume  element 
contains  only  bound  charges  and  is  therefore  neutral.  An  interpolation  for  this 
mode  of  subdivision  yields  the  continuous  functions  for  subdivision  I  (Fig.  1.8-4): 

Pj  =  0;  P,  =  0.25xx,  8  <  x  ^  24 

Pj  =  0;  Pj  =  0,  x  <  8,  x  >  24 


Figure  1,8-4 


P 


as  a  function  of  x. 
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An  extrapolation  to  the  two  surfaces  results  in 


•  P  =  -x  •  2x  =  -2,  for  the  left-hand  surface 

•  P  =  x  •  6x  =  6,  for  the  right-hand  surface 


The  electrical  properties  of  the  volume  V  are  completely  described. 

Now  let  the  mode  of  subdivision  be  changed  by  separating  a  thin  surface  layer 
on  each  side  with  a  boundary  that  cuts  through  the  individual  bound  groups  or 
atoms  as  shown  in  Fig.  1.8-2  (dashed  lines).  Each  new  volume  element  is  found 
to  be  practically  unpolarized  but  charged  uniformly.  Each  surface  element  is  charged. 
Hence  p  and  t]  have  nonvanishing  values,  while  P  is  zero  throughout.  The  functions, 
p,  p,  and  P  may  be  determined  for  the  new  mode  of  subdivision  II  with  both  surface 
and  volume  cells,  using  as  before, 

2  ej  2  ej  dy  p 

Pi  =  P'  =  At,  =  A7 

With  At,  =  4,  it  follows  that 

Pi=— I;  P2  =  4 ;  P3  —  —  v,  P4=— 4 


Similarly, 


This  follows  from  the  fact  that 


P  =  tfidi  +  q2&2  +  #3d3 
=  —  ed^  —  x)  +  edxx  —  e{2  d^)x 


as  shown  in  Fig.  1.8-5.  The  surface  densities  of  charge  on  the  left-hand  and  right- 
hand  surfaces  (t^  and  t^,  respectively)  are  given  by 

"^l  —  i  ~  2  —  •  Pj 

t)r  =  -  =  6  =  •  Px  (At,  =  1x1) 

An  interpolation  yields  the  following  continuous  functions  for  subdivision  II: 

Pii  =  0.25 ;  Pn  =  0;  r)n^  =  —2;  t)iu?  =  6 

These  functions  describe  completely  the  volume  V  for  the  second  mode  of  sub¬ 
division. 

If  both  of  the  modes  of  subdivision  that  have  been  described  are  discarded, 
and  no  attempt  is  made  to  have  the  boundaries  cut  or  not  cut  through  bound  groups 
of  charges,  statistical  conditions  prevail  along  and  across  the  boundaries  of  the 
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A 


X 


Centerline 

of  Figure  1,8-5  Dipole  moment  p  for 

volume  cell  subdivision  II. 


volume  cells  just  as  in  their  interior.  There  will  be,  on  the  average,  some  bound 
groups  near  the  boundaries  of  the  cells  completely  within  a  cell,  some  partly  in 
and  partly  out  so  as  to  be  cut  by  the  boundary  line.  On  the  average  there  will  be 
more  partly  in  and  partly  out  groups  on  the  right-hand  boundary  of  each  cell  than 
on  the  left,  because  the  number  of  polarized  groups  increases  toward  the  right 
throughout  the  region.  Thus  the  characteristics  of  the  two  special  modes  of  sub¬ 
division  prevail  simultaneously.  Each  volume  cell  is  both  charged  and  polarized  so 
that  both  p  and  P  have  nonvanishing  values.  At  the  surface  r\  is  likewise  nonvan- 
ishing.  The  following  questions  must  be  answered:  How  can  r\,  p,  and  P  be  combined 
to  represent  the  magnitude,  distribution,  and  orientation  of  charge  throughout  the 
volume  and  on  all  surfaces  in  a  way  that  is  unambiguous  and  independent  of  the 
mode  of  subdivision?  Can  this  representation  be  extended  to  regions  in  which  free 
charges  as  well  as  bound-charge  groups  are  present?  Let  these  questions  be  an¬ 
swered  first  for  the  interior  in  terms  of  p  and  P  and  later  for  the  surfaces  in  terms 
of  t|  and  P. 


1.9  ESSENTIAL  VOLUME  CHARACTERISTIC  OF  THE  STATIC 
STATE:  DIVERGENCE  OF  A  VECTOR 

The  relationship  between  p  and  P  in  the  interior  of  a  region  may  be  determined 
by  examining  what  happens  to  the  densities  that  describe  the  condition  of  charge 
in  a  typical  volume  cell  (such  as  At2  in  Fig.  1.8-2)  when  the  subdividing  boundaries 
are  shifted  just  enough  to  reduce  the  polarization  in  the  cell  to  zero.  Each  dipole 
(or  polarized  atom  or  molecule)  is  assumed  to  be  statistically  fixed  as  shown  one- 
dimensionally  and  schematically  in  Fig.  1.8-2.  With  subdivision  I,  there  are  only 
complete,  neutral  dipoles  in  At2,  so  that  p2  =  0  (Fig.  1.9-1).  When  the  boundary 
is  moved  to  form  subdivision  II,  four  negative  charges  are  included  in  At2  on  the 
right,  while  only  three  negative  charges  are  excluded  on  the  left.  The  net  result  is 
an  addition  of  one  negative  charge.  In  subdivision  I,  no  dipoles  are  cut  by  the 
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boundaries  of  the  cell.  In  subdivision  II,  three  dipoles  are  cut  by  the  left-hand 
boundary,  four  by  the  right-hand  boundary.  Therefore,  three  polarization  vectors 

p  =  ed  (1.9-1) 

pierce  the  left-hand  boundary  normally  and  pointing  to  the  right,  whereas  four 
such  vectors  cross  the  right-hand  boundary  also  directed  to  the  right.  In  other 
words,  there  is  an  outwardly  directed  excess  of  one  vector  p  =  ed  pointing  per¬ 
pendicularly  across  the  boundaries.  Correspondingly,  there  is  an  excess  of  one 
negative  charge  in  the  cell,  or  a  deficit  of  one  positive  charge.  It  follows  from  this 
highly  simplified  picture  that  there  is  a  one-to-one  correspondence  between  the 
number  of  negative  charges  appearing  inside  a  volume  cell  in  subdivision  II  and 
the  excess  of  outwardly  directed  polarization  vectors  that  pierce  the  cell  walls 
normally  in  changing  from  I  to  II. 

The  volume  function  P  measures  the  average  density  of  polarization  vectors 
due  to  individual  dipoles  or  their  equivalents  in  a  small  region  about  any  point. 
Accordingly,  the  component  of  P  directed  along  the  outward  or  external  normal 
to  a  closed  surface  at  any  point, 

Pn  —  n  •  P  (1-9-2) 

is  the  magnitude  of  the  average  sum  of  the  outwardly  directed  normal  components 
of  the  elementary  polarization  vectors  that  pierce  a  unit  area  of  the  surface  on 
which  Pn  is  defined.  Hence  the  surface  integral 

£  A  •  P  dv  (1-9-3) 

is  a  measure  both  of  the  number  of  elementary  polarization  vectors  that  pierce  £ 
normally  and  of  the  total  positive  charge  that  leaves  (or  the  total  negative  charge 
that  enters)  the  volume  enclosed  by  the  surface  2  (A  =  unit  external  normal)  when 


i  ii 


right  II 

for  II 


Figure  1.9-1  Change  from  subdivision 
I  to  subdivision  II. 
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the  mode  of  subdivision  is  changed  to  make  P  vanish.  Accordingly,  the  net  outflow 
of  positive  charge  per  unit  volume  in  the  change  in  subdivision  is  given  by 


+  charge  removed  or  -  charge 
added  per  uhit  volume  in  change 
from  subdivision  I  to  subdivision  II 


n  •  Pj  da 


(1.9-4) 


Here  X,-  is  the  surface  of  At,-.  The  subscript  I  on  P  indicates  that  Pz  is  determined 
using  subdivision  I.  In  subdivision  II,  Pn  =  0.  Alternatively, 


+  charge  added  or  —  charge  removed 
per  unit  volume  in  change  from 
subdivision  I  to  subdivision  II 


-kA'Pl  d° 


(1.9-5) 


An  added  positive  charge  per  unit  volume  in  At,  may  be  expressed  as  a  volume 
density  of  bound  charge  (pMI),  defined  at  the  center  of  At,-.  Thus 

-  J  n  •  Pj  dcr 

(Pmi)i  =  ^7  (1.9-6) 

A  volume  density  of  charge  (p6II),  due  to  polarization  might  be  defined  for  each 
volume  element  and  a  continuous  volume  function  interpolated  from  these  discrete 
values.  Since  P  is  such  an  interpolated  continuous  function  defined  at  every  point, 
this  is  not  necessary  and  the  ordinary  limit  process  of  the  calculus  may  be  used. 
Thus 


Pmi  =  lim 

At— >0 


-JsA-pi*r 

At 


(1.9-7) 


The  operation  of  taking  the  limit  of  the  total  outward  normal  flux  of  a  vector  such 
as  P  is  called  evaluating  the  divergence  of  the  vector. 


div  P  =  V  •  P  =  lim 

At— >0 


n  •  Pt  dcr 


At 


(1.9-8) 


The  divergence  is  a  fundamental  vector  operator.  With  (1.9-8),  (1.9-7)  becomes 


Pmi  =  -  V  •  P! 


(1.9-9) 


The  electrical  description  of  a  bound-charge  region  may  be  written  as  follows: 


Subdivision  I:  P  =  Pp,  pM  =  0 

Subdivision  II:  Pn  =  0;  pb  =  pWI  =  -V-P! 


(1.9-10) 
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The  interior  of  a  region  containing  only  distorted,  bound-charge  atoms  or  statis¬ 
tically  equivalent  simple  dipoles  may  be  described  either  in  terms  of  P  alone  with 
p  =  0  using  subdivision  I  or  in  terms  of  p  alone  with  P  =  0  using  subdivision  II. 

If  the  region  contains  free  charges  in  addition  to  distorted  closed-shell  atoms 
or  other  equivalent  dipoles,  the  continuous  functions  P  and  p  are  constructed  as 
defined  above.  If  subdivision  I  is  selected,  none  of  the  boundaries  of  the  At,  cells 
cuts  through  an  atom  or  a  dipole,  so  that  polarization  contributes  nothing  to  p. 
Hence  p  =  pf,  the  volume  density  due  to  free  charges  only,  and  has  a  nonvanishing 
value.  If  subdivision  II  is  chosen,  the  boundary  surfaces  of  the  At,  cells  are  by 
definition  so  placed  that  they  cut  through  enough  dipoles  to  make  the  polarization 
in  each  interior  cell  vanish.  The  volume  density  of  charge  due  to  the  free  charges 
is  independent  of  small  shifts  in  the  bounding  surfaces,  so  that  pf  will  be  the  same 
as  before.  However,  p,  if  determined  according  to  definition,  includes  not  only  pf 
but  also  pb,  due  to  the  charges  actually  present  in  each  cell  from  parts  of  dipoles 
cut  by  the  boundaries.  Hence  the  volume  density  of  charge  interpolated  from  the 
discrete  values  p,  is 

P  =  Pf  +  Pb  (1.9-11) 

But  pHI  is  equal  to  -  V  •  PI?  so  that  px  -  V  •  Px  is  equal  to  pn.  If  an  intermediate 
mode  of  subdivision  III  is  used  in  which,  for  example,  only  one-half  of  the  dipoles 
necessary  to  reduce  the  polarization  to  zero  are  cut  by  the  boundaries,  pHII  = 
i Pfeii,  Pm  =  iPi;  pf  is  unchanged,  and  pin  -  V  •  Pm  has  the  same  value  as  pn  or 
as  pj  —  V  •  Pj.  Thus 

p  =  p  -  V  •  P  (1.9-12) 

called  the  essential  volume  density  of  charge  characteristic  of  the  interior  of  a  region, 
is  independent  of  the  mode  of  subdivision  of  that  region  into  volume  cells.  If 
subdivision  I  is  used,  P  has  a  nonvanishing  value  characteristic  of  the  At,  elements 
as  constructed  and  p  measures  only  pf,  the  volume  density  of  free  charge.  If  sub¬ 
division  II  is  used,  P  is  zero  and  p  measures  a  volume  density  equal  to  the  sum  of 
the  volume  densities  of  free  charge  pf  and  of  bound  charge  pMI.  If  an  intermediate 
subdivision  is  used,  in  particular,  if  statistical  conditions  obtain  along  the  cell 
boundaries,  P  has  a  value  smaller  than  Pl  that  depends  on  the  distribution  of  dipoles, 
which  are  on  the  average  partly  in  and  partly  out  of  the  cells,  p  is  then  correspond¬ 
ingly  larger  than  px.  When  integrated  over  a  closed  surface  X,  -  J2  n  •  P  da  has  a 
nonvanishing  value  only  if  P  is  not  constant.  If  P  is  constant,  the  integral  is  zero 
everywhere  and 

Pi.li  =  -V-Pj  =  0  (1.9-13) 

In  order  to  describe  the  condition  of  charge  in  the  interior  of  a  body,  this  may  be 
divided  into  volume  cells  of  correct  size  in  any  convenient  way  whatsoever.  The 
discrete  values  p,  and  P,  may  be  defined  for  the  At,  cells  as  constructed  and  the 
continuous  functions  p  and  P  interpolated  from  them.  The  essential  density  p  - 
V  •  P  is  then  a  scalar  point  function  defined  throughout  the  region,  continuous  and 
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slowly  varying,  and  independent  of  the  mode  of  subdivision.  It  characterizes  the 
condition  of  charge  at  all  points  in  the  interior. 


1.10  ESSENTIAL  SURFACE  CHARACTERISTIC 
OF  THE  STATIC  STATE 

In  Sec.  1.9  it  was  shown  that  the  function  (p  -  V  •  P)  characterizes  the  interior  of 
a  region  containing  atoms  constructed  according  to  either  the  free-charge  or  the 
bound-charge  model  in  a  way  that  is  independent  of  the  mode  of  subdivision  of 
the  region  into  volume  cells.  In  particular,  it  was  demonstrated  that  this  function 
is  invariant  to  a  change  in  subdivision  from  mode  I  to  mode  II.  Mode  I  is  a 
subdivision  into  volume  cells  only,  with  dividing  lines  drawn  so  that  no  atoms  or 
molecules  are  cut  by  cell  boundaries.  Mode  II  is  a  subdivision  into  both  volume 
and  surface  cells,  with  cell  walls  so  placed  that  a  thin  layer  of  charges  is  treated 
separately  around  the  surface  and  the  average  polarization  of  each  cell  in  the  interior 
is  zero. 

It  has  already  been  shown  that  a  distribution  of  charge  can  be  characterized 
completely  using  the  second  mode  of  subdivision  in  terms  of  a  surface  density  of 
charge  t]  and  a  volume  density  of  charge  p.  The  question  now  arises  whether 
asymmetrical  surface  conditions  (which  are  described  in  terms  of  p  in  subdivision 
II)  as  well  as  distributions  of  charge  in  the  interior  can  be  represented  completely 
by  the  volume  functions  p  and  P. 

Both  of  these  functions  are  interpolated  from  discrete  values  defined  at  the 
centers  of  thick  interior  cells.  Moreover,  since  p  is  certainly  unable  to  take  account 
of  thin  layers  of  surface  charge  regardless  of  whether  the  surface  condition  is 
pictured  as  due  to  free  charges  or  due  to  slices  cut  from  polarized  atoms  or  mol¬ 
ecules,  it  follows  that  P,  although  also  a  slowly  varying  volume  function,  must  be 
able  to  describe  surface  conditions  if  a  representation  in  terms  of  p  and  P  alone  is 
at  all  possible.  This  is  evidently  true  only  if  the  entire  surface  effect  can  be  con¬ 
sidered  to  be  a  part  of  an  essentially  volume  phenomenon  as  in  the  bound-change 
model,  in  which  the  distortion  and  orientation  of  atoms  in  the  outermost  layer  \)f 
volume  cells  is  assumed  to  be  the  same  as  in  the  interior.  Accordingly,  the  slowly 
varying  and  continuous  function  P  may  be  extrapolated  to  the  edge  of  each  volume 
cell  along  the  surface.  This  extrapolated  value,  in  particular  its  normal  component 
n  •  P,  is  the  characterization  at  the  surface  of  a  polarization  effect  throughout  the 
interior.  It  must,  therefore,  replace  t]  in  describing  surface  conditions  of  charge 
using  p  and  P  above  insofar  as  the  bound-charge  model  is  Concerned. 

In  order  to  see  how  the  normal  component  of  P  in  subdivision  I  (volume  cells 
only)  plays  the  part  of  r\  in  subdivision  II  (volume  and  surface  cells),  it  is  instructive 
to  examine  what  happens  to  a  thin  layer  of  charges  along  both  sides  of  the  bounding 
surface  between  two  electrically  dissimilar  regions  when  a  change  is  made  from 
subdivision  I  to  subdivision  II.  Let  each  region  be  divided  first  into  volume  cells 
only  according  to  scheme  I  with  px  and  Px  defined  on  one  side  and  p2  and  P2  on 
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the  other  side  of  the  boundary.  With  only  neutral  polarizable  units  assumed  to  be 
present,  p2  =  p2  =  0.  At  the  boundary,  the  normal  components  of  the  polarization 
vectors  defined  on  each  side  are  given  by  n2  •  P2  and  n2  •  P2,  with  nj  and  n2  outwardly 
directed  unit  normals  referred  to  the  volume  indicated  by  the  subscript.  This  is 
illustrated  in  Fig.  1.10-1. 

The  change  to  subdivision  II  is  made  by  pulling  apart  the  imaginary  envelopes 
of  the  two  volume  cells  At,,  one  on  each  side  of  the  surface,  to  leave  room  between 
them  for  the  two  thin  surface  cells  of  combined  thickness  2 dc,  as  shown  in  Fig. 
1.10-1.  Graphically,  this  simply  means  that  all  charges  in  a  thin  layer  on  each  side 
of  the  boundary  are  removed  from  the  volume  cells  At,  as  these  are  shifted  away 
from  the  surface,  and  left  in  the  newly  constructed  surface  cells.  As  in  the  analogous 
case  described  for  the  interior,  the  total  outward  normal  flux  of  the  vector  P  across 
a  closed  surface  measures  the  total  positive  charge  (due  to  cut  polarized  units)  that 
is  moved  out  from  within  the  surface  as  the  mode  of  subdivision  is  changed  from 
I  to  II. 

The  total  positive  charge  that  moves  into  the  thin  disk  2dcA2  as  this  is  formed 
is  given  by 


-J^n-Pdcr  (1.10-1) 

Here  n  is  the  unit  exterior  normal  to  the  surfaces  enclosing  the  thin  disk  and  2  is 
its  entire  superficial  area.  In  changing  the  subdivision  from  I  to  II  by  moving  the 
volume  cells  apart,  the  surfaces  A21;2  which  are  parallel  to  the  boundary  between 
the  regions  are  pierced  by  the  charges  that  appear  in  the  newly  formed  surface 
cells  of  combined  volume  2dcA2.  The  only  significant  contributions  to  this  integral 


Figure  1.10-1  Volume  and  surface  cells  at  a  boundary. 
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come  from  the  two  equal  areas  ASi  and  AS2.  The  thin  edges  are  not  similarly 
pierced,  and  they  are  in  any  case  negligible  in  size  compared  with  ASi  and  AS2. 
Thus  the  integral 


n 


P  da  =  — 


a  1 

111 


A2i 


Px  da  + 


a  1 

An 


Po  da 


AS2 


(1.10-2) 


measures  the  total  positive  charge  that  was  left  in  the  two  thin  surface  cells,  each 
of  volume  dc AS,  as  these  were  formed  by  the  moving  apart  of  the  volume  cells 
At,.  Here  n[  points  into  region  1,  n2  into  region  2,  since  both  are  external  normals 
to  the  thin  surface  cells  of  combination  volume  2dcAS.  The  average  positive  charge 
per  unit  volume  in  these  cells  is  obtained  by  dividing  (1.10-2)  by  the  volume  2dcAZ. 
Because  P  is  a  continuous  function,  it  is  permissible  to  pass  to  the  limit  and  let  AS 
approach  zero  to  obtain  the  average  density  of  bound  charge  in  the  surface  layers 
due  to  contributions  from  cut,  polarized  units.  With  ASi  =  AS2  =  AS  it  is 


(Pfc)av  =  lim 

A2-*0 


A2i 


nx  •  Px  dv 


An  •  Po  dv 


2dtAZ1 


+ 


AS2 


2dAX 


(1.10-3) 


Heren1(=  —  ni),  n2(=  -n2)  are  normals  directed  outwardly  with  respect  to  the 
region  indicated  by  the  subscript. 

The  average  density  of  charge  in  the  two  layers  on  each  side  of  the  boundary 
is  equal  to  one-half  the  sum  of  the  individual  densities  defined  in  each  region.  Thus 

(pfc)av  =  \(Pib  +  P2  b)  (1.10-4) 

A  surface  density  of  charge  r\  may  be  defined  as  in  (1.4-1): 

t]  =  p  dc  (1.10-5a) 

Accordingly, 

dc(Plb  +  P2  b)  =  Vlb  +  T)2b  (1.10-5b) 

The  multiplication  of  (1.10-3)  by  the  constant  2 dc  and  the  use  of  (1.10-4)  and 
(1.10-5)  lead  to 


Tllfc  +  T\2b  =  lim 

AS— »0 


nj  •  Px  da 

"AS 


n2  •  P2  da 


+ 


AS 


AS 


(1.10-6) 


The  theorem  of  the  mean  for  integrals  permits  writing 


n • P  da  =  n  •  P 


AS 


da  =  n  •  P  AS 


AS 


(1.10-7) 
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where  A  •  P  is  a  mean  value  at  some  point  on  AS.  Hence 

/n 

TIi  b  +  =  lim  — 

A2-»0  \ 

In  passing  to  the  limit,  AS  is  shrunk  down  on  the  point  at  which  A  *  P  is  defined. 
It  is  then  no  longer  necessary  to  indicate  a  mean  value  because  the  surface  has 
zero  area.  Let  the  following  shorthand  symbols  be  defined  at  every  point  along  a 
surface  of  discontinuity: 

t)  b  =  r\lb  +  b  (1.10-9a) 

A  •  P  =  nj  •  Pj  +  n2  •  P2  (1.10-9b) 

With  this  notation  (1.10-8)  may  be  written  in  the  following  concise  form  with 
explicitly  shown  subscripts  I  and  II  to  designate  the  mode  of  subdivision  used  in 
defining  the  densities: 


Px  AS 


AS 


+ 


A 

n 


P2  AS' 


AS 


(1.10-8) 


■Hwi  =  n-Pj  (1.10-10) 

A  value  of  the  function  r\b  may  be  associated  with  every  point  along  the  surface 
separating  regions  1  and  2.  It  measures  the  total  surface  density  of  charge  in  both 
regions  associated  with  that  point  using  subdivision  II.  It  is  important  to  bear  in 
mind  that  r\b  is  a  shorthand  symbol  for  the  sum  of  the  two  scalar  functions  r\lb  and 
r\2b  defined,  respectively,  in  regions  1  and  2  at  distances  dJ2  from  each  side  of  the 
boundary. 

It  is  not  difficult  to  see  that  the  function  tq  +  A  *  P  is  independent  of  the 
mode  of  subdivision.  If  only  volume  cells  are  used  with  a  subdivision  so  devised 
that  interior  cells  are  all  unpolarized,  t]  describes  the  surface.  If  surface  cells  are 
used,  but  statistical  conditions  prevail  across  all  cell  boundaries  so  that  the  number 
of  bound  charges  required  to  reduce  the  polarization  to  zero  throughout  the  interior 
is  not  necessarily  cut  off  by  cell  walls,  tq  includes  bound  charges  cut  off  by  the  walls 
of  the  surface  cells  while  A  •  P  adds  to  tq  the  contribution  to  the  surface  effect  due 
to  whatever  volume  polarization  has  not  been  canceled  in  the  subdivision.  It  thus 
appears  that  the  function  (^  +  A  •  P)  is  indeed  independent  of  the  mode  of 
subdivision  into  cells.  It  is  a  scalar  point  function  that  may  be  associated  with  every 
point  on  the  boundary  between  two  regions.  It  is  called  the  essential  surface  density 
of  charge.  For  the  present  it  applies  only  to  bodies  containing  no  free  charge.  Let 
it  be  denoted  by  the  symbol 


T)  =  T)  +  A  •  P  (1.10—11) 

Throughout  the  discussion  above,  it  was  assumed  that  the  body  or  region  was 
constructed  according  to  the  bound-charge  model.  This  was  necessary  because  all 
surface  effects  were  looked  upon  as  parts  of  a  volume  phenomenon  in  order  that 
they  could  be  described  in  terms  of  the  normal  component  of  the  volume  function 
P  in  the  form  A  •  P  wherever  a  subdivision  into  volume  cells  was  used.  When  free 
charges  are  present,  a  distinct  surface  layer  of  charges  may  exist  which  is  definitely 
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not  part  of  a  volume  phenomenon.  Consequently,  a  description  in  terms  of  n  •  P 
alone  is  apparently  not  possible,  so  that  t]  =  t]  +  n  •  P  seems  to  be  independent 
of  the  mode  of  subdivision  only  in  the  complete  absence  of  free  charges.  If  free 
charges  are  present,  t]  includes  a  contribution  r\f  due  to  the  free  charges  and  a 
contribution  r\b  due  to  the  bound  charges  contained  in  the  surface  cells  (iq  =  r\f 
+  T]fc).  If  the  mode  of  subdivision  is  changed  to  volume  cells  only,  r\b  is  represented 
by  an  equivalent  value  of  n  •  P,  whereas  neither  p  nor  P  can  take  account  of  the 
free  surface  charge  represented  by  r\f.  Before  concluding  that  (t]  +  n  •  P)  is  useful 
(because  of  its  independence  of  the  mode  of  subdivision)  only  for  the  bound-charge 
model,  the  following  must  be  considered.  Given  a  pair  of  functions  px  and  Px  it  is 
certainly  mathematically  possible  to  construct  two  different  functions  pn  and  T]n 
which  satisfy  the  pair  of  equations 

Pii  =  Pi-V*Pi;  T^n-P,  (1.10-12) 

The  required  values  of  pn  and  Tin  can  be  determined  by  solving  these  equations. 
In  terms  of  physical  models,  the  electrostatic  properties  of  a  body  A  are  described 
completely  by  pn  and  T]n  with  a  subdivision  into  volume  and  surface  cells,  while 
the  corresponding  properties  of  a  body  B  are  described  by  px  and  Px  with  a  sub¬ 
division  into  volume  cells  only.  As  a  consequence  of  (1.10-12)  the  two  bodies  are 
electrostatically  identical.  Yet  body  A  may  contain  an  abundance  of  free  charge 
in  a  surface  layer  while  body  B  can  have  no  free  surface  charge.  It  thus  appears 
that  every  free-charge  body  described  by  pn  and  T]n  has  a  bound-charge  counterpart 
described  by  px  and  Px  that  is  indistinguishable  from  it  in  every  way  that  can  be 
described  mathematically  in  terms  of  two  continuous  functions. 

Two  bodies  that  are  electrostatically  indistinguishable  may  be  substituted  for 
each  other  at  will  in  all  static-state  conditions.  Consequently,  if  every  free-charge 
model  is  replaced  mathematically  by  its  bound-charge  counterpart  (whether  this 
has  a  physical  meaning  or  not),  the  function  t)  =  t]  +  n  •  P  may  be  used  to  describe 
mathematically  the  surface  conditions  of  both  bound-  and  free-charge  models. 

This  entire  formulation  may  be  criticized  by  arguing  that  the  actual  construc¬ 
tion  of  the  functions  t]  =  t]  +  n  •  P  and  p  =  p  -  V  •  P  is  hopelessly  intricate  from 
the  physical  point  of  view.  It  involves  sorting  out  the  free  charges  and  constructing 
p^  and  t) j  to  describe  their  distribution;  defining  new  functions  p,  r\,  and  P  to 
characterize  the  bound-charge  counterpart  of  the  free-charge  distribution;  and 
finally  combining  the  functions  so  obtained  with  the  corresponding  functions  con¬ 
structed  for  the  bound  charges  actually  present.  Such  a  criticism,  however,  over¬ 
looks  the  purpose  of  the  formulation  in  terms  of  density  functions.  It  is  because  it 
is  impossible  physically  to  construct  any  one  of  the  functions  p,  t],  and  P  as  defined 
in  terms  of  the  distribution  of  countless  millions  of  charges  that  the  continuous 
functions  p,  t],  and  P  have  been  introduced.  It  has  been  shown  that  the  principal 
statistical  properties  of  charge  and  its  distribution  can  be  described  in  a  general 
way  within  a  degree  of  approximation  by  the  two  functions  p  and  Tp  By  building 
these  functions  into  the  mathematical  model  of  electromagnetism  and  relating  them 
to  experimental  analogues  whenever  possible,  conclusions  may  be  drawn  regarding 
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their  structure  in  a  variety  of  cases.  It  is  then  possible  in  any  particular  instance 
to  interpret  this  structure  in  terms  of  a  bound-charge  model,  a  free-charge  coun¬ 
terpart,  or  a  combination  of  the  two  using  any  convenient  and  appropriate  mode 
of  subdivision.  A  choice  can  be  made  to  depend  entirely  on  physical  reasons, 
because  the  mathematical  specification  of  a  given  set  of  functions  p,  t],  P  does  not 
demand  a  particular  interpretation  or  mode  of  subdivision. 


1.11  SURFACE  DENSITY  OF  POLARIZATION:  DOUBLE  LAYER 

The  mathematical  representation  of  surface  distributions  of  charge  by  means  of 
the  essential  surface  density  rj  does  not  attain  the  same  degree  of  approximation 
that  is  achieved  in  the  description  of  interior  conditions  in  terms  of  the  essential 
'  volume  characteristic  p.  This  follows  directly  from  the  fact  that  two  volume  functions 
but  only  a  single  surface  function  have  been  provided.  Thus,  in  the  interior  p 
describes  the  statistical  distribution  of  discrete  charges  and  P  takes  account  of  the 
distribution  of  polarized  units  corresponding  to  statistically  simple  dipoles.  On  the 
other  hand,  rj  describes  only  the  statistical  distribution  of  charges  in  a  thin  layer 
along  the  surface.  The  term  n  •  P  which  contributes  to  rj  must  not  be  mistaken  to 
be  a  separate  surface  function.  Like  t],  it  is  able  to  describe  only  a  surface  distri¬ 
bution  of  simple  charges,  not  a  surface  distribution  of  dipoles.  Actually,  none  of 
the  three  functions  p,  tj,  P  is  suited  to  represent  a  distinctly  surface  layer  of  simply 
polarized  atoms  or  molecules  as  illustrated  in  Fig.  1.11-1. 

Such  a  thin  surface  double  layer  of  charge  is  entirely  plausible  from  the  point 
of  view  of  the  atomic  model.  Certainly,  the  outermost  layer  of  atoms  at  a  surface 
is  subject  to  asymmetrical  forces  that  are  not  so  much  a  result  of  the  presence  of 
separate  charged  bodies  in  the  vicinity  as  of  the  essential  one-sidedness  of  the  intra- 
atomic  forces  themselves.  The  electron  shells  of  the  outermost  atoms  at  a  surface 
experience  the  repulsion  of  similar  shells  due  to  neighboring  atoms  only  on  three 
sides.  A  distortion  of  the  outer  shells  of  electrons  on  the  exposed  sides  in  the  form 
of  a  shift  relative  to  the  positive  nuclei  might  certainly  be  expected.  Such  a  shift 
would  naturally  occur  only  in  a  direction  normal  to  the  boundary,  and  its  effect 
would  be  precisely  that  of  a  double  layer  of  charge  of  opposite  sign  or  of  a  single 
layer  of  dipoles.  If  this  effect  exists,  it  is  an  intrinsic  property  of  the  atomic  structure 
of  the  model  in  question.  A  surface  polarization  due  to  the  action  of  external 
forces,  while  possible,  is  certainly  negligible  compared  with  an  intrinsic  surface 
polarization.  A  variation  in  forces  due  to  relatively  distant,  externally  situated 
charged  bodies  across  the  thickness  dc  of  a  surface  cell  must  be  small  compared 


Surface  double 
layer  of 

thickness  --------- 

Interior  of  body  consists  entirely  Figure  1,11—1  Surface  polarization  or 
of  neutral  atoms  or  molecules  double  layer. 
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with  the  strong  intra-atomic  forces  which  are  brought  into  play  in  establishing 
precisely  that  equilibrium  which  results  in  the  intrinsic  surface  polarization. 

The  mathematical  representation  of  a  surface  double  layer,  as  pictured  in  the 
physical  model,  requires  an  additional  density  function  k  that  can  be  defined  in 
terms  of  P  in  a  way  quite  analogous  to  the  definition  of  r\  in  terms  of  p.  Thus  the 
average  density  of  polarization  at  the  center  of  a  thin  surface  cell  At^  of  thickness 
dc  and  of  volume  dc  AX  is 


(1.11-1) 


A  value  ki(  can  be  defined  at  the  center  of  each  surface  cell  according  to 


(1.11-2) 


A  continuous,  slowly  varying  vector  point  function  ks  can  then  be  interpolated 
from  the  discrete  values  ki(  and  in  this  way  defined  throughout  the  surface  shell. 
Since  the  surface  asymmetry  is  entirely  in  a  direction  perpendicular  to  the  boundary, 
the  polarization  vector  ks  must  be  directed  everywhere  normal  to  the  surface.  Any 
polarization  effect  tangent  to  the  surface  differs  in  no  essential  way  from  the  interior 
polarization,  which  is  completely  characterized  by  the  volume  function. 

The  surface  function  ks  plays  no  very  significant  part  in  the  mathematical 
model  of  electromagnetism.  In  fact,  its  nature  is  such  that  it  is  difficult  to  devise 
experiments  to  involve  it  in  an  essential  way.  It  is  included  here  for  completeness. 


1.12  THE  STATIC  STATE  AND  ITS  MATHEMATICAL  MODEL: 

SUMMARY 

The  physical  model  of  matter  in  the  static  state  is  constructed  to  conform  to  a 
picture  of  atoms  and  molecules  built  of  positively  and  negatively  charged  units  that 
are  statistically  at  rest.  Two  special  models  are  used.  In  the  free-charge  model  an 
appreciable  proportion  of  the  charges  experience  no  restraining  constitutive  forces 
over  a  time  average  to  prevent  them  from  moving  freely  under  the  action  of  a 
suitable  external  force.  In  the  bound-charge  model  all  the  charges  are  constrained 
by  strong  forces  of  constitution  to  remain  in  definite  and  characteristic  statistical 
groups,  which  can  be  distorted  and  oriented  by  external  forces,  but  from  which  no 
charges  can  be  removed  over  a  time  average.  Models  in  which  only  a  relatively 
small  proportion  of  free  electrons  exist  can  be  interpreted  in  terms  of  the  combined 
properties  of  the  extremes.  It  is  not  assumed  that  these  models  are  necessarily 
counterparts  of  structures  actually  existing  in  nature.  It  is  merely  affirmed  that 
close  experimental  analogues  can  be  found  for  theoretical  properties  derived  from 
these  distinct  types  and  from  combinations  of  them.  As  an  analytically  convenient 
substitute  for  the  intricate  mechanism  represented  by  a  volume  containing  countless 
millions  of  atoms,  two  scalar  point  functions  are  defined  throughout  a  charged 
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region  in  terms  of  its  average  statistical  properties.  The  atomic  picture  of  discrete 
charges,  each  at  a  time-average  location,  is  replaced  by  a  mathematical  model 
consisting  of  continuous  functions  defined  at  every  point  in  a  region  or  body.  One 
of  these  functions  characterizes  the  surface;  the  other  the  interior.  The  two  functions 
t|  =  t|  +  n  ■  P  and  p  =  p  —  V  •  P  are  the  essential  electrical  densities  of  charge. 
They  are  expressed  in  terms  of  one  vector  and  two  scalar  point  functions.  The 
scalar  t]  is  defined  only  in  a  thin  surface  layer;  the  scalar  p  and  the  vector  P  are 
defined  throughout  the  volume.  Mathematically,  any  two  of  the  three  functions 
are  sufficient  to  represent  uniquely  the  two  general  scalar  characteristics  p  and  rj 
so  that  a  given  region  may  be  characterized  by  a  volume  and  a  surface  density  of 
charge  or  by  volume  densities  of  charge  and  of  polarization  if  in  each  case  an 
appropriate  mode  of  subdivision  is  used.  In  the  first  case,  using  p  and  nr|,  surface 
and  volume  cells  are  required  with  the  dividing  boundaries  of  the  cells  so  drawn 
that  each  cell  is  unpolarized.  In  the  second  case,  only  volume  cells  are  needed  and 
the  dividing  boundaries  are  so  placed  that  no  single  atom  is  apportioned  partly  to 
one  cell,  partly  to  another.  In  any  given  atomic  model  one,  or  the  other,  or  both 
of  these  special  modes  of  subdivision  may  be  quite  unrealizable  in  a  physically 
sensible  way.  For  example,  if  a  body  is  postulated  which  is  composed  entirely  of 
atoms  with  closed  electron  shells,  a  subdivision  into  volume  cells  only  and  a  rep¬ 
resentation  in  terms  of  p  and  P  alone  are  physically  reasonable,  whereas  a  separate 
treatment  of  a  surface  layer  and  a  subdivision  of  the  interior  that  will  cut  through 
enough  atoms  to  leave  each  cell  unpolarized  are  not  physically  sensible.  Exactly 
the  reverse  is  true  if  a  body  is  postulated  which  is  composed  of  atoms  with  an 
abundance  of  free  electrons.  In  this  case  there  is  no  polarization  due  to  distortion 
or  orientation  of  atoms  throughout  the  volume,  so  that  a  representation  in  terms 
of  P  is  physically  unreasonable.  In  both  cases,  however,  it  is  possible  to  use  an 
alternative  model,  not  constructed  as  postulated,  but  which  nevertheless  exhibits 
exactly  the  same  external  electrostatic  properties,  and  which  is  mathematically 
expressed  in  terms  of  a  different  pair  of  continuous  functions.  In  other  words,  a 
body  composed  entirely  of  bound-charge  atoms  can  be  represented  (insofar  as  its 
electrostatic  properties  are  concerned)  by  a  suitably  constructed  free-charge  model 
using  t|  and  p.  Or  a  region  containing  only  free  charges  can  be  represented  by  an 
electrostatic  counterpart  composed  entirely  of  bound-charge  groups  and  charac¬ 
terized  by  p  and  P.  This  does  not  identify  the  bound-charge  model  with  the  free- 
charge  one,  nor  does  it  affirm  that  they  have  the  same  structural  characteristics. 
It  does  state  that  a  given  distribution  of  bound  charges  has  its  electrostatic  free- 
charge  counterpart,  and  vice  versa.  For  practical  purposes,  either  the  given  dis¬ 
tribution  or  its  counterpart  may  be  used  since  they  are  electrostatically  indistin¬ 
guishable.  A  body  containing  bound  groups  and  a  few  free  electrons  may  be  de¬ 
scribed  in  terms  of  either  model,  looking  upon  it  physically  on  the  one  hand  as  an 
almost  bound-charge  model,  or  on  the  other  hand  as  an  almost  free-charge  model. 

Although  tj ,  p,  and  P  (and  also  k5)  are  defined  in  terms  of  special  physical 
models,  the  representation  in  terms  of  and  p  (and  k5)  transcends  in  its  generality 
any  special  case.  In  fact,  the  static  state  is  characterized  primarily  by  a  mathematical 
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model  consisting  of  two  (or  three)  functions  and  the  restrictions  of  continuity  and 
slow  variation  imposed  on  them.  Any  physical  model  whatsoever,  the  properties 
of  which  can  be  described  in  terms  of  such  functions,  is  as  satisfactory  as  any  other 
from  the  analytical  point  of  view.  The  theory  of  the  static  state  and  subsequently 
of  its  periodic  variation  in  time  is  based  primarily  on  the  characterization  in  terms 
of  these  mathematical  functions  and  only  secondarily  (and  actually  not  necessarily) 
on  the  atomic  models  that  were  used  in  defining  and  describing  them.  A  future 
discovery  or  observation  which  suggests  a  different  kind  of  physical  model  from 
that  described,  but  which  leads  by  one  way  or  another  to  a  representation  in  terms 
of  mathematical  functions  with  the  properties  of  rj  and  p  (and  k^) ,  will  not  change 
the  mathematical  picture  of  the  static  state  as  here  defined.  Any  such  change  in 
the  model  must  not  be  mistaken  for  a  change  in  the  experimentally  observable 
physical  world.  For  neither  the  physical  nor  the  mathematical  model  is  more  than 
a  tool  for  deriving  theoretical  quantities  that  have  direct,  and,  hence,  predictable 
experimental  analogues.  And  neither  the  method  nor  the  particular  model  that  is 
used  in  deriving  these  fundamentally  significant  quantities  is  necessarily  of  partic¬ 
ular  or  permanent  importance  in  the  experimentally  observed  description  of  the 
physical  world. 


STATIONARY  STATES:  THE  STEADY  STATE 

1. 13  THE  STEADY  STATE  AND  THE  ATOMIC  MODEL 

The  statistical  representation  of  the  static  state  led  to  the  definition  of  average  or 
statistical  rest  positions  for  the  positive  and  negative  charges  contained  in  a  body 
or  region.  It  was  specifically  emphasized  that  the  individual  charges  might  move 
in  irregular  ways  about  these  rest  positions,  but  that  their  motion  was  of  such  a 
nature  that  the  time-average  properties  of  the  dynamic  model  of  a  body  were 
identical  with  those  of  the  statistically  static  model. 

The  steady  state  is  a  generalization  of  the  static  state.  It  is  characterized  by 
a  steady  drift  or  circulation  of  electric  charges  relative  to  the  statistically  stationary 
rest  positions  that  characterize  the  static  condition.  In  terms  of  the  dynamic  picture, 
a  steady  average  flow  may  be  imagined  superimposed  on  the  random  motions  of 
the  charges.  This  does  not  mean  that  at  any  instant  all  the  charges  are  moving  in 
the  direction  of  the  drift  or  circulation.  It  simply  means  that  over  a  time  average 
more  charges  of  one  sign  move  in  the  direction  of  the  drift  or  circulation  than  in 
any  other.  In  a  region  containing  only  one  kind  of  charge,  free-charge  atoms  or 
positive  and  negative  ions,  a  steady  drift  might  consist  of  an  uninterrupted  flow  at 
constant  velocity  of  one  kind  of  charge  in  a  definite  direction,  or  of  two  kinds  of 
charge  in  opposite  directions  relative  to  statistical  rest  positions  fixed  in  the  region. 
Such  a  drift  is  called  a  convection  current.  A  special  form  of  convection  current  is 
a  steady  drift  of  free  electrons  relative  to  statistically  stationary  nuclei.  Such  a  drift 
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is  called  a  conduction  current.  Another  possible  kind  of  nonrandom  motion  of 
charges  is  a  microscopic  circulation  of  electrons  about  their  respective  nuclei.  If 
the  individual  axes  of  rotation  in  the  different  atoms  are  oriented  at  random,  the 
net  effect  of  such  intra-atomic  rotation  (insofar  as  a  volume  cell  containing  millions 
of  them  is  concerned)  is  precisely  that  of  random  motion.  On  the  other  hand,  if 
more  of  the  elementary  whirls  have  axes  parallel  to  one  definite  direction  than  to 
any  other,  then  a  nonrandom  condition  prevails.  A  steady  microscopic  circulation 
of  electrons  about  parallel  axes  is  called  a  magnetization  current. 

In  characterizing  the  steady  state  in  terms  of  continuous  functions,  a  method 
entirely  analogous  to  that  used  in  the  static  state  is  followed.  Corresponding  to  the 
volume  density  of  static  charge  p,  a  volume  density  of  drifting  charge  or  of  con¬ 
vection  current  J  is  defined.  In  order  to  take  into  account  possible  asymmetrical 
conditions  at  the  surface  of  a  region,  a  surface  density  of  drifting  charge  or  of 
convection  current  K  is  constructed  in  close  analogy  with  the  surface  density  of 
charge  r\.  A  nonrandom  surface  flow  of  charges  may  be  interpreted  in  two  ways. 
Corresponding  to  the  static  accumulation  of  free  charge  at  a  surface,  a  motion  of 
free  charge  along  a  surface  may  be  imagined.  Similarly,  corresponding  to  the  static 
orientation  and  distortion  of  bound-charge  groups  to  give  an  effective  static  surface 
charge,  it  is  possible  to  picture  an  orientation  and  alignment  of  elementary  current 
whirls  or  circulations  throughout  a  volume  to  produce  an  effective  moving  surface 
charge.  In  order  to  describe  this  volume  effect  in  a  physically  more  reasonable 
manner,  a  volume  density  of  magnetization  M  is  introduced  in  a  way  entirely 
analogous  to  the  definition  in  the  static  state  of  the  volume  density  of  polarization 
P.  Finally,  by  suitably  combining  the  three  steady-state  functions  in  a  manner 
resembling  that  used  in  combining  the  three  static-state  functions,  a  single  surface 
function  and  a  single  volume  function  may  be  defined  which  are  independent  of 
the  mode  of  subdivision,  and  which  are,  then,  the  essential  characteristics  of  the 
steady  state. 


1 . 14  VOLUME  DENSITY  OF  MOVING  CHARGE 
(CONVECTION  CURRENT) 

Suppose  that  there  is  a  continuous  stream  of  electric  charges  through  a  typical 
volume  element  At,  subject  to  the  same  size  restrictions  as  the  elements  used  in 
the  static  state.  Such  a  stream  may  take  the  form  of  what  is  called  a  convection 
current  in  which  all  the  charges  in  At,  at  any  instant  are  a  part  of  the  drift;  or  it 
may  be  the  special  form  of  a  convection  current,  called  a  conduction  current ,  in 
which  only  free  electrons  are  moving  in  a  steady  stream  while  the  positive  charges 
are  statistically  at  rest.  A  function  that  is  to  characterize  a  current  of  either  kind 
must  take  account  of  the  magnitude  of  the  average  moving  charge  in  each  volume 
element  and  of  its  average  velocity.  If  a  typical  charge  es  is  moving  with  a  mean 
drift  velocity  v,  relative  to  a  fixed  reference  frame  in  a  region,  the  quantity  of 
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moving  charge  is  defined  to  be  eptf r) .  The  quantity  of  moving  charge  in  the  volume 
element  At,  (Fig.  1.14-1),  in  which  there  are  N  charges,  is  the  vector  sum  or  the 
resultant  of  the  individual  quantities  of  moving  charge.  It  is 

2  e,*,{  r) 

;= i 

Let  the  average  quantity  of  moving  charge  in  a  volume  cell  be  called  its  volume 
density  of  drifting  charge  or  volume  density  of  convection  or  conduction  current ; 
let  it  be  denoted  by  J(r,).  For  the  cell  At, 

N 

i'f7V/r) 

J(r,)  =  At  (1-14-1) 

This  is  a  vector  defined  at  the  center  of  the  small  volume  cell;  it  is  a  measure  of 
the  average  drift  of  electric  charges  through  the  cell  both  in  magnitude  and  direc¬ 
tion.  A  similar  vector  may  be  defined  at  the  center  of  each  volume  cell  throughout 
a  body  or  region.  By  interpolating  from  these  discrete  vectors,  a  continuous  vector 
point  function  J(r)  may  be  constructed  which,  by  definition,  assumes  the  value 
J(r,)  at  the  center  of  each  volume  cell  At,  and  which  smoothly  connects  these  at 
all  intermediate  points. 

As  in  the  static  case,  a  microscopic  definition  of  the  volume  density  of  con¬ 
vection  or  conduction  current  is  given  by 

J(r)  =  2  eyv/r)8(|r  -  r,.|)  (1.14-2) 

;  =  i 

A  somewhat  different,  although  equivalent,  definition  of  the  volume  density 
of  current  is  in  terms  of  the  volume  density  p'  of  that  part  of  the  charge  that  is 
engaged  in  nonrandom  motion  with  mean  drift  velocity  u.  In  the  definition  of  J 
formulated  above,  no  specific  account  was  taken  of  charges  engaged  in  nonrandom 
motion  as  distinct  from  charges  that  are  statistically  at  rest.  It  is,  however,  clear 
that  if  a  charge  e  is  statistically  at  rest  so  that  its  rest  position  is  fixed,  its  drift 
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velocity  v  is  zero,  and  it  contributes  nothing  to  the  volume  density  of  current.  If 
those  charges  in  At,  which  are  not  statistically  at  rest  are  denoted  by  primes,  it 
follows  that 


The  average  vector  velocity  of  moving  positive  charge  in  At,  is 


(1.14-3) 


(1.14-4) 


The  volume  density  of  charge  p'(r,)  due  to  the  magnitude  of  all  charges  engaged 
in  drift  motion  in  At,  is  defined  in  a  way  analogous  to  the  definition  of  volume 
density  of  charge,  that  is, 

N' 

2  |  e’j 

p'(r,-)  =  (1.14-5) 

With  these  two  values  substituted  above, 

J(r«)  =  u(r,)p'(r,)  (1.14-6) 

From  discrete  values  of  J(r,),  u(r,),  and  p'(r,)  defined  at  the  center  of  every  volume 
element,  a  continuous  scalar  point  function  p'(r),  a  continuous  vector  point  function 
u(r),  and  a  continuous  vector  point  function  J(r)  are  defined.  These  continuous 
functions  are  related  by  the  expression 

J(r)  =  u(r)p'(r)  (1.14-7) 

which  defines  the  vector  volume  density  of  convection  or  conduction  current  J(r) 
in  terms  of  the  mean  vector  velocity  of  drifting  charge  u(r)  and  its  volume  density 
p'(r).  All  three  functions  are  continuous  and  slowly  varying.  The  volume  density 
of  current  differs  from  zero  only  when  the  density  of  charge  in  drift  motion  p'(r) 
is  not  zero.  If  all  the  charges  in  the  region  are  moving  with  the  mean  velocity  u(r), 
then  p'(r)  =  p(r)  and  J(r)  gives  the  convection  current  density.  If  only  electrons 
are  moving  with  a  mean  drift  velocity  u(r),  p'(r)  is  the  volume  density  of  charge 
only  for  electrons  in  nonrandom  motion  and  J(r)  gives  the  conduction  current 
density.  The  volume  density  of  current  has  the  dimensions  of  charge  per  unit  time 
per  unit  area.  The  unit  coulomb  per  second  has  the  name  ampere  (A): 


J 


Q_ 

L2T 


A/m2 


(1.14-8) 
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1. 15  SURFACE  DENSITY  OF  MOVING  CHARGE  ( CONVECTION , 
CONDUCTION  CURRENT) 


As  a  result  of  asymmetrical  conditions  at  the  surface  of  a  region  or  on  the  boundary 
between  two  dissimilar  regions,  the  volume  density  of  charge  p(r)  is  inadequate  as 
a  means  of  representing  surface  distributions  of  statistically  stationary  charge.  In 
the  same  way  and  for  similar  reasons,  the  continuous  slowly  varying  volume  density 
of  current  J(r)  is  too  insensitive  to  represent  surface  distributions  of  charge  moving 
as  a  steady  drift.  Here,  as  before,  the  division  of  the  region  into  volume  cells  alone 
is  too  coarse  a  mode  of  subdivision  in  the  immediate  vicinity  of  surfaces  and 
boundaries  to  give  proper  weight  to  the  rapid  variations  in  current  density  that 
may  exist  there.  This  may  be  illustrated  in  terms  of  two  relatively  simple  models 
which  are  analogous  to  the  free-charge  and  bound-charge  models  in  the  static  state. 
They  are  called  the  free-drift  model  and  the  spin  model. 

In  the  free-drift  model  there  may  be  a  thin  layer  of  free  electrons  which  is 
moving  with  a  steady  drift  velocity  along  the  surface  while  the  charges  in  the  interior 
are  all  statistically  stationary  so  that  the  volume  density  of  current  J(r)  as  inter¬ 
polated  from  the  J(r,)  of  the  volume  cells  At,  is  zero  throughout  the  interior.  For 
the  volume  cells  along  the  surface,  the  J(r,)  have  nonvanishing  values,  but  they 
are  very  small  because  the  charges  moving  in  a  thin  layer  along  the  surface  are 
averaged  over  the  entire  volume  of  the  cell  of  which  they  occupy  only  a  minute 
part.  It  is,  therefore,  necessary  to  treat  a  thin  layer  of  cells  along  the  surfaces 
separately. 

In  the  spin  model,  the  electrons  form  small  intra-atomic  whirls  rotating  in  the 
same  sense  about  mutually  parallel  axes.  The  net  drift  of  charge  through  any  volume 
element  At,  which  contains  a  great  many  such  microscopic  whirls  is  zero  for  the 
element  as  a  whole  provided  that  the  cell  boundaries  nowhere  cut  the  paths  of  the 
individual  whirls.  Thus  the  volume  density  of  current  J(r,)  as  defined  above  is  zero 
in  every  volume  cell  At,,  whether  these  are  in  the  interior  or  along  the  surfaces. 
However,  whenever  the  whirls  are  tangent  to  a  surface  or  boundary,  the  net  effect 
is  that  of  a  continuous  sheet  of  current  in  a  very  thin  layer  in  one  direction.  Thus 
a  surface  current  can  be  constructed  out  of  properly  aligned  elementary  whirls 
existing  throughout  the  volume.  The  surface  sheet  of  current  due  to  such  interior 
whirls  is  no  more  taken  into  account  by  the  function  J(r)  than  is  the  surface  sheet 
of  charge  due  to  distorted  and  oriented  atoms  represented  by  p  in  the  analogous 
static  case.  Here,  again,  the  difficulty  may  be  overcome  by  treating  a  thin  layer 
separately  in  terms  of  a  specially  constructed  surface  function. 

A  surface  density  of  convection  current  may  be  defined  much  as  was  t]  by 
separating  a  very  thin  superficial  layer  of  thickness  dc  and  dividing  this  up  into 
surface  cells  At^  (Fig.  1.15-1).  A  continuous  two-dimensional  vector  point  function 
K(r)  is  then  interpolated  from  the  discrete  values, 


K(0 


eJ*js 


(1.15-1) 
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defined  at  the  center  of  Ats.  The  velocities  \js  are  all  tangent  to  the  surface  or 
boundary.  Alternatively,  K(r)  may  be  defined  in  terms  of  the  surface  density  of 
the  part  of  the  charges  (primed)  that  are  engaged  in  nonrandom  motion  with  a 
mean  drift  velocity  u(r).  That  is, 

K(r)  =  u(r)ri'(r)  =  dcu(r)p'(r)  =  dc  J(r)  (1.15-2) 

Here  u(r)  is  constructed  by  interpolation  from  the  u(r^)  defined  at  the  centers  of 
the  surface  cells  by  an  expression  like  (1.14-4);  ^'(r)  is  interpolated  from  discrete 
values  defined  by 

N 

dc  2  |  e’ 

VCO  =  (1.15-3) 

K(r)  has  the  dimensions  of  charge  per  unit  time  per  unit  length: 

K-jj.  A/m  (1.15-4) 

It  is  necessary  to  require  that  the  region  represented  be  sufficiently  uniform  that 
the  two-dimensional  vector  point  function  K(r)  is  so  slowly  varying  as  to  be  sensibly 
constant  over  lateral  areas  that  are  large  compared  with  the  largest  dimension  of 
the  At^  cells. 

A  steady-state  distribution  of  charge  moving  in  a  region  constructed  according 
to  either  of  the  two  steady-state  models  may  be  characterized  in  terms  of  the  two, 
continuous  slowly  varying  vector  point  functions  J(r)  and  K(r). 


1. 16  NUMBER  DENSITY  REPRESENTATION  OF  MOVING 
CHARGES 

The  volume  and  surface  densities  of  current  described  in  Sec.  1.15  can  be  defined 
in  terms  of  number  densities.  The  volume  density  of  moving  negative  charges, 
Je(r),  is  given  by 

J*(r)  =  q/ie(r)\e(r)  =  -ene{  r)ve(r)  (1.16-1) 

and  the  volume  density  of  moving  positive  charges  is  given  by 

J/?(r)  =  qpnp(r)\p(r)  =  eZnp(r)\p(r) 


(1.16-2) 
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Je(r)  and  Jp(r)  are  interpolated  functions  like  J(r)  in  (1.14-7).  The  mean  nonran¬ 
dom  velocity  of  the  electrons  is 


Ve(r)  =  m  =  JArL 

P*(r)  qene(r) 

The  mean  nonrandom  velocity  of  the  positive  charges  is 

, =  w  =  w 

Vp  r  P P(r)  9,,«,,(r) 

The  volume  density  of  current  is  defined  as 


(1.16-3) 


(1.16-4) 


J(r)  =  Je(r)  +  Jp(r)  =  qene{  r)ve(r)  +  qpnp{  r)vp(r)  (1.16-5) 

The  surface  density  of  current  K(r)  may  be  represented  in  a  similar  manner: 

K(r)  =  Ke(r)  +  Kp(r)  =  qenes(r)\es(r)  +  qpnps(r)\ps(r)  (1.16-6) 


1.17  ALTERNATIVE  MODES  OF  REPRESENTATION 

Just  as  the  static  state  was  at  first  defined  only  in  terms  of  surface  and  volume 
densities  of  charge  using  a  special  mode  of  subdivision  appropriate  to  these  func¬ 
tions,  so  the  steady  state  has,  up  to  this  point,  been  represented  entirely  by  surface 
and  volume  densities  of  drifting  charge  requiring  the  same  special  mode  of  sub¬ 
division  into  separate  surface  and  volume  cells.  As  in  the  static  case,  this  mode  of 
subdivision  is  physically  reasonable  for  the  free-drift  model  in  which  a  separate 
and  distinctly  surface  flow  of  free  charges  exists.  On  the  other  hand,  the  division 
into  thin  surface  cells  is  not  appropriate  physically  for  the  spin  model  because  the 
boundaries  of  elementary  cells  are  carefully  and  deliberately  arranged  to  cut  interior 
whirls  (consisting  of  oriented  groups  of  circulating  electrons)  so  that  in  their  steady 
circulation  the  charges  continually  pass  from  one  cell  into  another  and  back.  From 
the  purely  physical  point  of  view,  it  is  certainly  artificial  to  call  such  parts  of  whirls 
at  the  surface  a  surface  sheet  of  moving  charge  and  to  say  that  there  is  no  circulation 
in  the  interior  because  of  a  clever  allotment  of  parts  of  individual  whirls  to  different 
volume  cells  in  such  a  way  that  the  net  average  circulation  in  each  vanishes.  This 
is  illustrated  roughly  and  schematically  in  Fig.  1.17-1.  From  the  mathematical 
point  of  view,  it  is  immaterial  whether  the  subdivision  used  has  a  physical  meaning 
or  not,  as  long  as  it  leads  to  a  correct  representation  of  the  desired  average  effects. 
Nevertheless,  a  mathematical  formulation  that  is  closely  adjusted  to  the  physical 
model  is  often  a  valuable  one.  Hence,  as  in  the  static  case,  an  alternative  repre¬ 
sentation  is  introduced  that  is  physically  appropriate  for  the  spin  model  and  that 
describes  a  volume  effect  in  terms  of  a  volume  function.  Instead  of  separating  the 
surface  layer  and  defining  a  special  density  for  it,  only  volume  cells  are  used  and 
a  new  volume  density  is  defined  throughout  the  region  to  take  account  of  the 
elementary  electronic  whirls  both  in  the  interior  and  at  the  surface. 


Sec.  1.18  Volume  Density  of  Magnetization 


41 


Subdivision  I:  Volume  cells  only 
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Figure  1.17-1  Surface  sheet  of  current 
caused  by  current  whirls. 

1. 18  VOLUME  DENSITY  OF  MAGNETIZATION 
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Subdivision  II:  Surface  and  volume  cells 


In  the  static  state  the  volume  density  of  polarization  represents  both  in  magnitude 
and  in  direction  the  average  distortion  and  orientation  of  bound-charge  groups.  A 
simple  model  of  a  bound-charge  atom  consists  of  a  closed  shell  of  electrons  asso¬ 
ciated  with  a  positive  nucleus.  Under  the  action  of  suitable  external  forces,  a 
separation  of  the  average  relative  rest  positions  of  the  positive  nucleus  and  the 
electrons  may  occur;  the  statistically  equivalent  representation  of  such  a  distorted 
atom  is  a  dipole  consisting  of  a  positive  charge  separated  a  short  distance  from  an 
equal  negative  charge.  The  distribution  and  orientation  of  statistical  dipoles  along 
a  direction  specified  by  the  external  force  is  called  polarization. 

In  the  steady  state  a  model  consisting  of  electrons  rotating  about  an  axis 
through  an  atom  is  an  elementary  magnet.  Elementary  magnets  are  produced  by 
forces  that  cause  the  electrons  in  an  atom  to  change  their  random  orbits  and  circulate 
about  a  common  axis.  The  orientation  of  such  elementary  magnets  along  parallel 
axes  with  a  common  direction  of  rotation  will  be  called  the  magnetization  due  to 
circulation.  Such  an  orientation  may  be  superimposed  on  a  random  distribution. 
To  characterize  the  magnetization  of  a  volume  element,  it  is  necessary  to  specify 
the  axis  and  the  direction  of  rotation,  the  velocity  of  the  whirling  electron,  and  its 
distance  from  the  axis. 
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Figure  1.18-1  Orbital  rotation  of  elec¬ 
tron. 


Consider  first  a  single  electron  moving  in  a  circular  path  with  a  velocity  vy 
that  is  tangent  to  the  circle.  The  distance  from  the  center  of  the  At,  cell  to  the 
electron  at  any  instant  is  dy  and  the  distance  to  the  center  of  the  At,  cell  from  the 
origin  is  r,  (Fig.  1.18-1).  The  magnetization  due  to  the  circulation  of  orbital  elec¬ 
trons  of  the  At,  cell  is  given  by 

TV 

mc(r,-)  =  5  2  dy  x  e-Vj  (1.18-la) 

7  =  1 

TV  _ 

=  2  d j  X  e-Vj  (1.18- lb) 

7  =  1 


The  instantaneous  value  (1.18- la)  and  the  time-average  value  (1.18- lb)  of  the 
magnetization  due  to  circulation  are  equal  to  each  other  for  statistically  large 
numbers. 

The  vector  volume  density  of  magnetization  of  the  circulating  electrons  in 
At,  is  defined  by 


Mc(r,) 


mc(rf) 


N 

d  X  e,y, 

7  =  1 


(1.18-2) 


If  a  body  or  region  is  divided  into  volume  cells  At,  and  a  vector  Mc(r,)  is  defined 
at  the  center  of  each  cell  to  describe  the  average  orientation  due  to  the  circulation 
of  the  electrons,  it  is  possible  to  interpolate  from  the  discrete  values  Mc(r,)  a 
continuous  vector  point  function  Mc(r)  defined  throughout  the  volume.  This  func¬ 
tion  is  the  volume  density  of  magnetization  of  the  circulating  electrons.  It  assigns 
an  axial  vector  to  every  point  in  the  region  or  body  in  which  it  is  defined,  so  that 
the  direction  of  the  vector  is  along  the  axis  of  magnetization  in  the  positive  sense 
according  to  the  right-hand-screw  convention,  and  the  magnitude  of  the  vector 
measures  the  average  circulation  of  charge  about  the  axis  in  a  small  region  near 
the  point. 
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There  is,  besides  the  magnetization  of  the  electrons  circulating  in  their  orbits, 
the  magnetization  due  to  the  spin  of  the  electrons.  The  spin  is  the  property  of  the 
electron  whereby  it  rotates  continuously  about  an  axis  of  its  own  even  while  moving 
in  an  orbit  around  the  positive  nucleus.  It  is  a  quantum  effect  and  cannot  be 
explained  by  classical  theories. 

Consider  a  charge  e  of  mass  m0  moving  in  a  circle  of  radius  r  with  a  linear 
velocity  v  and  an  angular  velocity  w  =  v/r.  Since  we  are  dealing  with  speeds  v 
which  are  much  less  than  c,  m0  is  the  rest  mass  of  the  electron.  When  the  electron 
moves  in  such  a  circular  orbit,  the  angular  momentum  L  is  given  by 

|L|  =  m0vr  (1.18-3) 

Although  this  is  a  nonrelativistic  formula,  it  is  a  good  approximation  since  v  <  c 
(Fig.  1.18-2).  The  magnetic  moment  of  the  orbit  is  the  product  of  the  current  I 
and  the  area  of  the  orbit.  The  current  I  is  the  amount  of  charge  passing  a  given 
point  on  the  ring  (formed  by  the  orbit)  per  second: 


(1.18-4) 


since  the  electron  makes  vllitr  rotations  per  second.  With  the  area  A  =  tit2,  the 
magnetic  moment  is  given  by 


m 


evr 

~2 


(1.18-5) 


In  vector  notation 


L  =  r  x  m0\ 

(1.18-6a) 

m0A 

=  CO 

7T 

(1 . 18— 6b) 

m  =  \v  x  e\ 

(1.18-7a) 

eA 

(1.18-7b) 
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Figure  1.18-2 
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Thus  the  magnetic  moment  in  terms  of  the  orbital  angular  momentum  is 

m  =  — L  (1.18-8) 

2  m0  y  J 

Both  L  and  m  are  directed  perpendicular  to  the  plane  of  the  orbit  and  are  in  the 
same  direction.  It  follows  that  the  magnetic  moment  is  constant  in  magnitude  and 
direction  whenever  angular  momentum  is  conserved.  The  factor  e/2m0  =  y  is  called 
the  gyromagnetic  ratio  or  orbital  magnetomechanical  ratio  of  the  electron.  The 
relation  (1.18-8)  is  true  for  orbital  motion. 

In  certain  crystalline  structures  such  as  ferromagnetic  materials,  the  electron 
has  a  spin  rotation  which  results  in  an  angular  momentum  and  a  magnetic  moment. 
These  effects  cannot  be  explained  by  classical  theories  as  in  orbital  motion  and  are 
purely  quantum  effects.  The  ratio  of  m  and  L  for  the  electron  spin  is  twice  as  large 
as  it  is  for  the  orbital  motion  of  the  spinning  electron: 


m 


es 


(1.18-9) 


The  two  possible  states  of  the  spinning  electron  are  given  by  Les  =  ±hl 2.  Then 


m 


es 


(1.18-10) 


where  |jlb  is  the  Bohr  magneton  and  h  =  h/lir.  (Here  h  =  Planck’s  constant  = 
6.61  x  10-34  J-s.)  In  general,  the  relation  between  the  magnetic  moment  and  the 
angular  momentum  can  be  written  as  follows: 


“  =  *(^)L  (1.18-11) 

where  g,  the  Lande  factor,  is  equal  to  1  for  orbital  motion  and  2  for  spin. 

The  spin  magnetomechanical  ratio  yes  =  e/m0.  The  magnetic  moment  of  the 
spin  electron  has  been  modified  to  allow  for  the  fine  structure  by  Schwinger: 


m 


es 


eh 
2  m0 


where  a  =  e2IA'neQch  is  the  fine-structure  constant.  Then 


(1.18-12) 


7 


es 


e 

m0 


(1.18-13) 


The  ratio  of  the  gyromagnetic  ratios  yes/y  ^  2.  It  is  a  characteristic  of  ferromagnetic 
materials  that  the  electron  spin  moments  are  aligned  parallel  to  one  another. 

The  positive  nucleus  of  an  atom  consisting  of  protons  and  neutrons  also 
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exhibits  an  intrinsic  spin  and  is  characterized  by  angular  momentum  and  magnetic 
moment.  The  relationship  is 


mns  8  \2M0)  Lns  ^‘18 

where  M0  is  the  rest  mass  of  the  proton.  In  this  case  g  is  the  nuclear  g  factor  and 
is  a  number  that  is  to  be  determined  for  each  nucleus.  The  spin  magnetic  moment 
of  the  proton  has  a  g  =  2(2.79).  The  neutron  also  has  a  spin  magnetic  moment 
whose  value  relative  to  its  angular  moment  is  2(  - 1.93).  The  neutron  has  a  magnetic 
moment  like  a  rotating  magnetic  charge. 

The  total  magnetization  is  the  sum  of  the  moments  of  the  individual  elements 
in  a  volume  At,,  that  is, 

N 

m(rf)  =  5  2  dy  x  e-vy  +  mes(r,)  +  mns(r,)  (1.18-15) 

y= i 

The  volume  density  of  magnetization  for  At,  is  given  by 

MW  =  ^  (1.18-16) 

By  defining  similar  quantities  in  each  volume  element  and  interpolating,  a  contin¬ 
uous  vector  point  function,  M(r),  is  defined  throughout  the  volume.  M(r)  has  the 
values  M(r,)  at  the  center  of  the  volume  cells  and  connects  them  smoothly.  The 
dimensions  of  M  are  charge  per  unit  length  per  unit  time. 

M~y-  A/m  (1.18-17) 

X-/ 1 

As  in  all  preceding  definitions  of  continuous  densities,  the  body  or  region  must  be 
assumed  to  be  sufficiently  uniform  that  each  cell  differs  only  slightly  from  its 
neighbors,  and  the  continuous  interpolated  function  M(r)  varies  only  very  slowly 
over  distances  that  are  large  compared  with  the  dimensions  of  the  volume  cells. 
The  definition  of  M  implies  in  particular  that  the  volume  density  of  drifting  charge 
J  has  an  extremely  small  variation  from  cell  to  cell. 


1.19  COMPARISON  OF  THE  TWO  REPRESENTATIONS 

In  describing  the  steady-state  properties  of  a  region  in  terms  of  a  volume  and  a 
surface  density  of  drifting  charge  and,  alternatively,  in  terms  of  two  volume  den¬ 
sities,  one  of  drifting  charge  and  one  of  magnetization,  a  situation  analogous  to 
that  encountered  in  static  cases  arises.  In  the  mode  of  representation  using  surface 
and  volume  functions,  the  region  is  treated  in  two  parts  in  each  of  which  one 
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function  alone  carries  the  burden  of  representation.  In  the  alternative  mode  using 
volume  functions  only,  both  functions  are  defined  in  the  entire  region  using  the 
same  volume  cells.  Since  the  volume  density  of  drifting  charge  J  (just  as  the  volume 
density  of  charge  p)  is  not  sufficiently  fine-grained  to  take  account  of  surface 
conditions,  it  follows  that  the  volume  density  of  magnetization  M  must  describe 
surface  conditions  of  moving  charge  (much  as  P  describes  surface  conditions  of 
charge). 

In  examining  the  parts  played  by  the  three  functions  J,  K,  and  M  and  their 
dependence  on  the  mode  of  subdivision,  it  is  possible  to  proceed  by  complete 
analogy  with  the  static  state  and  its  three  functions  p,  t],  and  P.  If  a  given  region 
containing  only  spin  atoms  is  divided  into  volume  cells  in  such  a  way  that  each  cell 
contains  only  complete  current  whirls  or  elementary  magnets,  the  volume  density 
of  current  J  is  zero.  There  is  no  drift  of  charge  across  the  boundaries  of  any  volume 
element.  Let  the  magnitude  of  the  magnetization  in  the  region  increase  uniformly 
in  a  direction  normal  to  the  fixed  axis  of  magnetization.  This  condition  is  shown 
schematically  and  one-dimensionally  in  Fig.  1.19-1,  where  the  number  of  ele¬ 
mentary  whirls  increases  steadily  from  left  to  right.  The  axis  of  magnetization  is 
normal  to  the  paper,  pointing  upward.  A  three-dimensional  representation  is  given 
in  Fig.  1.19-2. 

The  volume  V  is  a  slab  that  extends  from  x  -  8  to  x  -  24  and  is  infinite  in 
the  y  and  z  directions. 

The  functions  for  the  four  volume  cells  are  as  follows: 

JL  =  0;  J2  =  0;  J3  =  0;  J4  =  0 

m,  =  lOz;  m2  =  14z;  m3  ?=  18z;  m4  =  22z 

Mj  =  2.5z;  M2  =  3.5z;  M3  =  4.5z;  M4  =  5.5z 

The  continuous  functions  for  subdivision  I  are  obtained  by  interpolation: 

^  =  0;  Mi  -  0.25xz,  8  <  x  <  24 

Jr  =  0;  Mx  =  0,  x  <  8,  x  >  24 

If  the  continuous  functions  are  extrapolated  to  the  surfaces, 

Mil  =  0.25  x  8z  =  2z,  for  the  left-hand  surface 

M]/?  =  0  .25  x  24z  =  6z,  for  the  right-hand  surface 

Furthermore, 

n;  x  -Ml  =  -x  x  -Ml  =  x  x  Ml  =  x  x  2z  =  —  2y 

x  —  Mk  =  —x  x  Mk  =  -x  x  6z  =  6y 

as  shown  in  Fig.  1.19-2. 

Let  the  mode  of  subdivision  be  changed  to  volume  and  surface  cells  (subdi¬ 
vision  II)  as  shown  in  Fig.  1.19-1  (dashed  lines).  Now  some  of  the  elementary 
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Subdivision  I:  Representation  entirely  in  terms  of 
the  volume  density  of  magnetization,  M;  J  =  K  =  0 


Subdivision  II:  Representation  in  terms  of  both  volume 
and  surface  densities  of  moving  charge,  J  and  K;  M  =  0 


Figure  1.19-1  Electrically  one-dimensional  schematic  diagram  to  show  two  possible  modes 

of  subdivision. 


magnets  near  the  surface  are  cut  in  two  by  the  cell  boundaries.  The  interior  is  then 
subdivided  by  the  dashed  lines  in  such  a  way  that  the  magnetization  in  each  volume 
cell  is  zero.  With 


these  functions  have  the  following  values  for  the  four  volume  cells: 
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(n  X  -M*)  =  6y 


An  interpolation  results  in  the  following  continuous  functions  for  subdivision  II: 

Jn  =  -ly;  Mn.  =  0 

Then  in  this  mode  of  subdivision,  the  interior  is  characterized  entirely  by  J,  whereas 
M  characterized  the  interior  in  the  mode  of  subdivision  I.  In  the  mode  of  subdivision 
II,  the  surface  current  is  to  be  determined  using  Ks  =  dc  2  ep/jj Ats,  so  that 

Kl  =  —  ?y  =  —  2y,  on  the  left-hand  surface 

Kk  =  fy  =  6y,  on  the  right-hand  surface 

with  Ats  =1x1.  The  volume  is  now  completely  represented  by  Jn  =  —  0.25y, 
M„  =  0,  Kl  =  —  2y,  and  =  6y. 

If  neither  of  the  modes  of  subdivision  is  used  and  no  precautions  are  taken 
to  have  the  cell  walls  cut  or  not  cut  through  a  certain  number  of  atomic  whirls, 
statistical  conditions  prevail  along  these  walls  as  well  as  in  the  interior  of  the  cells. 
Accordingly,  there  are  always  some  atoms  near  the  boundary  completely  in  one 
volume  cell,  while  others  are  cut  by  the  boundary  and  are  partly  in  one,  partly  in 
an  adjacent  cell.  In  the  case  considered  here,  the  number  of  elementary  whirls 
increases  from  left  to  right,  so  that  on  the  average  more  of  them  are  cut  by  the 

right  than  by  the  left  boundary  of  each  cell.  The  peculiarities  of  each  of  the  two 

modes  of  subdivision  exist  simultaneously  in  the  general  picture,  and  all  three 
functions  J,  K,  and  M  have  non  vanishing  values.  The  situation  is  analogous  to  the 
static  state  in  which  all  three  functions  p,  r),  and  P  had  nonvanishing  values  for 
unrestricted  subdivisions.  It  is  to  be  expected  by  analogy  that  a  suitable  combination 
of  J,  M,  and  K  will  permit  the  definition  of  essential  volume  and  surface  charac¬ 
teristics  that  are  independent  of  the  mode  of  subdivision. 
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1.20  ESSENTIAL  VOLUME  CHARACTERISTIC  OF  THE  STEADY 
STATE:  CURL  OF  A  VECTOR 

A  volume  density  of  moving  charge  that  is  independent  of  the  mode  of  subdivision 
may  be  obtained  by  a  method  analogous  to  that  used  in  defining  the  function  p  = 
p  -  V  •  P  in  the  static  state.  That  is,  the  representation  of  the  distribution  of 
moving  charge  in  a  typical  volume  cell  is  investigated  when  the  cell  walls  are  shifted 
from  the  one  to  the  other  of  the  two  modes  of  subdivision  illustrated  in  Fig. 
1.19-1.  With  subdivision  I  each  volume  cell  (e.g.,  At2)  contains  only  complete 
elementary  magnets  or  whirls;  none  is  cut  by  the  boundaries.  In  moving  the  bound¬ 
aries  to  subdivision  II,  in  which  M  =  0,  three  half- whirls  are  cut  on  the  left  and 
removed  from  the  cell,  while  four  half- whirls  are  cut  on  the  right  and  added  to  the 
cell.  The  net  result  is  an  addition  to  the  cell  of  one  half- whirl  representing  a 
downwardly  directed  current  of  a  certain  magnitude.  A  similar  result  is  observed 
in  each  volume  cell.  Hence  the  volume  density  of  current  J(r,),  as  defined  in  the 
usual  way,  has  a  nonvanishing  value  if  this  schematic  picture  is  replaced  by  a 
distribution  involving  millions  of  current  whirls.  A  continuous  volume  density  of 
moving  charge  J  can  be  interpolated  for  the  entire  region.  It  is  clear  from  the 
schematic  model  that  there  is  a  direct  correspondence  between  the  number  of 
elementary  magnetization  vectors  m  =  |(d  x  e\)  or  current  whirls  cut  by  cell 
boundaries  (in  changing  from  subdivision  I  to  subdivision  II)  and  the  volume  density 
of  current  appearing  in  each  volume  cell  in  subdivision  II.  To  include  a  part  of  a 
steady-state  current  whirl  in  a  volume  cell  is  exactly  equivalent  to  adding  an  element 
of  current  parallel  to  that  boundary  which  cuts  the  whirl. 

It  is  necessary  to  define  a  quantity  that  is  a  measure  of  the  number  and 
orientation  of  the  current  whirls  cut  by  a  boundary  and  simultaneously  of  the 
equivalent  current  sheet  due  to  these  cut  whirls  on  each  side  of  the  boundary.  Such 
a  quantity  must  resemble  n  •  P  in  the  static  state,  which  is  a  measure  as  well  of 
the  number  of  dipoles  cut  as  of  the  amount  of  charge  added  to  a  volume  cell  in  a 
change  in  subdivision.  The  vector  M  is  a  continuous  function  which  measures  the 
average  density  and  direction  of  current  whirls  or  of  elementary  magnetization 
vectors  in  a  small  region  about  any  point.  Since  it  is  parallel  to  the  axis  of  rotation 
of  the  circulating  charges  and  a  nonrandom  axially  directed  drift  is  included  in  the 
function  J,  M  must  be  perpendicular  to  the  plane  of  the  motion  of  charges  to  be 
represented  by  M.  Charges  moving  parallel  to  the  bounding  surface  of  any  volume 
cell  must  be  moving  perpendicular  to  the  unit  external  normal  n  to  that  surface. 
It  follows  that  the  circulating  charges  that  are  a  part  of  a  current  whirl  cut  by  a 
cell  boundary  in  changing  from  subdivision  I  to  II,  and  moving  parallel  to  a  bound¬ 
ary,  must  be  perpendicular  both  to  M  and  to  an  external  normal  to  the  surface. 
This  does  not  require  M  to  be  perpendicular  to  n.  A  vector  that  has  a  direction 
perpendicular  to  M  and  n  and  that  is  at  the  same  time  proportional  to  M  is  the 
vector  product 


n  x  M 


(1.20-la) 
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Volume 
sub.  1 


Since  n  is  a  unit  vector,  the  magnitude  of  (1.20- la)  is 

Msin(n,  M)  -  M  cos(s,  M)  (1.20-lb) 

where  s  is  a  vector  tangent  to  the  surface.  The  magnitude  of  (n  x  M)  is  equal  to 
the  component  of  M  parallel  to  the  surface  along  which  the  circulation  of  charge 
takes  place.  An  examination  of  Fig.  1.20-1  (which  is  drawn  for  the  simplest  case 
in  which  M  is  itself  parallel  to  the  surface)  shows  that  in  order  to  preserve  the 
right-hand-screw  convention  as  applied  to  current  whirls  of  positive  charge,  it  is 
necessary  to  use  a  vector  equal  in  magnitude  but  opposite  in  direction  to  (n  x  M). 
Such  a  vector  is 


(n  x  -M)  (1.20-2) 

Figure  1.20-2  shows  the  orientation  of  the  vector  and  the  normal  n  for  the  general 
case  in  which  n  and  M  are  not  perpendicular  to  each  other. 

The  magnitude  of  the  vector  (n  x  —  M)  is  a  measure  of  the  average  vector 
sum  of  the  tangential  components  of  the  elementary  magnetization  vectors  that 
pierce  or  lie  in  the  plane  of  a  unit  area  of  the  surface  for  which  (n  x  —  M)  is 
defined.  The  direction  of  the  vector  (n  x  -M)  is  the  same  as  the  direction  of 
motion  along  the  surface  of  the  positive  charge  in  the  elementary  half-whirls  (char¬ 
acterized  by  the  magnetization  vectors)  on  the  side  of  the  surface  for  which  n  is 
an  external  normal.  This  is  illustrated  in  Fig.  1.20-2,  in  which  one  current  whirl 
is  shown. 

In  order  to  determine  the  significance  of  the  vector  (n  x  —  M)  at  a  surface 
enclosing  a  volume  cell,  let  the  change  in  subdivision  from  I  (volume  cells  only — 
no  whirls  cut)  to  II  (surface  and  volume  cells  such  that  M  =  0)  be  examined  in< 
Fig.  1 .20- 1 .  If  the  boundaries  of  the  volume  cells  are  moved  down  half  the  diameter 
of  a  current  whirl,  the  positive  current  sheet  (composed  of  half- whirls)  which  is 


A 

n 

i 


:ell 


Figure  1.20-1  Surface  current  due  to  magnetization  whirls. 
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Figure  1.20-2  Orientation  of  magneti¬ 
zation  vector  and  current  whirl  at  a  sur¬ 
face. 


removed  from  this  cell  across  each  unit  of  its  surface  as  the  boundary  is  shifted 
down  is  measured  by  (n  x  -M).  This  is  equivalent  to  moving  an  identical,  op¬ 
positely  directed  current  sheet  into  the  newly  formed  cell.  That  is,  the  sheet  of 
positive  current  that  appears  in  the  volume  cell  per  unit  of  surface  in  the  change 
in  subdivision  is  measured  by  -  (A  x  -M)  or  (A  x  M).  Since  M  is  a  continuous 
function,  the  vector  (A  x  M)  is  defined  at  every  point  along  the  boundary  of  each 
volume  cell  in  subdivision  I.  By  integrating  over  the  entire  surface  2  of  a  volume 
cell 


(A  x  Mj)  da  (1.20-3) 

a  measure  is  obtained  of  the  average  number  of  positive  half-current  whirls  that 
are  cut  and  effectively  added  to  the  cell  in  the  change  in  subdivision,  and  of  the 
mean  direction  of  their  circulations  as  specified  by  their  respective  magnetization 
vectors.  This  integral  is  also  a  measure  of  the  average  positive  current  that  is 
transferred  across  the  boundaries  of  a  volume  cell  as  these  are  shifted  to  change 
from  mode  I  to  mode  II.  In  (1.20-2)  A  is  external  to  the  cell,  and  M  is  necessarily 
the  value  in  subdivision  I,  since  M  =  0  in  subdivision  II.  If  this  integral  vanishes, 
the  same  number  of  current  whirls  is  cut  on  each  side  so  that  there  are  no  half¬ 
whirls  downward  added  on  one  side  that  are  not  compensated  by  half-whirls  down¬ 
ward  lost  on  the  other  side,  as  shown  in  Fig.  1.17-1.  If  the  integral  does  not  vanish, 
the  compensation  is  incomplete  and  a  current  is  observed  as  in  Fig.  1.19-1.  The 
current  per  unit  volume  appearing  in  At^  in  subdivision  II  is 


(A  x  Mj)  da 


(1.20-4) 


In  order  to  verify  that  (1.20-4)  measures  the  positive  current  density,  let  a 
very  simple  case  be  studied  in  detail.  Consider  a  region  in  which  M  is  constant  in 
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direction,  vertically  upward,  but  increases  uniformly  toward  the  right.  A  top  view 
of  nine  cubical  volume  elements  of  such  a  region  is  shown  in  Fig.  1.20-3. 

The  average  value  of  M*  at  the  center  of  each  cell  as  calculated  using  (1.18- 
16)  is  equivalent  to  a  circulation  around  the  cell  boundaries  as  shown.  In  At15  3 N 
charges  are  moving  along  each  wall  of  area  W2;  in  At2,  4 N  charges;  in  At3,  5N 
charges. 

Since  the  direction  of  M*.  is  known,  it  is  merely  necessary  to  calculate  its 
magnitude  at  the  center  of  each  cell  using  (1.18-15). 


2  \djejVj  sin  {dj,  v)  2  efU: 

At  k  At  k 


W3 


AW2 


(1.20-5) 


The  second  equality  in  (1.20-5)  follows  because 


dj  sin  (dj,  Vj) 


W 

2 


Figure  1.20-3  Magnetization  and  current  along  boundaries  of  volume  cells.  M  is  directed  vertically 
upward  from  the  paper;  its  magnitude  increases  uniformly  from  left  to  right.  Greater  detail  of  the 
typical  circulation  in  each  cell  is  shown  in  the  upper  left-hand  corner.  The  boundaries  for  subdivision 
II  are  shown  in  dashed  lines. 
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However,  e/Vj  is  the  total  current  Iks  along  each  of  the  four  sides  in  At*. 

multiplied  by  the  length  of  this  side: 


WIks  =  S  e,v, 

At  k 


(1.20-6) 


Therefore, 


(1.20-7) 


The  magnitude  of  M  on  the  boundary  a  between  At2  and  At3  is  obtained  by 
interpolation — in  this  case  simple  averaging — to  be 

Ma  =  \{M2  +  M3)  (1.20-8a) 

Similarly,  on  the  boundary  c  between  Atx  and  At2, 

Mc  =  -2{Mx  +  M2)  (1.20-8b) 

On  the  boundaries  b  and  d  the  value  of  M  varies  continuously.  However, 

Mb  =  Md  (1.20-9) 


at  opposite  points. 

One  can  now  form  (1.20-3).  Since  the  magnitude  of  (n  x  M)  on  the  two 
faces  that  are  perpendicular  to  M  is  zero  because  n  and  M  are  parallel, 

f  n  x  M  W2 

L~^rda  =  X  +  nc  x  Mc) 


1 


W 3  Ji  =  w2 


(“i 


X  +  nd  X  Mrf)  da 


(1.20-10) 


Here  the  n’s  are  unit  external  normals  to  At2  on  the  sides  indicated  by  the  subscripts. 
Clearly, 

nc  =  -na;  nd  =  -nb  (1.20-11) 

With  (1.20-11)  and  (1.20-9), 


22 


(n  X  M)  da 


(1.20-12) 


Here  x  is  a  unit  vector  pointing  toward  the  bottom  of  the  page,  as  shown  in  Fig. 
1.20-3.  It  specifies  the  direction  of  na  x  Ma  using  the  right-hand-screw  convention. 
With  (1.20-8a,  b), 

Ma  —  Mc  —  i(M3  -  Mx)  (1.20- 13a) 


However, 


M2  =  \{MX  +  M3) 


(1.20- 13b) 
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Hence 


Ma  -  Mc  =  M3  -  M2 

With  (1.20-13c)  and  (1.20-7), 


(1.20-13c) 


22 


(n  X  M)  da 


(1.20- 14a) 


The  expression  on  the  right  is  the  difference  between  the  sheet  of  current  I3a  directed 
down  along  side  a  in  At3  and  /2a  flowing  up  along  a  in  At2.  It  measures  the  net 
flow  in  the  direction  x  along  both  sides  of  the  boundary  a  between  At3  and  At2. 
If  the  mode  of  subdivision  is  changed  to  II  as  indicated  by  the  dashed  lines  in  Fig. 
1.20-3,  this  net  flow  appears  in  At2.  Thus 

=  J»2  (1.20-14b) 


This  simple  example  shows  that  (1.20-4)  has  the  magnitude  and  the  direction  as 
well  as  the  dimensions  of  a  volume  density  of  current. 

The  quantity 


J  (n  X  MO  da 
At* 


(1.20-15) 


is  the  mean  density  of  magnetization  current  in  the  cell  At*.  If  such  a  value  is 
determined  for  each  cell,  a  continuous  volume  density  may  be  interpolated  in  the 
usual  way.  Since  M  is  already  such  an  interpolated  function  and  is  continuous 
throughout  the  region,  it  is  permissible  to  pass  to  the  limit  directly  and  let  the 
volume  approach  zero.  The  volume  density  of  current  that  appears  in  the  interior 
of  a  region  as  a  result  of  changing  the  mode  of  subdivision  from  I  to  II  is 


J 


mil 


J  (n  X  Mj)  dv 
lim  - — 7 - 

At— >0  At 


(1.20-16) 


An  important  shorthand  symbol  for  defining  the  operation  indicated  on  the  right 
in  (1.20-16)  is  the  curl  of  a  vector.  It  is  defined  by 

- 

(n  X  M)  d(j 

curl  M  =  V  X  M  =  lim  - - -  (1.20-17) 

at->o  At 

and  is  itself  a  polar  vector.  The  volume  density  of  magnetization  current  Jm  is  a 
continuous  vector  point  function  defined  throughout  the  body  or  region. 
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By  a  mere  change  in  subdivision  from  I  to  II  the  description  of  the  volume 
cells  containing  spin  atoms  only  is  altered  as  follows: 


Subdivision 

I: 

Volume  cells  only;  no  cut 
spin  atoms 

II: 

Volume  and  surface  cells;  enough 
cut  spin  atoms  to  make  Mu  =  0 

J  = 

0 

J*  =  VXM, 

M  = 

M, 

0 

The  interior  of  a  region  containing  only  spin-model  atoms  (describable  by  means 
of  elementary  magnets  or  whirls)  may  be  characterized  either  in  terms  of  M  alone 
using  subdivision  I,  or  in  terms  of  J  alone  using  subdivision  II.  In  the  former  case 
it  is  said  to  be  magnetized. 

If  a  region  contains  both  free-drift  and  spin-model  atoms,  a  representation 
of  the  interior  using  subdivision  I  (which  does  not  cut  through  any  of  the  elementary 
whirls)  shows  that  each  volume  element  is  characterized  by  a  volume  density  of 
magnetization  M  due  to  current  whirls  and  by  a  volume  density  of  current  due 
to  the  moving  free  charges.  A  volume  density  of  magnetization  current  Jw  due  to 
the  elementary  magnets  vanishes  in  subdivision  I,  since  none  of  the  whirls  is  cut 
by  the  cell  boundaries.  Hence  J  =  J^.  When  the  same  region  is  subdivided  according 
to  mode  II,  the  interior  is  characterized  by  M  =  0  and  by  J  =  Jf  +  Jm.  Since 
is  slowly  varying,  it  is  also  independent  of  small  shifts  in  the  location  of  cell  bound¬ 
aries,  so  that  the  same  function  is  defined  using  either  mode  of  subdivision.  It  has 
been  shown  that  Jw  in  subdivision  II  is  the  same  in  magnitude  and  direction  as 
V  x  M  in  subdivision  I.  Consequently,  (J  +  V  x  M)  has  the  same  value  in  either 
mode  of  subdivision.  If  any  intermediate  subdivision  is  chosen  in  which  the  cell 
boundaries  cut  through  some  current  whirls  but  not  through  enough  to  reduce  the 
magnetization  to  zero,  or  if,  in  terms  of  the  dynamic  model,  there  is  a  statistical 
distribution  along  the  boundaries  so  that  there  are  always  some  whirls  cut  but  not 
necessarily  enough  to  make  M  vanish,  both  M  and  JOT  have  nonvanishing  values. 
But  V  x  M  has  a  value  precisely  equal  to  the  addition  that  would  be  made  to  J 
if  a  subdivision  were  chosen  to  reduce  M  to  zero.  Thus  (J  +  V  x  M)  is  a  vector 
point  function  that  is  independent  of  the  mode  of  subdivision.  It  is  the  essential 
volume  density  of  the  steady  state,  analogous  to  the  essential  volume  density  of 
the  static  state  (p  -  V  •  P).  Let  it  be  denoted  by 

J  =  J  +  VxM  =  J-  Vx  -M  (1.20-18) 

Here  the  expression  on  the  extreme  right  is  written  so  that  the  sign  agrees  with 
that  in  (p  -  V  •  P).  It  appears  that  -M  and  not  M  is  analogous  to  P. 
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1.21  ALTERNATIVE  DEFINITION  OF  THE  CURL  OF  A  VECTOR 

An  alternative  and  often  convenient  definition  of  the  curl  of  a  vector  is  expressed 
in  terms  of  the  component  of  the  curl  in  a  definite  direction  or,  in  particular,  in  a 
direction  normal  to  a  given  surface.  Consider,  for  example,  the  component  of 
V  x  M  normal  to  the  surface  A S  which  cuts  across  a  volume  element  At  dividing 
it  into  two  parts.  For  simplicity,  let  the  volume  element  At  be  a  small  cube  of  side 
w  (a  volume  element  of  any  shape  may  be  used),  and  let  AS  be  a  square  drawn 
parallel  to  the  front  face  as  in  Fig.  1.21-1.  It  is  bounded  by  lines  up  and  down  on 
the  two  sides  and  across  the  top  and  bottom  faces.  Let  N  be  a  unit  normal  to  AS 
pointing  out  toward  the  front  face  from  AS.  The  component  of  V  x  M  [as  defined 
by  (1.20-17)]  normal  to  AS  is 

•% 

N  •  (n  x  M)  dv 

N  •  V  x  M  =  lim  - - - -  (1.21-1) 

a^o  At 

The  double  scalar  and  vector  product  may  be  rearranged  as  follows: 

NnxM  =  MNxn  (1.21-2) 

N  always  points  in  the  same  direction;  n  is  an  external  normal  to  the  surface  of 
the  cube,  and  hence  points  in  different  directions  as  dcr  moves  from  one  face  of 
the  cube  to  another,  in  the  course  of  integration.  The  vector  product 

s'  =  N  x  n  (1.21-3) 

A  A 

defines  a  unit  vector  which  is  normal  to  both  n  and  N.  Since  N  is  fixed,  s'  lies  in 
the  plane  AS.  In  order  to  remain  perpendicular  to  n  and  satisfy  the  right-hand- 
screw  relation  of  the  vector  product,  s'  points  along  the  bounding  lines  of  AS  in  a 
counterclockwise  sense  as  indicated  in  Fig.  1.21-1.  The  substitution  of  (1.21-3) 
in  (1.21-1)  gives 

(M  •  s')  da 

N  •  V  x  M  =  lim  — - - -  (1.21-4) 

a^*o  At 

The  integral  in  (1.21-4)  includes  no  contributions  from  the  front  and  back  faces 
on  which  s'  vanishes  because  N  and  n  are  in  the  same  or  in  opposite  directions. 
Integration  over  the  side,  top,  and  bottom  faces  is  equivalent  to  a  sum  of  integrals 

<>M-ds'  (1.21-5) 

Js 

around  the  edges  of  each  of  an  infinite  family  of  parallel  surfaces  AS  parallel  to 
the  xz  plane.  Let  dv  =  ds'  dy\  then 

•% 

(M  •  ds')  dy 

N  •  V  x  M  =  lim  — - - -  (1.21-6) 

a^*o  At 
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Figure  1.21-1  Cubical  element  to  il¬ 
lustrate  the  alternative  definition  of  the 
curl. 


Since  M  is  continuous,  the  theorem  of  the  mean  for  integrals  may  be  applied  to 
the  y  integration.  That  is, 


N  •  V  x  M 


lim 

At— ; *0 


(M  •  ds') 


(1.21-7) 


Here  the  barred  integral  is  a  mean  value  for  some  contour  s  around  one  of  the 
family  of  parallel  surfaces  AS.  The  integral  f  dy  gives  simply  the  thickness  w  of 
the  cube;  also  At  =  wAS.  Hence  (1.21-7)  reduces  to 


J>  (M  •  ds') 

N  •  V  x  M  =  lim  - — — -  (1.21-8) 

o  AS 

The  bar  indicating  a  mean  value  is  omitted,  since  in  the  limit  At  approaches  zero 
on  the  surface  AS  around  which  the  integral  has  a  mean  value.  The  contour  s  traces 
the  boundary  of  that  surface.  The  positive  direction  of  §'  around  the  contour  obeys 
the  right-hand-screw  convention  with  respect  to  the  normal  N.  The  definition 
(1.21-8)  of  the  component  of  the  curl  of  a  vector  normal  to  a  plane  is  often  simpler 
than  (1.20-17)  to  use  and  to  visualize  as  an  operation.  For  example,  in  rectangular 
coordinates 


<J>(M  •  ds)  j>(M  •  ds) 

V  X  M  =  x  lim  — - — - 1-  y  lim  — - — - 

Ay/\z—>o  AyAz  AzAx— >0  AzAx 


+  z  lim 

AyAx— >0 


(M  •  ds) 
AyAx 


(1.21-9) 
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1.22  ESSENTIAL  SURFACE  CHARACTERISTIC 
OF  THE  STEADY  STATE 

The  complete  characterization  of  the  steady  state  requires  a  surface  function  that 
is  independent  of  the  mode  of  subdivision  into  volume  and  surface  cells.  In  the 
static  state  such  a  function  was  found  to  be  r\  +  n  •  P.  In  the  steady  state  the 
analogous  function  must  be  a  combination  of  K  and  M,  so  that  the  present  situation 
with  respect  to  M  is  analogous  to  that  discussed  for  P  in  defining  the  surface 
characteristic  of  the  static  state.  It  has  been  shown  (1.20- lb)  that  the  vector  product 
(n  X  -  M)  is  a  measure  of  the  direction  and  magnitude  of  positive  charges  moving 
parallel  to  the  surface  to  which  n  is  an  external  normal.  At  the  boundary  between 
two  dissimilar  regions,  (n  X  -M)  describes  in  subdivision  I  what  K  represents  in 
subdivision  II,  as  can  be  verified  directly  by  examining  what  happens  to  a  thin 
layer  containing  parts  of  current  whirls  along  both  sides  of  a  bounding  surface 
between  two  regions  when  a  change  is  made  in  the  method  of  subdivision  in  each 
region  from  mode  I  to  mode  II.  Consider  first  both  regions  divided  according  to 
mode  I  (Fig.  1.22-1).  Each  contains  only  volume  cells,  and  both  J  and  M  may 
have  nonvanishing  values  if  both  whirling  and  freely  drifting  charges  are  present. 
The  value  of  J  is  due  entirely  to  the  drift  of  free  charges,  the  value  of  M  entirely 
to  the  circulation  in  spin  atoms.  Suppose,  for  a  moment,  that  no  free  charges  are 
present,  so  that  J  =  0;  let  Mx  be  defined  in  region  1  on  one  side  of  the  boundary, 
while  M2  is  defined  in  region  2  on  the  other  side.  At  the  boundary  the  quantities 
(n!  X  -Mx)  and  (n2  X  -M2)  characterize  the  positive  circulation  on  each  side 
parallel  to  the  boundary  with  normals  outwardly  directed  with  respect  to  the  re- 


Mode  II:  Obtained  by  Mode  I 

moving  cell  wall  to  left 
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Figure  1.22-1  Change  of  mode  of  sub¬ 
division. 
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Figure  1.22-2  Volume  and  surface  cells  at  a  boundary. 


gions.  Consider  two  cubical  volume  cells  one  on  each  side  of  the  boundary  surface 
with  adjacent  faces  ASi  and  AS2.  Let  the  mode  of  subdivision  of  the  two  regions 
be  changed  by  pulling  apart  the  two  volume  cells  Atx  and  At2  (Fig.  1.22-2)  to  form 
two  thin  surface  cells,  of  equal  volume  dc ASi  and  dc AS2,  one  on  each  side  of  the 
boundary  between  the  dissimilar  regions.  Each  of  the  newly  formed  surface  cells 
contains  parts  of  current  whirls  still  partly  in  Atx  and  At2.  The  number  of  current 
whirls  that  are  cut  and  partly  added  to  a  given  cell  in  the  form  of  a  positive  current 
in  changing  the  mode  of  subdivision  is  obtained  by  integrating  the  vector  (n  x  M) 
over  the  enclosing  surfaces  as  explained  in  conjunction  with  Fig.  1.20-2.  If  this 
integral  is  evaluated  over  the  surface  of  the  thin  disk  of  thickness  2 dc,  significant 
contributions  are  obtained  only  from  the  large  flat  surfaces  ASi  and  AS2  because 
only  these  surfaces  cut  through  the  current  whirls  when  the  change  in  subdivision 
is  made.  Thus 


(n  x  M)  da 


M 


(nj  X  Mx)  da  +  (n2  X  M2)  da  (1.22-1) 


Mi 


where  nj  points  into  region  1,  n2  into  region  2  since  both  must  be  external  to  the 
volume  contained  in  the  disk,  2dcAS.  Also,  ASi  =  AS2. 

The  average  volume  density  of  moving  charge  due  to  contributions  from  cut 
current  whirls  in  these  cells  is 


(1.22-2) 


If  (1.22-1)  is  divided  by  the  volume  2dcAS  and  AS  is  allowed  to  approach  zero  in 
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the  limit  (since  M  is  a  continuous  function  this  is  permissible),  the  following  con¬ 
tinuous  volume  density  of  moving  charge  is  defined: 

2  (Jim  "f"  J2 m) 


-lim 

2cfcA2— »0 


A2 


(hi  x  Mx)  dv 


2dcAX1 


+ 


A^2 


(n2  X  M2)  d<j 


2dn  AX- 


(1.22-3) 


Here  hj  (  =  —  hi) ,  n2  (  =  -  n2)  are  normals  directed  outwardly  with  respect  to  the 
boundary  surface  between  the  regions  1  and  2.  From  (1.15-2),  is  by  definition 
the  surface  density  of  moving  charge  Kx.  Similarly,  K2  is  defined  along  the  surface 
of  region  2  by  J2dc.  Thus 

Ki  m  +  K2  m  =  Jl  rrAc  +  J2 nAc  (1.22  —  4) 

After  (1.22-3)  has  been  multiplied  by  2 dc  and  combined  with  (1.22-4),  the  result 
is 


Kim  +  K  2m  =  -lim 

A2— »0 


r 


J  A2i 


(hi  X  Mx)  d(j 


+ 


A^2 


(n2  X  M2)  d(j 


AX- 


(1.22-5) 


The  application  of  the  theorem  of  the  mean  for  integrals  to  each  integral  in 
(1.22-5),  leads  to 


Ki  m  +  K2w  =  -lim 

A2— »0 


hi  X  Mx 


r 


J  A2i 


ho  x  M 


+ 


A22 


d(j 


AX' 


(1.22-6) 


Here  nx  x  Mx  and  n2  x  M2  are,  respectively,  mean  values  at  points  on  the  surfaces 
AXx  and  AX2.  In  passing  to  the  limit,  AXi  and  AX2  approach  zero  at  the  points 
where  the  mean  values  are  defined,  so  that 


Ki m  T  K 2m  —  (fil  *  Ml)  (n2  x  M2) 
Let  the  following  shorthand  notation  be  introduced: 


+  K 


2m 


(1.22-7) 


n  x  M  =  nx  x  Mx  +  n2  x  M2 


(1.22-8a) 

(1.22-8b) 
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With  this  symbolism  and  with  the  mode  of  subdivision  used  in  defining  the  densities 
explicitly  indicated  by  the  subscripts  I  and  II,  (1.22-7)  becomes 

Kmll  =  -(n  x  MO  (1.22-9) 

Just  as  for  %n  in  the  analogous  case  in  the  static  state  (1.10-10),  a  value  for  KmlI 
may  be  associated  with  every  point  along  the  surface  separating  the  two  regions. 
It  is  a  measure  of  the  total  surface  density  of  moving  charge  in  both  regions 
associated  with  that  point  in  terms  of  subdivision  II. 

It  is  easy  to  see  that  the  function  (K  -  n  x  M)  is  independent  of  the  mode 
of  subdivision  at  least  for  a  region  containing  no  free  charges  by  applying  the  same 
reasoning  used  in  Sec.  1.10  in  the  analogous  static  case.  This  function  is  assigned 
the  symbol  K  and  is  named  the  essential  surface  density  of  the  steady  state.  It  is 

K^=K-nxM  =  K  +  (nX  -M)  (1.22-10) 

The  expression  on  the  extreme  right  is  written  in  a  form  to  bring  out  the  analogy 
with  the  static-state  function  if  =  t)  +  n  •  P.  It  again  appears  that  -  M  rather  than 
M  is  the  analogue  of  P. 

Because  (n  x  M)  can  describe  surface  effects  only  if  these  are  surface  man¬ 
ifestations  of  a  volume  phenomenon,  it  cannot  be  used  to  characterize  a  sheet  of 
drifting  free  charge.  On  the  other  hand,  a  description  in  terms  of  Jr  and  Mr  can 
always  be  made  mathematically  equivalent  to  a  description  in  terms  of  Jn  and  Kn 
if  the  following  conditions  are  fulfilled: 


Jn  —  Ji  V  X  Mj 

K„  =  -(Ax  Mj) 


(1.22-11) 


Since  every  free-drift  model  may  be  replaced  by  a  mathematically  equivalent  spin 
model,  the  function 


K  =  K  -  (n  x  M)  (1.22-12) 

may  be  used  to  describe  mathematically  the  surface  conditions  of  both  spin  and 
free-charge  models.  By  building  this  function  and  the  volume  function  J  into  the 
mathematical  model  of  electromagnetism,  it  is  possible  to  interpret  them  at  will  or 
for  physical  reasons  in  terms  of  a  circulation  model,  a  free-drift  model,  or  a  com¬ 
bination  of  these. 


1.23  SURFACE  DENSITY  OF  MAGNETIZATION 

In  order  to  complete  the  mathematical  description  of  the  steady  state,  an  additional 
surface  function  to  represent  a  surface  distribution  of  current  whirls  might  be 
defined.  A  surface  magnetization  is  the  steady-state  analogue  of  a  surface  polari¬ 
zation  or  double  layer  in  the  static  state.  Mathematically,  it  is  a  simple  matter  to 
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construct  a  steady-state  function  analogous  to  k  in  the  static  state.  Whereas  the 
function  k  plays  only  a  very  minor  part  in  the  coordination  of  the  mathematical 
theory  with  experimental  observations,  no  experimental  effects  have  been  observed 
that  require  a  theoretical  analogue  that  depends  on  a  surface  magnetization.  Fur¬ 
thermore,  it  is  difficult  to  conceive  of  conditions  in  terms  of  the  atomic  model  that 
are  sufficiently  complex  to  produce  surface  magnetization.  Accordingly,  no  surface 
density  of  magnetization  is  defined. 


7.24  FORMAL  ANALOGY  BETWEEN  THE  STEADY  STATE 
AND  THE  STATIC  STATE 

The  physical  and  mathematical  models  of  the  steady  state  exhibit  a  complete  par¬ 
allelism  in  form,  in  development,  and  in  interpretation  with  corresponding  models 
in  the  static  state.  Atomic  models  describe  two  kinds  of  motion  of  the  charges:  a 
steady  drift  of  free  charges  which  are  statistically  at  rest  in  the  static  state,  and  a 
circulation  and  orientation  of  charge.  The  latter  is  only  formally  a  steady-state 
analogue  of  the  distortion  orientation  of  charge  in  the  bound-charge  static  model. 
The  two  effects  are  parallel  only  in  that  both  are  concerned  with  an  orientation. 
The  distortion  in  the  static  state  and  the  circulation  in  the  steady  state  are  quite 
unrelated,  as  are  the  external  forces  that  produce  them.  In  its  mathematical  model 
of  continuous  functions,  the  steady  state  is  closely  analogous  to  the  static  state. 
Both  are  characterized  in  terms  of  two  continuous  functions  defined,  one  through¬ 
out  the  interior,  the  other  on  the  surface  of  a  region  containing  charges.  In  addition, 
the  scalar  product  occurs  in  the  static  state  wherever  the  vector  product  occurs 
in  the  steady  state;  the  divergence  of  the  vector  appears  in  the  static  state  wherever 
the  curl  of  the  vector  appears  in  the  steady  state.  This  formal  analogy  between  the 
two  states  is  maintained  throughout  the  mathematical  development.  Table  1.24-1 
summarizes  the  definitions  of  important  quantities  in  the  two  states  and  dem¬ 
onstrates  the  analogy  between  them. 


7.25  MACROSCOPIC  ELECTRICAL  PROPERTIES  OF  MATTER: 

A  SUMMARY  OF  THE  STATIC  AND  STEADY  STATES 

According  to  atomic  theory,  all  matter  is  composed  of  atoms  and  molecules,  which, 
in  turn,  are  formed  by  negatively  and  positively  charged  particles  and  neutral 
particles.  Over  distances  that  are  large  compared  with  the  mean  free  path  of  these 
particles  and  times  that  are  long  compared  with  atomic  events,  it  is  possible  to 
represent  the  approximate  average  properties  of  matter  by  continuous  functions 
that  vary  slowly  from  point  to  point  except  near  boundaries  between  different  types 
of  matter  when  rapid  changes  in  the  direction  perpendicular  to  the  boundary  surface 
may  be  expected.  Such  functions  are  defined  in  terms  of  the  statistical  distributions 
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TABLE  1.24-1  SUMMARY  OF  ANALOGY  BETWEEN  STATIC  AND  STEADY  STATES 


Quantity 

Static  state 

Steady  state 

Condition  of  charge 

Dynamic:  random  motion 

Dynamic:  steady  drift  or 

Static:  statistically  at  rest 

circulation  superimposed 
on  random  motion 

Static:  steady  drift  or 

Atomic  models 

Free  charge 

circulation  relative  to 
statistical  rest  positions 

Free  drift 

Bound  charge 

Microscopic  circulation 

Elementary  models 

Dipole;  p  =  ed 

Magnet;3  m  =  Id  x  ev 

p  defines  electric  moment; 

m  defines  magnetic 

its  direction  is  axis  of 

moment;  its  direction  is  axis 

polarization 

of  magnetization 

Density  functions 

Volume  density  of: 

Charge,  p  (p,  =  Sc,- /At,) 

Current,  J  (J,  =  Seyv,-/ At,-) 

Surface  density  of: 

Charge,  -r)  (t)s  =  £c//c/Ats) 

Current,  K  (Ks  =  Xejv}4ct Ats) 

Volume  density  of: 

Polarization,  P 

Magnetization,  -M 

(P,.  =  2^/At, 

(M,  =  Sidy  x  e jw j / At ,■ 

=  p.-/At<) 

=  hIj/At,) 

Essential  volume 

Charge  p  =  p  —  V  •  P 

Current  J  ^  J  +  V  x  M 

density  of: 

Essential  surface 

Charge  t]  ^  t]  +  n  •  P 

Current  K  =  K  -  A  x  M 

density  of: 

Operations 

Scalar  or  dot  product 

Vector  or  cross  product 

Divergence,  V  • 

Curl,  V  x 

3  Electron  spin  also  contributes  to  magnetization,  but  has  no  static-state  analogue. 


of  the  charges  and  their  nonrandom  velocities  throughout  the  interior  and  along 
the  boundaries  of  the  region  of  interest.  For  most  purposes  it  is  sufficient  to 
introduce  six  such  functions  to  describe  the  average  electrical  properties.  Of  these, 
four  represent  the  average  conditions  of  charge  and  moving  charge  in  the  vicinity 
of  each  point  in  the  interior  and  in  a  thin  layer  near  a  boundary,  a  fifth  gives  the 
average  distributions  and  orientations  of  electric  dipoles,  and  a  sixth  gives  the 
microscopic  circulations  of  electric  charges,  including  spins  (magnetic  dipoles). 

The  definition  of  all  density  functions  depends  on  the  choice  of  volume  and 
surface  elements.  They  must  be  sufficiently  large  to  contain  enough  charges  so  that 
statistical  regularity  obtains  and  sufficiently  small  so  that  the  average  property 
defined  by  them  is  sufficiently  fine-grained  for  the  desired  macroscopic  represen¬ 
tation.  In  general,  the  selection  of  suitable  interior  and  surface  elements  is  straight¬ 
forward  in  the  case  of  solids  and  liquids,  but  not  always  possible  for  diffuse  media 
such  as  ionized  gases  and  plasmas.  Once  the  regions  under  study  have  been  sub¬ 
divided  into  appropriate  interior  and  surface  cells,  continuous  density  functions 
can  be  constructed  by  interpolation  between  the  discrete  values  defined  at  the 
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centers  of  the  individual  cells.  Such  a  density  is  a  function  of  the  coordinates  and 
of  the  time. 

The  elementary  microscopic  description  of  matter  is  in  terms  of  the  electron 
with  an  electrical  charge  qe  =  —e  =  —1.6  x  10-19C  and  a  rest  mass  me  =  9.1 
x  10-31  kg;  the  positive  particle  or  ion  with  an  electrical  charge  qp  =  Ze,  where 
Z  is  an  integer,  and  a  mass  mp  that  is  very  great  compared  with  me  (for  the  proton 
Z  =  1,  mp  =  1836. 3me);  and  the  neutron  with  no  electrical  charge  and  a  mass  mn 
that  is  also  very  large  compared  with  me.  If  the  interpolated  average  number  of 
electrons  per  unit  volume  is  ne{ r),  the  continuous  volume  density  of  charge  for 
electrons  is  pe(r)  =  qene{ r)  =  -  ene(r) .  The  corresponding  volume  density  of  mass 
is  De{ r)  =  mene{ r).  Similarly,  for  positive  ions  with  an  interpolated  number  np{ r) 
per  unit  volume,  the  corresponding  densities  are  pp(r)  =  qpnp( r)  and  Dp( r)  = 
mpnp( r).  For  neutrons,  the  densities  are  p„(r)  =  0  and  Dn( r)  =  mnnn{ r).  The  total 
volume  densities  of  charge  and  mass  are  p(r)  =  pe(r)  +  pp(r)  and  D{ r)  =  De{ r) 
+  Dp{ r)  +  Dn{ r).  The  volume  density  of  charge  p(r)  is  a  scalar  point  function 
that  measures  the  average  volume  density  of  charge  in  coulombs  per  cubic  meter 
in  the  neighborhood  of  every  point  in  the  interior  of  a  region.  By  selecting  cells 
that  are  of  atomic  thickness  along  boundaries,  it  is  possible  to  define  the  average 
number  of  electrons  or  positive  ions  per  unit  area.  If  these  are,  respectively,  nei(r) 
and  nps{ r),  the  continuous  surface  densities  of  electrons  and  positive  ions  are  ^(r) 
=  qenes{ r)  and  ^(r)  =  qpnps(r);  the  corresponding  total  surface  density  of  charge 
in  coulombs  per  square  meter  is  'q(r)  =  ^(r)  +  'Pp(r),  where  r  is  a  vector  that 
ends  at  the  surface.  At  a  boundary  between  two  media,  it  is  usually  convenient  to 
define  such  a  density  in  a  thin  layer  on  each  side  of  the  boundary. 

If  the  mean  nonrandom  interpolated  velocities  of  the  electrons  and  positive 
charges  are,  respectively,  ve(r)  and  vp(r),  continuous  volume  and  surface  densities 
of  moving  charge  or  current  may  be  defined  as  follows: 

J(r)  =  qene{  r)ve(r)  +  qpnp{  r)vp(r)  (1.25-1) 

K(r)  =  qenes(r)\es(r )  +  qpnps(r)\ps(r )  (1.25-2) 

The  continuous  volume  density  of  current  J(r)  in  amperes  per  square  meter  is  a 
vector  point  function  that  measures  the  average  magnitude  and  direction  of  non- 
random  flow  of  positive  charges  or  their  equivalent  across  each  unit  area  in  the 
interior  of  a  region.  Similarly,  the  surface  density  of  current  K(r)  in  amperes  per 
meter  is  a  vector  point  function  that  measures  the  average  magnitude  and  direction 
tangent  to  a  boundary  of  nonrandom  flow  of  positive  charges  or  their  equivalent 
across  each  unit  width  of  a  surface  or  boundary  layer  of  atomic  thickness. 

In  a  neutral  unpolarized  atom  the  time-average  centers  of  the  positive  and 
negative  charges  coincide.  Under  the  action  of  external  forces,  the  center  of  the 
negative  charges  may  be  displaced  slightly  from  the  center  of  the  positive  charges. 
In  this  case  the  atom  is  said  to  be  electrically  polarized.  When  the  atoms  in  a  region 
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are  polarized,  each  volume  element  containing  a  great  many  such  atoms  is  also 
polarized  if  the  individual  directions  of  polarization  are  determined  by  the  same 
external  force.  This  means  that  the  time-average  center  of  positive  charge  in  each 
interior  cell  is  displaced  from  the  time-average  center  of  the  negative  charge.  If  a 
vector  drawn  from  the  center  of  the  negative  charge  to  the  center  of  the  positive 
charge  is  denoted  by  d,  the  polarization  of  the  volume  is  p  =  Qp d,  where  Qp  is 
the  total  positive  charge.  Qe  =  —Qp  is  the  total  negative  charge.  The  volume 
density  of  polarization  P  is  the  continuous  vector  point  function  that  is  obtained 
by  interpolation  from  the  discrete  values  of  p IV,  where  V  is  the  volume  of  a  typical 
interior  cell.  P(r)  in  coulombs  per  square  meter  is  a  measure  of  the  number  and 
orientation  of  electric  dipoles  per  unit  volume  in  the  vicinity  of  any  point. 

If  electric  charges  circulate  about  an  axis  through  an  atom  or  molecule  or  if 
the  electron  spins  that  characterize  the  atom  do  not  cancel  along  some  axis,  the 
atom  or  molecule  has  a  magnetic  moment  and  is  said  to  be  magnetically  polarized 
or  magnetized.  The  intensity  of  magnetization  due  to  the  orbital  electrons  is  de¬ 
termined  by  the  number  of  circulating  charges,  their  angular  velocity  about  the 
axis,  and  their  distance  from  the  axis.  Specifically,  if  a  charge  e  travels  around  a 
circle  of  radius  r  with  a  velocity  v,  the  magnetization  is  defined  by  the  axis  vector 
m  given  by  the  vector  product  m  =  (r  x  e\)/2.  The  magnetization  of  each  un¬ 
canceled  electron  spin  is  equal  to  one  Bohr  magneton,  =  eh/2me,  where  h  is 
Planck’s  constant  divided  by  2tc.  The  volume  density  of  magnetization  M(r)  in 
amperes  per  meter  is  the  continuous  vector  point  function  that  is  obtained  by 
interpolation  from  the  vector  sum  of  all  contributions  to  the  magnetic  polarization 
per  unit  volume  of  interior  cells.  It  specifies  the  magnitude  and  direction  of  the 
average  magnetization  per  unit  volume  in  the  vicinity  of  every  point  in  a  region. 

The  volume  densities  p(r),  J(r),  P(r),  and  M(r)  and  the  surface  densities  'q(r) 
and  K(r)  are  not  all  mutually  independent  but  actually  involve  in  their  statistical 
definitions  the  manner  in  which  the  region  to  be  described  is  subdivided  into  interior 
and  surface  cells.  In  the  usual  interpretation  of  these  functions,  it  is  implied  that 
no  charges  that  are  parts  of  polarized  or  magnetized  elements  are  included  in  two 
different  cells.  This  means  that  only  complete  dipoles  and  current  whirls  are  in¬ 
cluded  in  volume  cells;  thus  all  contributions  to  the  densities  p(r),  J(r),  and  'q(r) 
come  from  “free”  charges  and  not  from  “bound”  charges  which  are  parts  of  neutral 
dipoles  and  self-contained  circulations  of  current. 

Since  nonuniform  distributions  of  dipoles  and  current  whirls  can  contribute, 
respectively,  to  densities  of  charge  and  current,  the  actual  effective  volume  and 
surface  densities  of  charge  are 

p(r)  =  p(r)  -  V  •  P(r)  and  Tj(r)  =  'q(r)  +  n  •  P(r)  (1.25-3) 

where  n  is  the  unit  external  normal.  Similarly,  the  actual  effective  volume  and 
surface  densities  of  current  are 


J(r)  =  J(r)  +  V  X  M(r) 


and 


K(r)  =  K(r)  -  n  x  M(r)  (1.25-4) 
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NONSTATIONARY  STATES 

1.26  ESSENTIAL  VOLUME  CHARACTERISTIC 

OF  THE  UNSTEADY  STATE:  EQUATION  OF  CONTINUITY 
FOR  ELECTRIC  CHARGE 

The  static  and  steady  states  are  both  stationary  states  because  the  density  functions 
that  characterize  conditions  of  statistical  rest  and  of  steady  motion  of  electric  charge 
at  every  point  in  a  region  are  independent  of  time.  In  the  nonstationary  state  the 
same  density  functions  may  be  used  to  describe  instantaneous  distributions  of  charge 
and  current,  but  they  vary  in  time  at  every  point.  Moreover,  as  a  consequence  of 
the  postulate  of  conservation  of  electric  charge,  definite  relationships  exist  between 
the  time  rates  of  change  of  the  densities  of  charge  p  and  r\  and  the  densities  of 
moving  charge  J  and  K. 

To  determine  the  essential  characteristics  of  the  nonstationary  state  from  the 
corresponding  stationary  quantities,  consider  a  region  containing  electric  charges 
for  which  all  the  four  volume  densities  p,  P,  J,  and  M  are  defined  in  the  usual  way. 
The  electrical  properties  of  the  region  are  described  in  terms  of  the  essential 
densities 


p  =  p  —  V  •  P  (1.26-la) 

J  =  J  +  V  x  M  (1.26-lb) 

which  are  independent  of  the  mode  of  subdivision  into  volume  cells.  In  the  static 
and  steady  states  they  are  by  definition  constant  in  time. 

Let  an  unsteady  state  exist  in  which  the  charges  in  the  region  move  in  a 
nonrandom  way  so  that  p  and  P  are  functions  of  the  time.  M  and  J  may  be  constant 
or  variable  in  time.  Since  dp/dt  and  dP/dt  are  nonvanishing,  the  time  rate  of  change 
of  p  in  (1.26- la)  with  an  interchange  of  differentiation  between  the  independent 
time  and  space  variables  is 


ap 

dt 


(1.26-2) 


A  variation  in  time  of  p  means  that  the  total  charge  contained  in  a  volume 
cell  At  increases  or  decreases  or  changes  periodically  as  time  passes.  Since  it  has 
been  postulated  as  a  fundamental  attribute  of  electricity  that  electric  charge  is 
conserved,  so  that  no  charges  can  be  created  or  destroyed  in  At,  it  follows  that 
electric  charges  must  flow  inward  or  outward  across  the  closed  bounding  surface 
of  At  if  dp/dt  differs  from  zero.  Such  a  flow  may  consist  of  free  charges  moving 
from  volume  cell  to  volume  cell,  or  of  parts  of  periodically  distorted  closed  shells 
vibrating  across  the  bounding  surfaces.  No  contributions  to  such  a  flow  come  from 
oriented  spin  groups  because  the  total  charge  at  every  instant  in  a  given  volume 
is  unchanged  by  a  variation  in  time  of  the  number  of  current  whirls  or  of  their  axes 
of  rotation.  With  p  defined  to  measure  the  average  total  charge  per  unit  volume, 
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it  is  clear  that  dp /dt  must  measure  the  time  rate  of  change  of  the  average  total 
charge  in  each  unit  of  volume.  This  can  be  related  to  the  volume  density  of  current 
J  in  the  following  way. 

Let  X  be  the  enclosing  surface  of  a  typical  volume  cell  At.  The  postulate  of 
conservation  requires  the  rate  of  increase  of  the  positive  charge  pAr  in  At  to  equal 
the  net  positive  charge  entering  across  At  per  unit  time.  (Negative  charge  leaving 
At  is  equal  in  magnitude  to  positive  charge  entering  it.)  At  any  instant,  the  flow 
of  positive  charge  across  X  into  At  is  given  by  the  integral  over  X  of  the  inward 
normal  component  of  the  volume  density  of  moving  charge  J.  This  integral  is  the 
negative  of  the  total  outward  normal  flux  of  the  vector  J  across  a  closed  surface: 


_d 

dt 


(pAt) 


n  •  J  d(j 

2 


(1.26-3) 


where  n  is  the  external  normal  to  the  surface  X.  Since  At  is  constant  in  time, 


d_ 

dt 


(pAt)  =  At  — 
VH  ’  dt 


(1.26-4) 


Since  p  and  J  are  continuous  functions  defined  throughout  the  region,  the  simple 
limit  process  of  the  calculus  may  be  used  to  obtain 


dp 

dt 


-lim 

At-*0 


n  •  J  da 


-V- J 


by  definition  of  the  divergence  of  a  vector  (1.9-8).  The  equation 


V  •  J  + 


dp 

dt 


(1.26-5) 


(1.26-6) 


is  called  the  equation  of  continuity  for  electric  charge.  It  expresses  the  postulated 
principle  of  conservation  of  electricity  in  terms  of  the  density  functions  of  the 
mathematical  model.  It  explicitly  establishes  a  connection  between  the  instanta¬ 
neous  steady-state  volume  density  of  drifting  charge  J  and  the  instantaneous  time 
rate  of  change  of  the  volume  density  of  charge  p.  If  the  value  of  dp/d/  given  by  the 
equation  of  continuity  (1.26-6)  is  inserted  in  (1.26-2), 

dp  _  _  _  dP 
-r  =  -V  •  J  -  V  •  — 
dt  dt 


or 


J  + 


dP 

dt 


+  V* 


(1.26-7) 
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This  is  a  formally  generalized  equation  of  continuity  which  has,  in  effect,  been 
obtained  from  (1.26-6)  simply  by  adding  and  subtracting  the  term  V  •  dP/dt.  Its 
usefulness  lies  in  the  fact  that  the  essential  density  of  charge  p  is  independent  of 
the  mode  of  subdivision  into  volume  cells,  whereas  p  is  not.  It  follows  that  (J  + 
dP/dt )  must  characterize  the  moving  charge  in  a  way  that  is  also  independent  of 
the  mode  of  subdivision.  This  is  true  provided  that  there  are  no  spin  atoms,  so 
that  M  =  0.  It  has  been  shown  in  the  steady  state  that  if  M  differs  from  zero  so 
that  circulations  of  charge  exist,  (J  +  V  X  M)  and  not  J  alone  is  the  characteristic 
of  moving  charge  that  is  independent  of  the  mode  of  subdivision  into  volume  cells. 
In  the  general  unsteady  state  in  which  M  does  not  vanish,  the  essential  characteristic 
of  moving  charge  that  is  independent  of  the  mode  of  subdivision  may  be  obtained 
by  noting  that 

V-  V  x  M  =  0  (1.26-8) 

so  that  V  x  M  may  be  added  to  (J  +  dP/dt)  in  (1.26-7)  without  disturbing  the 
balance  of  the  equation: 


dP  „  ,  „  ™  dP 

—  +  V-  J  +  VXM  +  — 

dt  V  dt 


=  0 


(1.26-9) 


The  essential  density  of  moving  charge  is 

pmv  =  J  +  V  x  M  + 

With  (1.26-10),  (1.26-9)  becomes 


dP 

dt 


(1.26-10) 


dp 

dt 


+  ^  ’  PmV  =  0 


(1.26-11) 


This  is  a  symbolically  convenient,  generalized  equation  of  continuity  that  differs 
only  formally  from  (1.26-6)  from  which  it  may  be  obtained  by  adding  and  sub¬ 
tracting  a  term  in  P  and  adding  a  term  in  M  which  is  identically  zero.  It  is  useful 
for  obtaining  the  essential  density  of  moving  charge  p^v  in  the  nonstationary  state. 
This  is,  at  every  instant,  a  continuous,  slowly  varying  function  of  the  space  coor¬ 
dinates  defined  throughout  the  interior  of  a  body  or  region.  All  its  terms  may  be 
functions  of  time.  The  velocity  v  is  a  continuous,  slowly  varying  vector  point 
function  characterizing  the  average  statistical  velocity  of  moving  charge  including 
nonrandom  motions  of  free  charge  and  of  closed-shell  configurations  of  either  the 
polarized  or  magnetized  kind,  p^  is  the  volume  density  associated  with  v;  it  includes 
all  charges  engaged  in  nonrandom  motion. 

The  physical  significance  in  terms  of  the  atomic  model  of  associating  the  term 
dP/dt  with  the  convection  or  conduction  current  density  J  and  the  magnetization 
current  density  Jm  =  V  X  M  is  readily  visualized.  Superficially,  it  is  plausible  that 
a  more  or  less  periodic  reversal  in  the  direction  of  polarization  of  a  distorted  and 
oriented  group  of  bound  charges,  such  as  the  closed  shell  of  an  atom  or  molecule, 
is  equivalent  to  an  alternating  current.  The  actual  explanation  for  the  appearance 
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of  the  term  dP/dt  in  the  essential  characteristic  of  moving  charge  p^v  is  precisely 
the  same  as  the  explanation  for  the  appearance  of  -  V  •  P  in  the  essential  char¬ 
acteristic  of  charge  p.  The  contributions  to  dp/dt  by  the  two  terms  -V  •  J  and 
-  V  •  (dP/dt),  just  as  the  contributions  to  p  by  p  and  -V  •  P,  depend  on  the  mode 
of  subdivision  of  a  body  into  volume  cells.  If  the  boundaries  of  the  cells  are  so 
placed  that  no  dipoles  are  cut  by  them  even  when  they  experience  periodically 
reversing  distortion-orientation  effects  along  a  definite  axis  (subdivision  I),  then 
( -  V  •  P)  is  the  contribution  to  p  of  a  nonuniform  polarization  and  —  V  •  (dP/dt)  is 
the  contribution  to  dp/dt  of  a  time  rate  of  change  of  this  polarization.  This  is 
equivalent  to  stating  that  dP/dt  accounts  for  the  contribution  to  the  characteristic 
of  moving  charge  of  periodically  reversing  distortion  orientations  of  bound  groups. 
In  the  mode  of  subdivision  I 


p  =  p f  (1.26-12) 

where  pf  is  the  density  of  free  charge  and 

J  =  Jf  (1.26-13) 

where  is  the  density  of  moving  free  charge  since  only  the  free  charges  contribute 
to  the  transfer  across  cell  boundaries.  The  conservation  of  charge  is  described  by 

^  +  V  •  J,  =  0  (1.26-14) 

dt 

If  the  mode  of  subdivision  is  changed  to  mode  II  so  that  just  enough  dipoles 
are  cut  by  the  cell  boundaries  to  make  P  zero  everywhere,  then  V  •  P  and  dP/dt 
vanish.  This  corresponds  to  an  alternating  or  periodically  reversing  current  across 
the  walls  with  a  corresponding  periodic  change  in  the  total  charge  in  At.  p  and  J 
calculated  in  the  usual  way  differ  from  the  values  calculated  in  the  first  mode  of 
subdivision  precisely  by  the  amounts, 

dP 

Pmi  “  V  •  Pj  and  JpII  =  —  (1.26-15a) 


In  this  case 


P  =  P/  +  Pmi 


and 


(1.26-15b) 


P rr/y  J/  "f"  JpII  J f  T 

where  pf  is  the  average  density  of  free  charge  and  pb  is  the  average  density  of  the 
parts  of  the  dipoles  that  are  cut  and  included  within  the  boundaries  of  the  cell.  Jf 
represents  the  convection  or  conduction  drifts  of  charge  across  the  boundaries  of 
cells  and  Jp  the  average  motion  of  parts  of  vibrating  dipoles  across  the  same 
boundaries.  The  change  in  the  mode  of  subdivision  in  the  physical  picture  corre- 
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sponds  to  a  mere  shift  in  the  responsibility  of  representation  in  the  mathematical 
model  from  one  set  of  functions  to  another.  The  quantity  Jp  =  dP/dt  is  the  volume 
density  of  polarization  current  due  to  parts  of  oscillating  dipoles  moving  across  cell 
walls.  By  appropriate  choice  this  may  be  observed  as  Jp  with  P  =  0  or  by  dP/dt 
with  Jp  =  0.  Obviously,  the  effective  alternating  current  due  to  oscillating  dipoles 
must  be  included  equally  in  the  description  independent  of  the  location  of  cell 
walls. 

For  all  modes  of  subdivision  satisfying  the  restrictions  on  the  size  of  individual 
cells,  the  two  continuous  functions 

p  =  p  -  V  •  P  (1.26-16a) 

p^v  =  J  +  VxM  +  —  (1.26-16b) 

dt 

completely  characterize  the  instantaneous  conditions  of  charge  and  moving  charge 
in  the  interior  of  a  body  or  region  to  the  degree  of  approximation  here  attempted. 


1.27  ESSENTIAL  SURFACE  CHARACTERISTIC 

OF  THE  UNSTEADY  STATE:  SURFACE  EQUATION 
OF  CONTINUITY  FOR  ELECTRIC  CHARGE 


The  equation  of  continuity,  expressing  the  fundamental  postulate  of  conservation 
of  electric  charge,  is  equally  true  along  a  surface,  or  more  generally  along  the 
boundary  between  two  electrically  dissimilar  regions,  as  in  the  interior.  Its  form  is 
obtained  by  applying  (1.26-6)  to  a  thin  surface  layer  on  each  side  of  the  boundary 
between  regions  1  and  2  (Fig.  1.27-1). 

Consider  a  small  rectangular  surface  element  At^  of  thickness  dc  on  each  side 
of  a  boundary  and  of  area  of  base  and  top  AS.  The  combined  volume  of  the  double 
element  is  At5  =  2dcAS.  Using  the  fundamental  definition  (1.9-8)  of  the  divergence 
of  a  vector,  (1.26-6)  may  be  written  in  the  form 


.  -  lim  n  *  J  do- 

op  _  2cfcA2— »0  _ 

dt  ~  2dcAS 


(1.27-1) 


Region  1 


a,  Figure  1.27-1  Surface  layer  at  a 

Region  2  2  boundary. 
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where  n  is  an  external  normal  to  the  enclosing  surface  X  of  the  element.  Let  X  be 
considered  in  three  parts.  Xdc  is  the  combined  area  in  both  regions  1  and  2  of  the 
four  narrow  edges  of  the  entire  element  of  thickness  2dc\  AXx  is  the  area  of  the 
top  in  region  1;  AX2  is  the  area  of  the  base  in  region  2.  The  surface  integral  in 
(1.27-1)  can  be  written  as  the  sum  of  three  integrals  over  these  three  parts  of  the 
closed  surface  of  the  cell. 


-  [  (A ’Jav)  da  [  (nl’J^da  f  (n2J  2)d(j 

o  Pay  _  j_^dc _  J  ASi _  J&2 _ 

dt  2dcAl-*0  2dcAX  2dc  AX  x  2dcAX2 


(1.27-2) 


points  out  of  At5  from  A2X  into  region  1;  n2  points  across  AX2  into  region  2.  So 
and  n2  represent  the  external  normals  to  the  ceil  boundaries. 

In  (1.27-2)  pav  is  the  average  volume  density  of  charge  in  2dcAX.  In  terms 
of  the  volume  densities  in  each  region 

Pav  =  KPi  +  Pa)  (1.27-3) 

Similarly,  Jav  in  the  integral  over  the  narrow  surface  Xdc  is  the  average  value  in  the 
two  regions: 


Jav  =  i(Ji  +  Ja)  (1.27-4) 

Using  (1.27-3)  and  (1.27-4)  in  (1.27-2)  and  multiplying  through  by  2 dc  gives 


-  (dc Pi  +  dc p2)  =  -  lim 

Ot  2dcAX-±0 


n  •  ( dc31  +  dc  J2)  da 


2dcAX 


(n{  •  Jj)  d(j 


(Aa  •  Ja)  dcr 


(1.27-5) 


The  surface  density  of  charge  (1.4-1)  is 

in  =  dc  p 

(1.27-6) 

The  surface  density  of  current  (1.15-1)  is 

K  =  dj 

(1.27-7) 

From  (1.27-6), 

dcPi  +  dc p2  =  T1i  +  r\2  s  tti 

(1.27-8) 
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Here  -p  is  the  total  surface  density  of  charge  associated  with  the  boundary  surface 
between  the  two  regions.  The  use  of  (1.27-7)  leads  to 

•  n  •  dcJ1  +  n  dcJ2  =  n-Kj  +  n  •  K2  =  n  •  K  (1.27-9) 

where  K  is  the  total  surface  density  of  current  associated  with  the  surface  between 
the  two  regions.  Since  the  normal  in  the  first  integral  is  directed  across  the  narrow 
edges  of  the  rectangular  parallelepiped  At5,  and  hence  is  tangent  to  the  bounding 
surface,  it  is  clear  that  the  current  densities  in  (1.27-9)  are  parallel  to  the  surface. 
With  (1.27-8)  and  (1.27-9),  (1.27-5)  becomes 


-lim 

2«fcA2— »0 


(n  •  K)  do 


2dcA2 


(ni  '  Ji)  do 


(n2  •  J2)  do 


as2 


(1.27-10) 


Here  the  first  integral  is  the  divergence  of  the  two-dimensional  vector  K.  The  last 
two  integrals  may  be  transformed  with  the  theorem  of  the  mean. 


—  +  V-K  =  -lim 

dt  A2~*0 


(1.27-11) 


Upon  performing  the  integration,  passing  to  the  limit,  and  introducing  the  exterior 
normals  to  the  regions  1  and  2, 

n i  =  ~n[;  n2  =  -n^  (1.27-12) 

the  following  equation,  which  contains  both  surface  and  volume  functions,  is  ob¬ 
tained: 

—  +  V-K-n-J  =  0  (1.27-13) 

dt  v  7 

where 

n  •  J  =  hi  •  Ji  +  n2  •  J2  (1.27-14) 

For  a  surface  effect  involving  a  drift  of  charge  along  the  surface  only,  (1.27-13) 
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becomes 


—  +  V  •  K  =  0  (1.27-15) 

dt 

For  a  volume  effect  in  which  there  is  no  motion  of  charge  tangent  to  the  boundary 
between  two  surfaces,  (1.27-13)  leads  to  the  important  boundary  condition  for 
volume  density  of  current  crossing  a  boundary: 

n  •  J  =  n,  •  J,  +  n2  •  J2  =  0  (1.27-16) 

If  the  surface  and  volume  effects  are  independent,  (1.27-15)  and  (1.27-16)  are 
simultaneously  and  independently  true. 

The  mixed  surface  equation  (1.27-13)  corresponds  to  the  volume  equation 
(1.26-6)  in  that  it  is  not  written  in  terms  of  essential  densities  that  are  independent 
of  the  mode  of  subdivision  of  the  region  into  volume  and  surface  cells.  To  generalize 
(1.27-13)  to  correspond  to  the  volume  equation  (1.26-11),  and  in  this  way  de¬ 
termine  the  essential  surface  characteristic  of  the  nonstationary  state,  the  proce¬ 
dure  used  in  deriving  (1.26-10)  is  followed.  It  involves  adding  and  subtracting 
n  •  dP /dt,  subtracting  V  ■  (n  x  M)  and  subtracting  n  •  (V  x  M)  in  (1.27-13).  The 
vector  identity 

V  •  (n  x  M)  =  M  •  V  Xn-n-V  xM 

is  used.  Since  n  is  a  constant  vector, 

V  x  n  =  0 


and  the  identity  reduces  to 

VnxM  +  n  VxM  =  0 


Then 


n 


ap 

dt 


V  •  (n  x  M)  -  n  •  (V  x  M)  =  0 


and  it  may  be  added  to  (1.27-13)  without  altering  the  equation.  A  grouping  and 
arrangement  of  terms  yields  for  (1.27-13) 


-  (t)  +  n  •  P)  +  V  •  (K  -  n  X  M) 

dt 


J  +  V  x  M  + 


ap 

dt 


(1.27-17) 


or 


a-p  _ 

+  V  •  T]wv  - 


dt 


n • pwv  =  0 


(1.27-18) 
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where  the  essential  volume  and  surface  densities  are  defined  as  follows: 


p  =  p  —  V  •  P 

_  ,  _  w  3P 

Pwv  =  J  +  VxM  +  — 

at 

T|  =  T]  +  n  •  P 
W  =  K  =  K  -  n  X  M 


(1.27-19) 

(1.27-20) 

(1.27-21) 

(1.27-22) 


It  follows  from  (1.27-22)  that  the  essential  surface  characteristic  of  moving  charge 
in  the  unsteady  state  is  the  same  in  form  as  the  corresponding  steady-state  function. 
The  notation  t|wv  corresponds  to  the  volume  function  pwv.  In  the  nonstationary 
state  all  terms  in  (1.27-22)  are  functions  of  time.  By  requiring  the  invariance  of 
all  densities  in  time,  they  reduce  to  the  functions  previously  defined  for  the  sta¬ 
tionary  states. 

When  it  is  desired  to  show  explicitly  that  the  densities  are  functions  of  the 
space  coordinates  and  the  time,  the  notation  p(r,  t ),  J(r,  t ),  and  so  on,  is  convenient. 


1.28  EQUATION  OF  CONTINUITY  FOR  A  CYLINDRICAL 
CONDUCTOR 

A  partial  integration  of  the  equation  of  continuity  is  readily  carried  out  for  a 
cylindrical  region  of  length  2h  and  radius  a.  The  follo\ving  inequality  is  postulated: 

a  <  h  (1.28-1) 

The  cylinder  is  oriented  with  its  axis  along  the  z  axis  of  a  cylindrical  system  of 
coordinates  r,  0,  z  as  shown  in  Fig.  1.28-1.  Complete  rotational  symmetry  is 
assumed  to  prevail.  The  cylinder  will  be  identified  later  with  a  current-carrying 
conductor  for  which  it  will  be  shown  that 

P  =  0;  P  =  0  (1.28-2) 

At  this  point  it  is  sufficient  to  regard  (1.28-2)  as  a  special  condition  imposed  on 
the  cylinder.  Subject  to  (1.28-2)  the  cylindrical  region  is  characterized  by 

p  =  0;  p^v  =  J/  (1.28-3a) 

r\  =  %;  V  =  0  (1.28-3b) 

since  M  =  0  in  nonmagnetic  materials  and  K  =  K/  =  0  when  Jf  +  0. 

Both  volume  and  surface  densities  appear  in  (1.28-3a,b),  so  it  is  necessary 
to  use  a  representation  in  terms  of  volume  and  surface  cells.  The  equations  of 
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A 

z 


Space 

(all  densities 
zero) 


continuity  subject  to  (1.28-2)  for  the  interior  and  the  surface  are 

V  *  J/  =  0 


dtv 

dt 


-  A  *  if  =  0 


(1.28-4a) 


(1.28-4b) 


The  current  into  the  cylindrical  surface  layer  of  atomic  thickness  dc  from  the  interior 
is  the  radial  component  Jrf  at 

r  =  a  -  dc 

That  is,  in  (1.28-4b), 

n  '  Jf  =  hi  ’  Ji/  +  n2  •  J 2/  =  Ai  *  Ji./ 
since  there  is  no  moving  charge  outside  the  cylinder  (region  2): 


3> 

• 

II 

• 

II 

(1.28-5) 

4b)  becomes 

a  )  -  aTv 

\rrf)r  —  a  —  dc  ^ 

(1.28-6) 

V  J/  = 

1  d  ;  T  N  ,  1  ,  dJzf  n 

{yJrf)  +  .  +  —  0 

r  dr  v  /  r  <90  dz 

(1.28-7) 

Also, 
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which  follows  from  (1.28-4a).  Because  rotational  symmetry  exists,  it  may  be  as¬ 
sumed  that 


JQf  —  0 


Equation  (1.28-7)  now  becomes 

1  d 
r  dr 


( rJrf )  =  - 


BJ 


'*zf 

dZ 


(1.28-8) 


(1.28-9a) 


Jr  {rKf)  = 


—  r 


A  partial  integration  of  (1.28-9b)  with  respect  to  r  gives 


a  — d< 


a~dc  dJzf 
r  —  dr 
o  dz 


(1.28— 9b) 


dz  Jo 


a  —  dc 


rJzf  dr 


The  total  axial  current  is  defined  to  be 


a  —  dc 


2n  rJZf  dr 


It  follows  that  (1.28- 10a)  becomes 


a  —  dc 


1  a  f°~dco  r  ri 
—  —  2tt  rJzf  dr 

2tt  dz  Jo  1 


(1.28-10a) 


(1.28- 10b) 


^ rf)r  —  a  —  dc  1 


2tt r  dz)r=a_ 


(1.28-lla) 


_ 1_  34  _ 

2TTa  dz  dt 

If  the  surface  charge  per  unit  length  q  is  defined  as 

q  =  2tt  ar\f 


(1.28-llb) 


(1.28-12) 


(1.28-llb)  reduces  to  the  following  equation  of  continuity  for  the  cylindrical  con¬ 
ductor: 


^  +  —  =  0 


(1.28-13) 


This  could  have  been  written  down  more  quickly  and  without  imposing  (1.28-2) 
if  the  postulate  of  conservation  of  electric  charge  had  been  applied  directly  to  a 


Sec.  1.29  Representation  of  a  Current-Carrying  Conductor 


77 


length  dz  of  the  cylinder.  This  was  not  done  in  order  to  bring  clearly  into  the 
foreground  the  parts  played  by  the  several  densities  in  a  cylindrical  region  restricted 
by  (1.28-2),  (1.28-3b),  and  (1.28-8).  It  is  clear  from  (1.28-9a)  that  even  though 
a  radial  component  of  current  does  not  appear  in  (1.28-13),  such  a  component 
actually  plays  a  fundamental  part  in  maintaining  a  surface  density  of  charge  along 
the  entire  cylindrical  surface  of  the  conductor. 

Near  the  ends  of  the  conductor,  specifically  at  z  =  ±{h  —  dc),  the  total  axial 
current  entering  the  surface  layer  of  thickness  dc  of  each  end  surface  must  satisfy 
the  condition 


±(h-  dc) 


dQe 

dt 


‘a-dc 


dr, 


at  z  =  ±{h  —  dc ) 


Qe  represents  the  total  surface  charge  on  the  end  surface. 


(1.28-14) 

(1.28-15) 


1.29  REPRESENTATION  OF  A  CURRENT-CARRYING 
CONDUCTOR  IN  TERMS  OF  A  VOLUME  DENSITY 
OF  POLARIZATION 


Although  a  cylindrical  conductor  carrying  an  alternating  current  is  characterized 
by  axial  and  radial  currents  and  a  surface  density  of  free  charge  only  as  shown  in 
Sec.  1.28,  it  is  sometimes  convenient  to  represent  the  entire  distribution  by  a 
physically  fictitious  but  mathematically  equivalent  model  characterized  by  P  alone. 
Since  P  can  under  no  circumstances  describe  surface  currents,  it  follows  that  a 
description  in  terms  of  P  alone  is  possible  only  if  r\m\  vanishes.  As  in  Sec.  1.28, 
the  actual  conductor  is  described  completely  by 

P  =  0;  p^v  =  J/  (1.29-la) 

Tf  =  %;  V  =  0  (1.29-lb) 

It  is  now  proposed  to  represent  this  in  terms  of  a  mathematically  equivalent  model 
using  P  alone.  The  essential  densities  as  expressed  in  terms  of  P  are 


It  is  necessary  that 


0 


dP. 

dt  ’ 


(1.29-2a) 

(1.29-2b) 


(1.29-3) 


T)f  =  n  •  P 
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In  order  to  make  the  representation  (1.29-2a,b)  and  (1.29-3)  equivalent  to 
(1.29-la,b)  in  the  interior, 


Pe  =  0 
-V  *  ?!  =  p 

dt  ~  Jrf ’ 


(rotational  symmetry) 


(1.29-4a) 

(1.29-4b) 

(1.29-4c) 


For  equivalence  on  the  cylindrical  surface, 

(Pr)r- a  =  in/ (cylinder)  (1.29-5) 

For  equivalence  on  the  end  surfaces, 

{Pz)z=±h  =  ”9/  (ends)  (1.29-6) 

It  is  readily  verified  that  these  conditions  and  both  equations  of  continuity  are 
satisfied  if 


dP 

dt 


(1.29-7) 


and 


d 


ra 


0 


2tt rPz  dr  = 


(1.29-8) 


In  (1.29-8), 


a 


0 


2tt rPz  dr 


(1.29-9) 


is  the  axial  polarization  or  electric  moment  per  unit  length.  It  may  be  regarded  as 
the  axial  component  of  an  equivalent  dipole  for  a  unit  length. 

It  is  therefore  possible  to  represent  a  distribution  of  free  charge  and  current 
confined  to  a  cylinder  by  a  mathematically  equivalent,  but  usually  physically  un¬ 
available  model  using  a  distribution  of  the  volume  density  of  polarization. 


1.30  REPRESENTATION  OF  A  RING  OF  CURRENT  BY 
A  VOLUME  DENSITY  OF  MAGNETIZATION 

Consider  a  metal  hoop  of  wire  of  rectangular  cross  section.  The  inner  radius  is  a, 
the  outer  radius  is  b,  and  the  thickness  is  d.  It  carries  a  total  circulating  current  of 
magnitude  I  (Fig.  1.30-1). 


Sec.  1.30 


Representation  of  a  Ring  of  Current 
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Figure  1.30-1  Metal  loop. 


If  the  current  density  is  uniform,  the  electrical  properties  are  represented 
completely  by 


p m\  =  J';  ,pwv  =  0,  p  =  0,  t|  =  0  in  the  ring  (1.30-1) 


J'  =  0/fl 


e 


A 

=  0 


d(b  -  a) 


0, 


elsewhere 


(1.30-2) 


All  other  densities  are  zero  everywhere. 

The  problem  is  to  replace  this  physical  model  with  its  mathematical  repre¬ 
sentation  in  terms  of  J'  by  a  physically  fictitious  but  mathematically  equivalent 
model  using  the  volume  density  of  magnetization  M".  Equations  (1.30-1)  and 
(1.30-2)  now  become 


p^v  =  V  x  M"  =  J'  =  0 


d(b  -  a) 


a  <  r  <  b,  {)  <  z  <  d 


=  0,  elsewhere 


(V  x  M")e  = 


dM"r  dM"z 


dz 


dr 


-3M" 

dr 


if  M"  is  taken  to  be  zero. 

Then,  from  (1.30-3), 

dM[  _  / 

dr  d(b  —  a) 


<  r  <  b,  0,  <  z  <  d 


(1.30-3) 


(1.30-4) 


elsewhere 


(1.30-5) 
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The  integration  of  (1.30-5)  results  in 


M"z.= 


d(b  -  a) 


r  +  Ci 


C 


2> 


a  <  r  <  b,  {)  <  z  <  d. 


elsewhere 


(1.30-6) 


The  constants  may  be  evaluated  by  requiring  that  M"z  be  continuous  at  r  —  a  and 
vanish  for  r  >■  b. 


At  r  =  b: 


For  a  <  r  <  b: 


For  0  <  r  <  a: 


M"z 


=  0  =  - 


lb 


d{b  -  a) 


Q  = 


lb 


M"z 


M"z 


d(b  -  a) 

Kb  ~  r) 
d(b  -  a) 

l 

d 


+  Cx 


(1.30-7) 


(1.30-8) 


The  ring  of  current  is  therefore  equivalent  to  the  magnetized  disk  with  a  constant 


M,  = 


l 

d 

1  b 


db 


a 


r  <  a, 


a  <  r  <  b 


=  0, 


elsewhere 


The  magnetization  of  the  entire  disk  is  given  by 


m,  =  d 


o 


Mz2Trr  dr 


=  1 


a 


2tt  r  dr  +  - -  . 

o  b  -  a  J 


(b  -  r)2'rrr  dr 


a 


=  lira2  + 


2t r/ 
b  —  a 


br 2 


=  l\  tt  a2  + 


2tt 


a 


bl 

2 


,  _  .  b2  ab 

tt  a2  +  2'n\  —  +  — 

6  6 


J  a 

ba2 
~2 

a 2 
3 


b 3  a3 

J  _ 


(1.30-9) 
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If  b  -  a  =  c,  b  =  a  +  c  and 


m,  =  / 


,  .  .  ac  cL 

it  a2  +  2tt  —  +  — 


=  it/  a2  +  ac  +  — 


=  rclrl 


where 


1/2 


c  CL 

=  a\  1  +  -  +  — - 

a  3  aL 


Equation  (1.30-10)  may  be  written  as 


mz  =  lSe 


where  Se  is  the  area  enclosed  by  the  loop. 

If  b  -  a  —>  d  (a  current  ring), 

I  =  dK'fQ 


(1.30-10) 


(1.30-11) 


(1.30-12) 


(1.30-13) 


where  Kfa  is  the  free-charge  current  per  unit  width. 

The  magnetized  disk  may  be  represented  as  follows  when  it  is  subdivided  into 
volume  cells  only  (subdivision  I): 

*Pi 


PmV  -  J/r  +  V  x  Mr  +  —  -  0 


dt 


(1.30-14a) 


J/i  =  o 

Pr  =  0 


=  K/r  -  (n  X  Mr)  =  -(n  x  Mr)  (1.30- 14b) 

since  K n  =  0  for  a  subdivision  into  volume  cells. 

If  the  mode  of  subdivision  is  now  changed  to  include  surface  cells  (subdivision 
II),  M  =  0  and 

P^v  =  0;  =  K/n  (1.30-15) 

For  the  two  representations  to  be  equivalent, 

Kfn  =  —  n  x  Mr 


=  —  r  X  z Mzl 


(1.30-16) 
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The  magnetized  disk  can  be  described  in  terms  of  Mzl  or  Kfen  =  Mzl  de¬ 
pending  on  the  mode  of  subdivision.  Let 

KfQ  =  -  of  the  current  ring  =  Kfm  =  Mzl  of  the  magnetized  disk 

vv 

By  definition, 


mzl  =  mzl 
At  Ttb2d 


(1.30-17) 


since  Mzl  is  a  constant.  mzl  is  the  magnetization  of  the  disk.  Evidently,  the  current 
ring  can  be  represented  by  a  magnetized  disk  with  total  magnetic  moment, 

m  =  zMz7rb2d  =  z  IS  (1.30-18) 

Now  consider  a  magnetized  disk  of  radius  a  and  thickness  d  (Fig.  1.30-2). 
The  electrical  properties  of  the  disk  are  completely  characterized  by 

M  =  z  Mz,  0  <  r  <  a,  0  <  z  <  d  (1.30-19) 

where  Mz  is  a  constant.  The  electrical  properties  are  described  by  the  densities 

<9P 

PJ  =  Jj  +  V  x  M,  +  -  =  0  (1.30-20a) 

dt 

(since  J:  =  0,  Mx  =  constant,  dPi/dt  =  0)  and 

V  =  ^  -  n  x  Mt 
=  -n  x  Mx 
=  —  r  x  z Mzl 

=  mzl  (1.30-20b) 

(since  Kx  =  0).  In  any  new  representation  pmv  and  T]mv  must  have  the  same  values. 
A  convenient  choice  is 


pmv  =  0,  with  J  =  M  =  P  =  0  (1.30-21a) 

V  =  K„  =  mzl  (1.30-21b) 

This  involves  a  change  in  the  mode  of  subdivision  from  I  (volume  cells  only)  to 
II  (surface  and  volume  cells)  with  boundaries  cutting  enough  current  whirls  to  make 


Figure  1.30-2  Magnetized  disk. 
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K on  Mzl 


Figure  1.30-3  Surface  current  on  mag¬ 
netized  disk. 


Mn  =  0.  Kn  may  be  the  surface  effect  of  microscopic  orbital  motion  or  a  sheet  of 
free  charges  moving  around  the  surface  (Fig.  1.30-3). 

The  total  current  enclosing  the  ring  is 

/„  =  dKm  (1.30-22) 

It  follows  that 

=  Km  =  ^  (1.30-23) 

By  definition 


™zl  _  mzl 
At  i:b2d 


(1.30-24) 


since  Mzl  is  constant.  mzI  is  the  magnetic  moment  of  the  entire  disk.  It  follows  that 

mzI  =  Trb2dMzl  =  Trb2 1  =  SI  (1.30-25) 

where  S  is  the  area  enclosed  in  the  contour  of  current. 

m  =  z  MZV  =  z  IS  (1.30-26) 

where  V  is  the  volume  in  which  Mz  0.  This  is  valid  for  any  simply  connected 
region.  It  may  be  concluded  that  a  magnetized  disk  may  be  represented  by  an 
equivalent  ring  of  current  and  such  a  ring  may  be  represented  by  a  magnetized 
disk. 


PROBLEMS 

1.  With  the  aid  of  schematic  diagrams,  describe  the  orientation  and  distribution  of  simple 
dipoles  in  the  following  cases.  It  is  assumed  that  only  neutral  bound-charge  groups  are 
present  which  may  be  represented  by  equivalent  simple  dipoles  when  they  are  distorted. 
In  each  case  a  suitable  external  force  is  presupposed.  The  values  of  P  assume  a  sub¬ 
division  into  volume  cells  only;  a  is  a  constant. 

(a)  A  cube  of  side  S  placed  with  its  center  at  the  origin  of  coordinates  and  in  which 
P  =  Px  =  ax;  Py  —  Pz  =  0. 

(b)  A  cylinder  of  height  h  and  radius  b  in  which  P  =  ar. 

r2  =  x2  +  y2. 
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(c)  A  sphere  of  radius  B  in  which  P  =  aR. 

R2  =  x2  +  yz  +  z2. 

(d)  Calculate  the  values  of  p  and  t|  in  each  case. 

2.  Let  the  mode  of  subdivision  in  Problem  1  be  changed  into  one  using  both  volume  and 
surface  cells  so  chosen  that  P  =  0.  Calculate  p  and  t|  for  the  three  cases  (a),  (b),  and 
(c)  in  Problem  1  using  the  fundamental  definition  of  divergence. 

3.  Repeat  Problem  1  using  the  number  density  representation. 

4.  Derive  V  •  A  in  cylindrical  coordinates  using  the  fundamental  definition  of  the  diver¬ 
gence. 

5.  Repeat  Problem  4  for  spherical  coordinates. 

6.  Calculate  V  •  P  using  the  appropriate  coordinate  form  of  the  divergence  for  each  of  three 
values  of  P  given  in  Problem  1. 

7.  A  right  circular  cylinder  of  radius  a  and  height  h  is  electrically  polarized  such  that  P  = 
rbr  +  zc,  where  b  and  c  are  constants.  Compute  p  for  the  interior  and  Tj  for  all  surfaces. 

8.  A  long  cylindrical  antenna  of  radius  a  has,  at  a  given  instant,  a  charge  distribution  given 
by  p  =  0,  t|  =  ( qUixa )  sin  kz.  P  =  0.  Here  q  and  k  are  independent  of  z.  The  ends 
of  the  antenna  are  at  kz  =  ±  'nil.  Express  the  charge  distribution  in  terms  of  p  and  P 
alone.  Show  schematic  diagrams  for  the  two  representations.  (Neglect  the  small  circular 
end  surfaces.) 

9.  The  electrostatic  properties  of  a  homogeneous  sphere  of  radius  a  under  the  action  of  a 
symmetrical  external  force  can  be  described  by  the  following  volume  density  functions 
using  a  subdivision  into  volume  cells  only.  P  =  5R IR\  p  =  10/R.  Describe  the  same 
body  in  terms  of  p  and  t|  alone  using  an  appropriately  changed  mode  of  subdivision. 
Which  representation  is  to  be  preferred  on  the  basis  of  simplicity?  Of  physical  plausi¬ 
bility? 

10.  Derive  V  x  A  in  cylindrical  coordinates  using  the  fundamental  definition  of  the  curl. 

11.  Repeat  Problem  10  for  spherical  coordinates. 

12.  Derive  the  formula  for  V  x  A  in  Cartesian,  cylindrical,  and  spherical  coordinates  using 
the  alternative  definition  of  the  curl  in  terms  of  its  component  normal  to  a  surface. 

13.  A  section  of  a  long  cylindrical  region  of  radius  a  is  characterized  in  the  steady  state  by 
the  following  densities  using  a  subdivision  into  volume  cells  only.  M  =  —40;  J  - 
4z/r.  Calculate  the  essential  densities  pmv  and  r|mv.  Determine  J  and  K  for  a  subdivision 
into  volume  and  surface  cells  such  that  M  =  0.  (Consider  only  the  cylindrical  surface 
in  calculating  K.)  Show  the  directions  of  motion  of  the  charges  and  the  orientation  of 
the  density  vectors  for  both  representations  by  means  of  cross-sectional  sketches.  Which 
representation  is  to  be  preferred?  Why? 

14.  A  cylindrical  bar  of  iron  is  completely  characterized  electrically  by  M  =  Mz z.  Here  Mz 
is  a  constant  and  z  is  a  unit  vector  along  the  axis  of  the  bar.  Describe  an  equivalent 
representation  in  which  M  =  0  using  other  density  functions  and  a  different  mode  of 
subdivision. 

15.  A  hoop  of  flat  copper  lying  in  the  r,  0  plane  has  a  small  thickness  d,  a  width  w,  and  a 
mean  radius  R.  It  is  characterized  completely  by  a  surface  density  of  current  Ke  cos  at 
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defined  for  both  inner  and  outer  surfaces  of  width  w.  Consider  a  representation  entirely 
in  terms  of  Mz.  The  equivalence  in  representation  is  to  be  valid  only  as  observed  from 
points  outside  the  volume  bounded  by  the  hoop.  That  is,  Mz  may  be  defined  at  all  points 
in  this  flat  volume  as  well  as  in  the  copper.  Characterize  the  loop  antenna  of  n  turns 
each  carrying  a  current  /  in  terms  of  an  equivalent  magnetic  shell  (i.e.,  in  terms  of  Mz). 


Mathematical 
Description  of  Space 
and  of  Simple  Media 


2. 1  THE  ELECTROMAGNETIC  FIELD  AND  THE  MAXWELL— 

LORENTZ  EQUATIONS 

The  fundamental  purpose  that  a  mathematical  description  of  space  must  serve  in 
the  larger  model  of  electromagnetism  is  to  interconnect  the  density  fields  of  matter. 
From  the  mathematical  point  of  view,  space  consists  of  nothing  more  intricate  than 
a  coordinate  system  that  assigns  three  numbers  or  coordinates  to  every  point  in 
order  to  relate  it  to  an  arbitrarily  selected  region.  In  certain  regions,  definitely 
located  by  these  coordinates,  the  scalar  and  vector  fields  of  the  continuous  densities 
characterizing  matter  have  nonvanishing  values.  These  regions  define  the  geo¬ 
metrical  positions  of  mathematical  bodies.  At  all  other  points  (he.,  in  empty  space) 
the  density  fields  are  zero.  To  interconnect  scattered  density  fields,  the  mathe¬ 
matical  model  is  extended  to  include  space.  This  is  accomplished  by  assigning  two 
vectors  to  every  point  in  space,  including  that  which  is  empty  and  that  which  contains 
regions  where  the  density  fields  are  nonvanishing.  The  electrical  structure  of  math¬ 
ematical  space  is  described  in  terms  of  two  vector  fields.  To  one  of  the  two  vector 
point  functions,  the  electric  vector ,  is  assigned  the  symbol  E;  to  the  other,  the 
magnetic  vector ,  the  symbol  B.  In  a  region  in  which  E  has  a  value  at  every  point, 
an  E  field  or  an  electric  field  is  said  to  exist.  In  a  region  in  which  B  has  a  value  at 
every  point,  a  B  field  or  a  magnetic  field  exists.  The  superposition  of  the  two  fields 
is  called  the  electromagnetic  field.  Thus  the  electromathematical  structure  of  all 
space  is  completely  identified  with  the  electromagnetic  field.  The  definition  of  each 
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of  the  two  vectors  E  and  B  involves  a  numerical,  experimentally  determined  pro¬ 
portionality  constant  with  appropriate  dimensions.  These  are  the  fundamental  elec¬ 
tric  constant  e0  and  the  fundamental  magnetic  constant  p,0.  They  are  the  factors 
with  the  aid  of  which  numerical  coordination  is  achieved  between  the  mathematical 
model  of  electromagnetism  and  the  world  of  experimental  measurements.  As  such 
they  play  the  role  of  universal  constants.  The  electric  constant  is  called  the  per¬ 
mittivity  of  free  space  or  the  dielectric  constant  of  free  space.  The  magnetic  constant 
is  the  permeability  of  free  space.  Like  the  density  fields,  the  electromagnetic  field 
is  a  purely  mathematical  construct  for  which  no  direct  experimental  analogues  are 
presumed  to  exist.  It  differs  from  the  density  fields  in  that  it  is  not  based  on  a 
physical  model.  No  attempt  is  made  to  describe  a  mechanism  to  serve  as  a  picture 
for  the  electromagnetic  field  in  the  way  the  atomic  model  serves  the  density  fields. 
The  electromagnetic  field  is  thus  a  purely  mathematical  extension  of  the  mathe¬ 
matical  model  of  matter,  not  of  its  physical  model. 

The  definition  of  the  vectors  E  and  B  in  terms  of  the  continuous  densities 
(which  characterize  the  space  occupied  by  matter)  depends  on  a  fundamental  theo¬ 
rem  in  vector  analysis.  The  theorem  states  that  a  vector  field  is  uniquely  determined 
if  its  divergence  and  curl  are  specified,  and  if  the  normal  component  of  the  field 
is  known  over  a  closed  surface,  or  if  the  vector  vanishes  as  Hr2-  at  infinity. 

The  definition  of  the  vectors  E  and  B  in  terms  of  their  respective  divergences 
and  curls  is  the  second  fundamental  principle  of  electromagnetism.  The  first  fun¬ 
damental  principle  is  the  conservation  of  electric  charge;  it  is  mathematically  ex¬ 
pressed  in  the  equation  of  continuity.  The  second  principle  (which  contains  the 
first)  is  expressed  by  a  set  of  partial  differential  equations,  the  Maxwell-Lorentz 
field  equations;  these  express  the  divergence  and  curl  of  the  E  and  B  vectors  in 
terms  of  the  density  functions  and  the  constants  e0  and  p,0  as  follows: 


e0  V  •  E  =  p  (2.1-1) 

V  X  E  =  -B  (2.1-2) 

X  B  =  p^v  +  e0E  (2.1-3) 

V  •  B  =  0  (2.1-4) 

The  superscript  dot  is  written  for  d/dt  and 

p  =  p-V*P  (2.1-5) 

p^v  =  J  +  VxM  +  P  (2.1-6) 


It  is  assumed  that  the  region  (or  regions)  that  is  characterized  by  p  is  as  a  whole 
at  rest  relative  to  the  observer.  The  defining  relations  (2.1-1)  to  (2.1-4)  describe 
the  electromagnetic  field  completely  in  terms  of  the  essential  volume  characteristics. 
It  is  important  to  note  that  the  vectors  E  and  B  as  defined  in  terms  of  the  average 
or  interpolated  density  functions  p  and  p^v  are  themselves  average  values  at  points 
within  matter.  They  do  not  define  a  “microscopic”  or  “local”  field  but  rather  a 
macroscopic  field. 
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In  the  stationary  states  all  time  rates  of  change  vanish,  all  functions  are 
constant  in  time,  and  the  field  equations  assume  the  completely  symmetrical  form 


*0  V  •  E  = 

P 

(2.1-7) 

V  x  E  = 

0 

(2.1-8) 

|X(71V  x  B  = 

J 

(2.1-9) 

V  •  B  = 

0 

(2.1-10) 

This  definition  of  the  stationary  electromagnetic  field  makes  it  possible  to  extend 
the  analogy  exhibited  between  the  static  and  steady  states  in  Chapter  1  as  shown 
in  Table  2.1-1. 


TABLE  2.1-1 


Quantity 

Static  state 

Steady  state 

Electromagnetic  field 

Electric  vector  E 

Magnetic  vector  B 

Electric  constant  e0 

Magnetic  constant  (Xq  1 

Operation 

Curl  (V  x ) 

Divergence  (V  •) 

The  dimensions  of  the  electric  and  magnetic  vectors  and  scalars  are  conven¬ 
iently  expressed  in  terms  of  the  auxiliary  dimensional  symbol  V  and  three  of  the 
four  dimensional  symbols  already  introduced.  The  dimensional  equivalent  of  V  in 
terms  of  Q,  L,  M,  T  is  given  by  ML2QT~4.  The  unit  associated  with  the  symbol 
V  is  the  volt. 


volts 

meters 


(2.1-11) 


With  (2.1-11),  (2.1-2)  gives 


B  = 


VT 

L2 


volt-seconds 
square  meters 


webers 


or 


square  meters 


or  teslas  (2.1-12) 


With  (2.1-11)  and  (2.1-1)  it  follows  that 


e0  = 


Q_ 

VL 


coulombs  farads 

or  - 

meters 


volt-meters 


(2.1-13) 


The  coulomb  per  volt  is  called  the  farad.  Similarly,  (2.1-3)  and  (2.1-12)  lead  to 


V2 


volt-seconds 


M-o  = 


QL  ampere-meters 


or 


henrys 

meters 


(2.1-14) 


The  volt-second  per  ampere  or  weber  per  ampere  is  called  the  henry. 

Numerical  values  of  the  universal  constants  of  e0  and  p0  are  obtained  from 
suitably  designed  standard  experiments. 
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Electric  constant 
Permittivity  of  space 

Magnetic  constant 
Permeability  of  space 


e0  =  8.854  x  10~12 
1 


36-77 


x  10 


-9 


fx0  =  1.257  x  10“6 
=  4ir  x  10~7 


farads 

meters 


(2.1-15) 


henrys  (2'1'16) 


2.2  FIELD  EQUATIONS  AT  A  SURFACE: 
BOUNDARY  CONDITIONS 


A  boundary  surface  is  either  the  mathematical  envelope  between  a  charged  region 
and  space,  where  the  density  fields  associated  with  the  region  vanish,  or  it  is  the 
mathematical  envelope  between  two  electrically  different  regions  in  contact,  where 
the  density  fields  associated  with  the  two  change  abruptly.  Conditions  at  the  bound¬ 
ary  between  a  charged  region  and  space  are  obtained  from  those  for  two  charged 
regions  in  contact  by  writing  zero  for  one  set  of  density  fields. 

Since  the  electromagnetic  vectors  E  and  B  are  defined  in  terms  of  all  the 
volume  densities,  they  cannot  represent  more  rapid  fluctuations  in  electrical  con¬ 
ditions  than  can  the  densities  themselves.  Therefore,  discontinuities  in  E  and  B 
can  exist  only  at  a  boundary  where  an  abrupt  change  from  one  set  of  densities  to 
another  occurs.  In  a  thin  layer  of  atomic  thickness  dc  on  each  side  of  a  boundary 
are  defined  the  essential  surface  densities  of  charge  and  moving  charge  t)  =  r\  + 
n  •  P  and  t)wv  =  K  -  n  x  M.  Since  the  vectors  E  and  B  are  defined  in  the  interior 
in  terms  of  the  essential  volume  densities  of  charge  and  moving  charge  (current), 
it  is  to  be  expected  that  their  behavior  at  a  boundary  is  determined  by  the  corre¬ 
sponding  surface  densities. 

Let  the  equation 

e0V'E  =  p-  V-  P  (2.2-1) 

be  written  for  a  boundary  between  regions  1  and  2  in  which  Et,  Pl5  pt  and  E2,  P2, 
p2  are  defined,  respectively.  The  exterior  unit  normals  to  the  regions  are  nt  and 
n2.  From  the  definition  (1.9-8)  of  the  divergence  of  a  vector,  (2.2-1)  may  be 
written  as  follows  for  an  element  At5  =  2 dc  AX  between  the  two  regions: 


e0  J  (n'  •  E)  da 

lim  - oTas - "  =  P~  lim 

2dcAl-»0  ZacilZ  2dcA1-*0 


J  (n'  •  P)  da 


Here  n'  points  out  from  the  surface  enclosing  At5. 


2dcAX 


(2.2-2) 
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The  element  of  volume  2dcAX  is  the  same  thin  disk,  half  in  region  1  and  half 
in  region  2,  used  in  defining  the  essential  surface  density  of  charge  (1.10-11);  as 
before,  p  is  the  average  density  of  charge  in  the  double  cell 

P  =  Kpi  +  Pa)  (2.2-3) 

The  two  integrals  in  (2.2-2)  are  evaluated  over  the  entire  surface  X  of  the  element 
of  volume  2dcAX.  This  involves  integration  over  the  two  parallel  surfaces  AXi  and 
AX2  and  over  the  four  narrow  surfaces  of  width  2 dc  which  are  perpendicular  to  the 
boundary.  As  has  been  stated  before,  surface  effects  that  cannot  be  described  by 
volume  functions  are  due  to  rapid  variations  in  distributions  of  charge  in  a  direction 
perpendicular  to  the  surface.  Variations  in  distribution  parallel  to  the  surface  do 
not  differ  from  the  ordinary  slow  variations  in  the  interior  and  are,  therefore, 
adequately  represented  by  the  volume  functions.  The  integration  over  the  narrow 
edges  of  width  2 dc  thus  contributes  nothing  to  a  distinctly  surface  effect  of  which 
complete  account  is  taken  in  the  integration  over  the  surfaces  AX.  The  integrals 
are  all  four  of  the  familiar  form 


lim 

A2— »0 


A2: 


n[  •  Px  d(j 


Pi 


*  / 

ni 


lim 

A2— »0 


(2.2-4) 


The  second  integral  in  (2.2-4)  is  obtained  using  the  theorem  of  the  mean  for 
integrals.  The  last  step  follows  directly  after  allowing  AX  to  approach  zero, 
(n^  •  Px)  is  the  value  at  the  point  where  AX  vanishes  and  at  a  distance  dc  from  the 
boundary.  Let  (2.2-3)  and  four  integrals  of  the  form  (2.2-4)  (with  appropriately 
changed  subscripts  and  with  E  written  for  P  in  two)  be  substituted  in  (2.2-2)  and 
let  this  be  multiplied  through  by  2 dc.  Next  introduce  the  surface  densities  according 
to  the  definition 


%  +  %  =  Pi  dc  +  p2  dc  (2.2-5) 

The  exterior  unit  normals  iq  and  n2  to  the  large  regions  1  and  2  are  related  to  the 
outward  normals  and  n2  to  2dcAX  by  n1  =  —  n^,  n2  =  -n2.  With  this  change 
(2.2-2)  finally  becomes 

eon!  •  Ex  +  e0n2  •  E2  =  -  (%  +  r\2  +  nx  •  P1  +  n2  •  P2)  (2.2-6) 

In  shorthand  notation,  (2.2-6)  may  be  written  as 

e0n  •  E  =  —(ti  +  n  •  P)  =  -t)  (2.2-7) 

By  the  same  reasoning,  the  equation 

V  B  =  0  (2.2-8) 

has  the  following  form  at  a  boundary: 

nx  •  +  n2  •  B2  =  n  •  B  =  0 


(2.2-9) 
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If  the  third  field  equation 

fxo"1  V  X  B  =  J  +  V  X  M  +  P  +  e0E  (2.2-10) 

is  expanded  by  introducing  the  definition  for  the  curl  (1.20-17)  written  for  the 
small  volume  At,  =  2dcA£  at  the  boundary,  it  becomes 

(A'  x  B)  da 

hm  -  - 

2dcA2—*0  2acAS 


J  +  P  +  e0E  +  lim 

2dcA2— »0 


(A'  X  M)  da 
2d  AX 


(2.2-11) 


If  Jx  and  J2  are  defined  in  the  two  regions,  their  average  value  in  the  combined 
surface  cell  is 


J  =  i(Ji  +  J2)  (2.2-12) 

Each  of  the  two  integrals  includes  integration  over  the  parallel  faces  ASi  and  AS2 
and  over  the  narrow  surfaces  of  width  2 dc  perpendicular  to  the  boundary.  Only 
integration  over  ASi  and  AS2  contributes  significantly  to  a  distinctly  surface  effect 
caused  by  a  rapid  variation  in  the  distribution  of  charge  or  current  as  the  boundary 
is  approached  from  the  interior.  Care  must  be  exercised  not  to  be  misled  by  the 
fact  that  the  vectors  A  x  B  and  A  x  M  are  actually  parallel  to  the  boundary  on 
ASi  and  AS2.  A  rapid  variation  in  these  vectors  due  to  asymmetries  at  the  boundary 
must,  nevertheless,  occur  in  a  direction  perpendicular  to  the  boundary.  That  is,  a 
vector  parallel  to  the  boundary  may  change  its  direction  or  its  magnitude  very 
rapidly  as  the  boundary  is  approached,  while  yet  remaining  parallel  to  it.  Across 
the  narrow  surfaces  of  width  2 dc,  A  x  B  and  A  x  M  can  experience  only  the  slow 
variation  characteristic  of  the  interior,  and  represented  by  V  x  B  and  V  x  M.  A 
typical  one  of  four  integrals  evaluated  over  the  surface  AS  is 


lim 

A2i— »0 


(Al  X  Mj)  da 

Ah  ASi 


a;  x  Mj 


lim 

AX  i — >0 


=  a;  X  Mj  =  -Ax  X  M1  (2.2-13) 

The  evaluation  includes  use  of  the  theorem  of  the  mean  for  integrals,  allowing  AS 
to  approach  zero  where  the  mean  value  is  defined,  and  introducing  the  external 
normal  Aj  to  region  1  by  Aj  =  -A[.  Four  integrals  of  the  form  (2.2-13)  (with 
appropriately  changed  subscripts  and  with  B  written  for  M  in  two)  and  (2.2-12) 
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are  substituted  in  (2.2-11)  and  multiplied  through  by  2 dc.  The  surface  density  of 
moving  charge  (current)  K  is  introduced  in  the  form 

K,  +  K2  =  <ZcJi  +  dj2  (2.2-14) 

It  will  be  recalled  that  the  surface  function  K  is  defined  specifically  because 
there  may  be  rapid  changes  in  the  distribution  of  current  as  a  boundary  is  ap¬ 
proached  from  the  interior.  Consequently,  a  section  of  thickness  dc  must  be  con¬ 
sidered  separately  along  all  surfaces  and  boundaries  where  asymmetrical  conditions 
prevail.  A  similar  situation  does  not  obtain  for  the  functions  P  and  E.  The  former 
is  a  volume  function  defined  by  interpolation  throughout  the  interior  of  each  region; 
the  latter  is  defined  at  all  points  in  space  and  in  bodies  or  charged  regions  in  terms 
of  the  several  volume  densities.  Both  functions  are  continuous  and  slowly  varying 
in  the  interior  of  each  region.  It  follows,  therefore,  that  the  quantity  2dc(P  + 
e0E)  defined  for  thin  layers,  each  of  thickness  dc  and  one  in  each  region  along 
their  common  boundary,  will  not  differ  significantly  from  the  same  quantity  defined 
for  two  similar  slices,  one  in  the  interior  of  each  region.  That  is,  the  function  2dc(P 
+  e0E)  describes  nothing  that  is  peculiar  to  the  surface;  its  magnitude  is  necessarily 
extremely  small  because  of  the  minuteness  of  dc  and  the  fact  that  P  +  e0E  assumes 
no  abnormally  large  values  in  the  thin  surface  section  on  each  side  of  the  boundaries. 
Consequently,  (2.2-11)  may  be  written 

nx  x  B1  +  n2  x  B2  =  -|x0(Ki  +  K2  -  nx  x  Mx  -  n2  x  M2)  (2.2-15) 

All  normals  here  are  external  to  the  regions  indicated  by  the  subscripts.  In  shorthand 
notation 


n  X  B  =  —  |x0(K  —  A  X  M)  =  —  lVnmv  (2.2-16) 

It  follows  by  similar  reasoning  that  the  field  equation 

V  x  E  =  -B  (2.2-17) 

leads  to  the  following  surface  equation: 

n  x  E  =  0  (2.2-18) 

The  Maxwell -Lorentz  equations  written  for  surface  effects  on  the  boundary  be¬ 
tween  regions  1  and  2  have  the  following  form: 

eoAi  •  E1  +  e0n2  •  E2  =  -  (%  +  %  +  nx  •  Px  +  n2  •  P2) 

=  ~0ni  +  Tfc)  (2.2- 19a) 

nx  x  Ex  +  n2  x  E2  =  0  (2.2- 19b) 

P(7 1(n1  x  Bx  +  n2  x  B2)  =  -(Kx  +  K2  +  x  -Mx  +  n2  x  -M2) 

-  -  CnmVi  +  hmV2) 


hi  •  Bx  +  n2  •  B2  =  0 


(2.2- 19c) 
(2.2-19d) 
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In  shorthand 


e0n*E  =  —  (in  +  n*P)=-in  1  (2.2-20a) 

n  x  E  =  0  (2.2-20b) 

|Xq”  xn  X  B  =  -(K  +  n  X  —  M)  =  ~v\mv  (2.2-20c) 


n*B  =  0 


(2.2-20d) 


The  interpretation  of  the  boundary  equations  (2.2-19a-d)  is  not  difficult.  Equa¬ 
tions  (2.2- 19a,  d)  apply  to  the  normal  components  of  the  vectors  E  and  B.  Thus 
(2.2- 19a)  states  that  the  normal  component  of  the  electric  vector  is  discontinuous 
in  crossing  a  boundary  surface.  The  magnitude  of  the  discontinuity  is  the  essential 
surface  characteristic  of  charge  divided  by  e0.  In  the  same  way  (2.2- 19d)  states 
that  the  normal  component  of  the  magnetic  vector  is  continuous  across  all  bound¬ 
aries.  The  interpretation  of  (2.2-19b,  c)  is  more  involved  owing  to  the  fact  that 
the  vector  product  of  the  external  normal  to  the  surface  of  a  region  and  one  of  the 
field  vectors  actually  does  not  specify  any  particular  component  of  this  field  vector. 
It  defines  an  axial  vector  that  has  the  magnitude  of  the  tangential  component  of  the 
field  vector  at  the  surface  and  a  direction  normal  to  the  plane  formed  by  the  field 
vector  and  the  external  normal.  It  follows  at  once  that  the  magnitude  of  the  dis¬ 
continuity  of  the  axial  vector  so  defined  is  equal  to  the  magnitude  of  the  discon¬ 
tinuity  in  the  tangential  component  of  the  field  vector.  Therefore,  (2.2- 19b)  re¬ 
quires  that  the  tangential  component  of  the  electric  vector  be  continuous  in  crossing 
all  boundaries,  whereas  (2.2-19c)  requires  the  tangential  component  of  the  magnetic 
vector  to  be  discontinuous  by  a  magnitude  equal  to  the  essential  surface  density  of 
current  multiplied  by  p0.  These  boundary  conditions  are  illustrated  in  Fig.  2.2-1. 
Table  2.2-1  illustrates  the  boundary  conditions  using  shorthand  notation  as  in 
(2.2-20). 

The  form  of  the  boundary  equations  (2.2-19a-d)  or  (2.2-20a-d)  is  not 
changed  in  the  stationary  states.  It  is  only  necessary  to  require  all  functions  to  be 


Region  2  Region  2 

(a)  (b) 

Figure  2.2-1  (a)  Electric  and  (b)  magnetic  fields  at  a  boundary. 
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TABLE  2.2-1 


Vector 

Component 

Behavior  at 
boundary 

Magnitude  of 
discontinuity 

E 

Normal 

Discontinuous 

-  «o“  S 

E 

Tangential 

Continuous 

0 

B 

Tangential 

Discontinuous 

~  H'O'HmV 

B 

Normal 

Continuous 

0 

invariant  in  time.  The  analogy  between  the  static  and  steady  states  may  be  extended 
to  include  the  following: 


Quantity  Static  state  Steady  state 


Operation  Vector  product  ( x )  Scalar  product  (•) 


2.3  THE  FIELD  EQUATIONS  AS  FUNDAMENTAL  POSTULATES 

The  mathematical  model  of  the  electrical  properties  of  matter  is  contained  in  the 
four  essential  characteristics  that  describe  matter  in  terms  of  scalar  and  vector 
fields.  Every  point  in  the  interior  of  a  body  is  characterized  by  values  of  the  two 
volume  functions 

P  =  P-V-P  (2.3-1) 

pmv  =  J  +  VxM  +  P  (2.3-2) 

Every  point  on  a  boundary  surface  is  characterized  by  values  of  the  surface  functions 

f|  =  th  +  n  •  P  (2.3-3) 

V  =  K-  nXM  (2.3-4) 

The  mathematical  model  of  the  electrical  properties  of  space  is  defined  in 
terms  of  the  two  universal  constants  e0  and  |x0  and  the  two  vector  point  functions 
E  and  B  that  are  defined  everywhere  except  in  surface  layers  by 


e0V  •  E  =  p 

(2.3-5) 

V  x  E  =  -B 

(2.3-6) 

Pq-^V  X  B  =  pmv  +  e0E 

(2.3-7) 

VB  =  0 

(2.3-8) 

e0n-E  =  -rj 

(2.3-9) 

n  x  E  =  0 

(2.3-10) 

Po^n  X  B  =  -Timv 

(2.3-11) 

n-B  =  0 

(2.3-12) 

Sec.  2.4  Alternative  Formulation  of  Field  Equations 
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The  description  of  every  point  in  the  electromagnetic  field  is  characterized 
by  the  nature  and  the  distribution  of  the  density  fields  that  determine  the  essential 
volume  and  surface  characteristics  p  and  pmv,  ff  and  r\m\.  A  knowledge  of  these 
densities  is  sufficient  to  define  the  field  vectors  E  and  B.  The  final  step  in  formulating 
a  method  for  predicting  and  coordinating  theoretical  effects  that  are  analogies  of 
experimentally  observable  ones  has  been  described.  The  mathematical  densities 
identified  with  the  electrical  properties  of  matter  have  been  fitted  into  a  mathe¬ 
matical  structure  defined  for  all  space  called  the  electromagnetic  field. 


2.4  ALTERNATIVE  FORMULATION  OF  FIELD  EQUATIONS: 

AUXILIARY  FIELD  VECTORS  AND  CONSTANTS 

An  examination  of  the  field  and  boundary  equations  in  a  purely  formal  way  suggests 
a  mathematically  convenient  rearrangement  of  the  first  and  third  equations.  This 
consists  in  combining  the  terms  according  to  their  mathematical  form  rather  than 
having  them  indicate  explicitly  that  the  divergence  and  curl  of  each  of  the  vectors 
E  and  B  are  defined.  Since  e0  and  p0  are  constants,  they  may  be  written  inside  the 
operational  symbols  (V  •)  and  (V  x).  Thus 


V  •  (e0E  +  P)  =  P 

(2.4-1) 

v  X  -  M)  =  J  +  j(«oE  +  P) 

01 

(2.4-2) 

n  •  (e0E  +  P)  =  -t\ 

(2.4-3) 

n  X  (pq-^B  -  M)  =  -K 

(2.4-4) 

writing  the  following  new  symbols  are  defined: 

D  —  e0E  +  P 

(2.4-5) 

H  =  p^B  -  M 


The  vectors  D  and  H  are  written  simply  as  a  shorthand  notation.  With  no  other 
qualifications,  both  vary  with  the  mode  of  subdivision  used  in  defining  the  density 
functions.  At  a  later  point  a  definite  mode  of  subdivision  must  be  selected,  that 
is,  one  in  which  no  bound  groups  are  cut  so  that  P  and  —  M  are  maximum  and 
P  =  P/,  J  =  J/,  h  —  T|p  K  —  Kf.  At  all  points  in  space  or  in  bodies  where  the  P 
and  M  fields  vanish,  D  =  e0E,  H  =  Po  1B.  Since  e0  and  p0  are  scalars,  the  vectors 
D  and  H  point  in  the  same  direction  and  are  proportional  in  magnitude,  respectively, 
to  the  vectors  E  and  B  at  all  points  where  P  and  -M  vanish  or  are  not  defined. 
On  the  other  hand,  in  bodies  where  P  and  -M  are  nonvanishing,  D  and  H  are 
not  in  general  proportional,  respectively,  to  E  and  B,  nor  do  they  point  in  the  same 
direction. 
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In  terms  of  the  auxiliary  vectors  D  and  H,  the  Maxwell  equations  have  a 
simpler  appearance: 


V  •  D  =  p 

V  x  E  =  -B 

V  x  H  =  J  +  D 

V  •  B  =  0 


(2.4-6) 

(2.4-7) 

(2.4-8) 

(2.4-9) 


The  auxiliary  relations  are 


D  =  e0E  +  P  (2.4-10) 

H  =  fXo^B  -  M  (2.4-11) 


The  surface  equations  in  shorthand  form  are 


n  •  D  =  —  t| 
n  x  E  =  0 
n  x  H  =  -K 
n  •  B  =  0 


(2.4-12) 

(2.4-13) 

(2.4-14) 

(2.4-15) 


In  dealing  with  models  that  have  physically  possible  analogues  it  is  never  necessary 
to  define  a  surface  density  of  moving  free  charge.  If  D  and  H  are  defined  using  a 
subdivision  that  cuts  no  bound  groups,  r\  in  (2.4-12)  and  K  in  (2.4-14)  are, 
respectively,  and  Kf.  Except  in  the  physically  unrealizable  but  theoretically  very 
important  case  of  a  perfect  free-charge  model  (perfect  conductor),  is  not  required, 
so  the  right  side  of  (2.4-14)  is  zero.  The  boundary  conditions  (2.4-12)  to 
(2.4-15)  are  illustrated  in  Figs.  2.4-1  and  2.4-2  for  the  special  case  =  0, 

K  =  K f  =  0.  Media  with  P  parallel  to  and  in  the  same  direction  as  E  are  said  to 
be  dielectric.  Media  with  —  M  parallel  to  and  in  the  same  direction  as  B  are  dia¬ 
magnetic.  Media  with  -M  parallel  and  directed  opposite  to  B  are  paramagnetic 
when  M  is  small  and  ferromagnetic  when  M  is  large. 

Two  useful  auxiliary  constants  may  be  defined  by  combining  the  universal 
electric  and  magnetic  constants  e0  and  p,0. 

Characteristic  velocity  of  space  c  -  (e0p,0)  ~ 1/2 

=  2.998  x  108 


—  3  x  108  m/s  (2.4-16) 

Characteristic  resistance  of  space  £0  =  (p^eo-1)1^ 


=  376.7 


—  120tt  ohms  (II) 


(2.4-17) 


Sec.  2.4  Alternative  Formulation  of  Field  Equations 


Region  1 
(space,  Pj  =  0) 


i?2  ^0;  i ?2/  =0 


Region  2 
(dielectric, 

P2  parallel  to  E2) 


^2^0 


Region  1 

(space,  —  Mj  =  0) 


■M2Mo 


Bj  -  H^o 


y\my2  *  0;  K2f  =  0 


Region  2 
(diamagnetic, 
-M2  parallel  to  B2) 


Figure  2.4-1  (a)  Electric  and  (b)  mag 

netic  field  vectors  on  both  sides  of  a 
boundary. 


Region  1 
(space,  -Mi  =  0) 


98 


Mathematical  Description  of  Space  and  of  Simple  Media  Chap.  2 


The  dimensions  of  c  and  £0  are  obtained  directly  from  (2.1-13)  and  (2.1-14): 


c  = 

io  = 


L 

T 

VT 


meters 


seconds 


volts 

- or  ohms 

amperes 


(2.4-18) 

(2.4-19) 


2.5  INTEGRAL  FORMS  OF  FIELD  EQUATIONS: 
GENERAL  THEOREMS 


The  Maxwell- Lor entz  equations  that  define  the  electromagnetic  field  consist  of 
four  simultaneous,  partial  differential  equations  of  the  first  order.  With  the  aid  of 
general  integral  theorems  of  the  calculus,  it  is  possible  to  transform  them  into 
integral  relations  that  are  often  convenient  in  the  solution  of  problems,  especially 
those  characterized  by  symmetry.  In  many  cases,  the  boundary  conditions  are 
sufficiently  simple  so  that  explicit  expressions  for  E  and  B  in  terms  of  the  density 
functions  can  be  obtained  in  this  way.  In  order  to  establish  the  integral  form  of 
the  field  equations,  it  is  first  necessary  to  describe  the  fundamental  integral  theo¬ 
rems  that  are  involved. 

The  divergence  theorem  is  a  theorem  for  transforming  a  volume  integral  into 
an  integral  evaluated  over  the  surface  enclosing  the  volume.  It  is  closely  related 
to  the  definition  of  the  divergence  of  a  vector.  In  vector  form  it  is  expressed  in 
terms  of  a  continuous  vector  point  function  A  which  defines  a  vector  field.  If  any 
volume  V  is  chosen  in  this  field,  it  will  be  contained  in  a  closed  (mathematical) 
surface  S.  Let  dV  be  an  element  of  the  volume,  dS  an  element  of  the  enclosing 
surface,  and  n  an  external  normal  to  the  surface.  The  theorem  is 


V  •  A  dV  = 


v 


n  •  A  dS 


(2.5-1) 


The  curl  theorem  is  a  special  form  of  the  divergence  theorem.  It  is  obtained  from 
this  by  setting  the  vector  A  equal  to  the  vector  product  (B  x  C),  where  C  is  defined 
to  be  a  constant  vector.  Upon  applying  the  divergence  theorem  to  this  vector 
product, 


v 


V  •  (B  x  C)  dV  = 


n  •  (B  x  C)  dS 


(2.5-2) 


The  following  vector  relations  are  readily  verified  using  Cartesian  coordinates: 

n  •  (B  x  C)  =  C  •  (n  x  B)  (2.5-3) 

V  •  (B  x  C)  =  C  •  (V  x  B)  -  B  •  (V  x  C)  (2.5-4) 


Sec.  2.6  Gauss's  Theorem  for  the  E  and  D  Vectors 
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Since  C  is  constant  by  definition,  it  follows  that  (2.5-4)  reduces  to 

V  •  (B  x  C)  =  C  •  (V  x  B)  (2.5-5) 

With  (2.5-3)  and  (2.5-5)  used  in  (2.5-2),  the  following  relation  is  obtained: 

C  •  j  (V  x  B)  dV  -  C  •  |  (n  x  B)  dS  =  0  (2.5-6) 

Since  the  vector  C  is  arbitrary  and  constant,  the  foregoing  scalar  product  of  the 
vector  C  and  the  vector  defined  by  the  difference  between  the  two  integrals  vanishes 
for  all  orientations  of  the  vector  C  only  when  the  second  member  of  the  product 
vanishes  identically.  That  is,  when 


(V  x  B)  dV  =  (n  x  B)  dS  (2.5-7) 

J  V  J  s 

This  is  the  curl  theorem.  It  is  seen  to  be  closely  related  to  the  definition  of  the  curl 
of  a  vector. 

Stokes's  theorem  is  a  theorem  for  transforming  a  surface  integral  over  a  cap- 
or  cup-shaped  surface  into  a  line  integral  around  the  closed  boundary  of  the  surface. 
Consider  any  open  cap-  or  cup-shaped  surface  S  which  may  have  any  form  what¬ 
soever  from  a  flat  disk  enclosed  by  the  boundary  line  s  to  a  deep  balloon  with  only 
a  narrow  opening  enclosed  by  the  boundary  line  s.  Let  this  surface  be  entirely  in 
the  field  of  a  continuous  vector  point  function  A.  The  theorem  is 


n  •  (V  x  A)  dS  =  9  (A  •  ds)  (2.5-8) 

JS(cap)  Js(closed  line) 

The  line  integration  around  the  closed  boundary  s  is  to  be  performed  in  a  direction 
such  that  the  right-hand-screw  convention  is  satisfied  with  respect  to  the  normal  n 
to  the  surface  S.  Stokes’s  theorem  is  seen  to  be  closely  related  to  the  alternative 
definition  of  the  curl  of  a  vector  in  terms  of  its  component  normal  to  a  surface. 

Stokes’s  theorem  and  the  divergence  theorem  may  be  applied  to  the  four 
Maxwell -Lorentz  equations  to  obtain  integrals  that  are  common  in  the  technical 
literature.  The  shorthand  notation  using  the  auxiliary  vectors  D  and  H  is  used  where 
convenient. 


2.6  GAUSS'S  THEOREM  FOR  THE  E  AND  D  VECTORS: 

INTEGRAL  FORM  OFV  D  =  p 

Let  both  sides  of  the  field  equation 

v  •  D  =  P  (2.6-1) 

D  =  e0E  +  P 
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be  integrated  over  an  arbitrary  volume  V  enclosed  by  the  surface  S.  Then 

|  V  •  D  dV  =  \vPdV  (2.6-2) 

In  any  region  in  which  the  vector  D  is  continuous,  the  divergence  theorem  may  be 
used.  Hence,  when  D  is  continuous  throughout  V  and  S,  the  divergence  theorem 
applied  to  the  left  in  (2.6-2)  gives 

j  V  •  D  dV  =  J  (n  •  D)  dS  =  f  p  dV  (2.6-3) 

The  second  integral  in  (2.6-3)  is  the  total  outward  normal  flux  of  the  D  vector 
across  the  closed  surface  S.  This  name  does  not  imply  that  anything  physically  real 
is  flowing  out  of  the  volume.  It  might  be  concluded  in  a  perfectly  general  way  from 
(2.6-3)  that  the  normal  D  flux  across  any  closed  surface  is  equal  to  the  total  charge 
Q  =  JV  p  dV  contained  within  it.  But  the  volume  integral  on  the  right  in  (2.6-3) 
only  gives  the  contribution  to  the  total  charge  due  to  the  volume  density  p;  it  takes 
no  account  of  possible  surface  distributions  characterized  by  the  density  iq  which 
might  be  contained  inside  the  enclosed  envelope  S.  Since  the  D  vector  is  discon¬ 
tinuous  across  surfaces  or  boundaries  where  iq  is  nonvanishing,  as  seen  in 
(2.4-12),  the  divergence  theorem  cannot  be  applied  directly  to  such  a  region - 
without  first  excluding  the  surfaces  of  discontinuity.  Consequently,  the  integral 
(2.6-3)  applies  only  to  homogeneous  volumes  in  which  there  are  no  discontinuities 
in  D. 

To  generalize  (2.6-3)  so  that  it  may  be  applied  to  any  region,  suppose  that 
the  volume  contained  within  S  is  composed  of  several  dissimilar  parts  as  indicated 
in  Fig.  2.6-1.  Let  a  surface  of  integration  2  be  drawn  around  this  composite  region 
in  such  a  way  that  it  is  entirely  within  a  single  homogeneous  medium.  In  each  of 
the  regions  0,  1,2,  and  3,  a  different  set  of  continuous  densities  pf,  P;  with  appro¬ 
priate  subscripts  is  defined.  On  the  boundaries  between  these  regions,  surface  layers 
of  charge  may  be  described  by  the  function  In  the  interior  of  each  homogeneous 
region  the  following  equation  is  true: 

V  •  D,  =  P,  (2.6-4) 

On  the  boundary  surfaces  between  two  dissimilar  regions,  such  as  0  and  1,  the 
following  typical  equation  is  true: 

n0D0  +  h1D1  =  -(%  +  'hi)  =  -hoi  (2.6-5) 

Here  n0  is  an  external  normal  to  the  region  0;  Aj  is  an  external  normal  to 
region  1. 

The  boundary  surfaces  across  which  D  is  discontinuous  are  the  envelopes  S01, 
S12,  S13,  and  so  on,  as  shown  in  Fig.  2.6-1.  Let  them  be  excluded  from  the  region 
of  integration  by  enclosing  them  in  surfaces  constructed  both  inside  and  outside 
the  envelopes  5.  The  volume  V  is  thus  divided  into  volumes  V).  The  a,  surfaces 
are  to  be  drawn  at  small  distances  dc  (of  atomic  magnitude)  from  the  surfaces  5, 


Sec.  2.6  Gauss's  Theorem  for  the  E  and  D  Vectors 
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2 


Figure  2.6-1  Regions  with  boundaries 
for  obtaining  Gauss’s  theorem  for  a  dis¬ 
continuous  vector. 


so  that  surface  layers  of  charge  defined  by  the  surface  density  must  be  contained 
in  the  narrow  regions  each  of  thickness  dc  on  each  side  of  the  boundaries  S.  The 
expression  for  the  total  outward  normal  flux  of  the  D  vector  across  all  the  surfaces 
ex,  and  the  outside  boundary  X  can  now  be  written  down.  Since  the  surfaces  a,  are 
drawn  very  close  to  the  surface  5,  no  serious  error  is  made  by  taking  the  integral 
over  each  side  of  5  instead  of  over  the  two  a  surfaces  enclosing  it.  In  the  same 
way,  the  volume  between  pairs  of  a  surfaces  is  so  small  that  it  may  be  neglected 
in  comparison  with  the  rest,  so  that  X  V}  =  V. 


(n0  •  D0)  dS  +  [n0  •  D0  +  •  Dj  dS01  + 


So  i 


Di 


+  n,  •  D,]  dSy  =  2  JVj  P j  dVj  (2.6-6) 

All  normals  in  (2.6-6)  are  external  to  the  regions  indicated  by  subscripts.  The 
substitution  of  the  appropriate  boundary  conditions  (2.6-5)  in  (2.6-6)  for  each 
pair  of  integrals  leads  to 


“hoi^oi  + 


(2.6—7) 
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Q  is  defined  by  (2.6-7)  to  be  the  sum  of  all  integrals  of  volume  and  surface  densities 
of  charge.  Accordingly,  it  represents  the  total  charge  in  the  volume  V  enclosed  by 
the  surface  X  .regardless  of  whether  it  is  distributed  throughout  the  volume  or  along 
surfaces  or  boundaries.  Gauss’s  theorem  may  be  formulated  as  follows: 

Gauss’s  Theorem.  If  one  or  more  bodies  or  regions  of  any  internal  structure , 
shape,  or  arrangement  whatsoever  are  imagined  enclosed  in  an  envelope  of  inte¬ 
gration  X  of  entirely  arbitrary  shape  and  size,  the  total  outward  normal  flux  of  the 
D  vector  across  the  surface  is  equal  to  the  total  charge  contained  within  it 


(n  •  D)  dS  =  Q 
D  =  EqE  +  P 


<2  =  2  p  i  dvi  +  2  %  dsa 


)  ^vj 


1}  * 


(2.6-8) 

(2.6-9) 

\ 

(2.6-10) 


If  P  is  defined  using  a  mode  of  subdivision  that  cuts  through  no  bound  groups  as 
is  customary  when  the  D  vector  is  used,  Q  in  (2.6-10)  is  the  total  free  charge  within 

X  and  a  subscript  /  is  written  on  Q ,  p,  and  iq.  If  Q  and  D  vary  in  time,  Gauss’s 

theorem  is  true  at  every  instant.  If  the  field  equation  (2.6-1)  is  written  in  the  form 

e0V-E  =  p;  p  =  p-V-P  (2.6-11) 

the  followir.g  alternative  integral  theorem  is  obtained: 

[ '\idSn  (2.6-12) 

J  &ij 


■ 0 


(n  •  E)  dS  =  Q  =  2  Py  dV j  +  2 

/  ^  vi  ii 


2.7  THE  AMPERE-MAXWELL  THEOREM  OF  CIRCUITATION: 
INTEGRAL  FORM  OF  VxH  =  J  +  D 


The  integration  of  both  sides  of  the  field  equation 


with 


V  x  H 


BD 

dt 


H  =  ixq^B  -  M 
D  =  e0E  +  P 


over  a  cap  surface  S  yields: 


S(cap) 


N  •  (V  x  H)  dS  = 


'5(cap) 


(N  •  J)  dS  + 


dt  J5(cap) 


(IN  •  V) 


(2.7-1) 

(2.7-2) 

(2.7-3) 


Sec.  2.7  The  Ampere- Maxwell  Theorem  of  Circuitation 
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When  the  vector  H  is  continuous,  Stokes’s  theorem  applied  to  the  integral  on  the 
left  gives 


N  •  (V  x  H)  dS  = 

S(cap) 


The  line  integral  in  (2.7-4)  is  called  the  circuitation  of  the  H  vector,  or  simply  the 
H  circuitation  around  the  closed  contour  5.  The  positive  direction  around  the  line 
is  determined  by  the  right-hand-screw  convention  referred  to  an  arbitrarily  directed 
normal  N  to  the  surface  5. 

Since  Stokes’s  theorem  requires  the  vector  to  be  continuous  throughout  the 
region  of  integration,  special  consideration  must  be  given  to  the  case  where  a  cap 
surface  is  crossed  by  two  or  more  dissimilar  regions  in  contact  because  thin  sheets 
of  current  of  density  K  may  then  flow  between  them.  If  this  is  the  case,  the  H 
vector  is  discontinuous  across  the  boundary  between  the  two  regions,  as  seen  in 
the  boundary  condition  (2.4-14).  To  examine  this  situation,  consider  two  electri¬ 
cally  dissimilar  regions  or  bodies  1  and  2  in  contact  along  a  boundary  surface  S12 
(Fig.  2.7-1).  Let  region  1  be  characterized  by  H1?  D1?  and  Jx;  region  2  by  H2,  D2, 
and  J2.  For  any  closed  contour  in  either  region,  (2.6-8)  is  valid.  On  the  other 
hand,  suppose  a  contour  s  to  be  drawn  in  such  a  way  that  it  cuts  the  boundary 
surface  S12.  Then  any  cap  surface  bounded  by  5  is  partly  in  region  1,  partly  in 
region  2.  For  simplicity,  let  the  cap  surface  S  be  taken  to  be  a  plane  perpendicular 
to  the  direction  of  the  boundary  surface  S12  between  the  two  regions.  Let  the  line 
traced  by  the  boundary  surface  where  it  intersects  the  plane  S  be  s12.  This  line  cuts 
the  plane  cap  surface  S  into  two  parts  St  and  S2,  so  that  5cap  =  St  +  S2.  The  closed 
contour  5  bounding  the  plane  is  also  cut  into  two  parts  ^  and  s2,  so  that  s  =  s1  +  s2. 
St  is  bounded  by  ^  and  one  side  of  s12,  S2  is  bounded  by  s2  and  the  other  side  of 
s12.  Let  N  be  a  normal  perpendicular  to  S  and  hence  to  s12.  N  is  evidently  parallel 
to  the  boundary  surface  S12  between  the  two  regions  where  this  is  cut  by  the  plane  5. 


H  •  ds 


s(line) 


d 


N  •  J  dS  +  -  I  N  •  D  dS  (2.7-4) 

S(cap)  dt  JS( cap) 


Figure  2.7-1  Region  with  boundaries 
for  obtaining  the  Ampere  -Maxwell 
theorem  for  a  discontinuous  vector. 
Small  arrows  indicate  the  directions  of 
integration  around  regions  1  and  2. 
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To  form  the  circuitation  of  the  H  vector  completely  around  the  contour  s,  it 
is  necessary  to  exclude  the  line  of  discontinuity  s12  by  drawing  a  line  parallel  to  it 
on  each  side  at  a  small  distance  dc  of  atomic  or  molecular  magnitude.  The  length 
of  each  of  these  two  lines  is  essentially  the  same  as  that  of  s12.  A  surface  current 
of  density  K,  if  it  exists,  is  necessarily  confined  to  the  strip  of  thickness  2 dc  since 
K  is  defined  only  in  this  strip.  Because  each  region  is  homogeneous,  it  is  legitimate 
to  form  a  line  integral  around  Sj  and  a  second  line  integral  around  S2.  The  path 
of  integration  for  the  first  of  these  is  along  s1  and  s12  in  a  counterclockwise  direction 
when  viewed  from  above.  This  follows  from  the  fact  that  the  normal  N  to  the 
surface  is  directed  vertically  upward  from  the  plane  of  the  paper.  Similarly,  the 
path  around  S2  will  be  counterclockwise  around  s2  and  s12.  The  integrals  may  be 
taken  along  s12  instead  of  along  lines  parallel  to  s12  at  distance  dc  on  each  side 
because  the  surface  contained  between  these  lines  is  negligible.  One  of  the  two 
integrals  is 


Hj  •  ds  =  [  (N  •  Jj)  dS  +  -  f  (N  •  Dx)  dS  (2.7-5) 

Js i  +S12  Js i  dt  Js i 

The  second  integral  is  like  (2.7-5)  with  subscript  1  written  for  2  and  2  for  1.  The 
sum  of  these  two  integrals  is  the  same  (neglecting  the  length  dc )  as  the  counter¬ 
clockwise  integral  completely  around  +  52  =  S,  plus  the  clockwise,  or  minus 
the  counterclockwise,  integral  around  the  boundary  line  s12  at  a  distance  dc  from 
it.  The  latter  integral  is,  of  course,  essentially  equivalent  to  an  integral  along  one 
side  of  s12  and  back  along  the  other  side,  since  dc  is  negligible.  That  is, 


r 


Js  1  +512 


ds  +  V 


•S2  +  S12 


H2  *  ds 


=  t  H-  ds  -  Hx  •  ds  -  H2  ds  (2.7-6) 


51  +52 


S\2 


'S 12 


The  negative  sign  before  the  last  two  integrals  indicates  that  the  direction  of  in¬ 
tegration  around  the  two  sides  of  the  line  s12  has  been  changed  from  clockwise  to 
counterclockwise.  The  value  of  H  in  the  first  integral  on  the  right  in  (2.7-6)  is 
taken  to  be  Hi  or  H2  depending  on  in  what  region  ds  is. 

With  s  =  +  s2  and  integration  along  both  sides  of  s12  in  the  same  direction 

instead  of  around  s12,  (2.7-6)  may  be  written  as  follows: 


f  f  f 

<>H  •<&  =  <>  Hi  •<&  +  <>  n2-ds+\  (Hi-H^-rfs  (2.7-7) 

JS  Js\-\~S\2  JS\-\~S\2  Js  12 


Let  both  sides  of  the  boundary  condition  be  multiplied  scalarly  by  N ;  thus 

N-^XH^  +  N-  (n2  X  H2)  =  -N  •  K 


(2.7-8) 
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Here  Aj  and  n2  are  external  normals  to  the  boundary  between  the  regions  1  and 
2.  Since  h2  =  —  nl5  (2.7-8)  can  be  written 

N  •  [hi  X  (Hi  -  H2)]  =  -N  •  K  (2.7-9) 

By  cyclic  permutation 

(Hi  -  H2)  •  (N  x  Aj)  =  -N  •  K  (2.7-10) 

But  since  N  and  Ax  are  not  only  normal  to  each  other  but  also  both  perpendicular 
to  s12,  it  follows  that  the  vector  product  N  X  iij  must  be  in  the  direction  ds  along 
s12.  With 


N  x  =  - 


ds 
|  ds 


and  the  substitution  in  (2.7-10),  the  result  is 

(Hi  -  H2)  •  ds  =  (N  •  K)  ds 
The  use  of  (2.7-7)  and  (2.7-12)  in  (2.7-5)  yields 


H  ■  ds  =  2 

Js  y  =  i 


(2.7-11) 


(2.7-12) 


+  (N  •  K)  ds  (2.7-13) 

Js  12 


But 


(N  •  K)  ds  =  I 

512 


(2.7-14) 


is  the  total  normal  current  crossing  the  cap  surface  S.  If  M  is  defined  with  a 
subdivision  that  cuts  through  no  bound  groups,  as  is  customary  when  the  H  vector 
is  used,  I  is  the  total  moving  free  charge  and  the  subscript /is  written  on  I,  J,  and 

K. 


H  •  ds 


I  +  - 

dt  J  Sc ap 


(N  •  D)  dS 


(2.7-15) 


with 


2 

c  _  y  c 

^cap  j 

/=  1 

These  relations  are  easily  generalized  to  include  more  than  one  surface  of  discon¬ 
tinuity.  The  Ampere -Maxwell  circuitation  theorem  is  expressed  symbolically  in 
(2.7-15).  It  states  that  the  circuitation  of  the  H  vector  around  a  closed  contour  s 
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is  equal  to  the  total  normal  current  plus  the  time  rate  of  change  of  the  normal  D 
flux  across  any  cap  surface  bounded  by  the  contour. 

The  right  side  of  the  Ampere -Maxwell  relation  consists  of  two  terms  of  which 
the  first  is  a  current  in  the  sense  of  moving  charge.  The  second  term  was  called 
the  “displacement  current”  by  Maxwell.  Since,  by  definition,  D  =  e0  E  +  P,  the 
displacement  current  actually  consists  of  two  parts.  These  are 

j  N  •  D  dS  =  e0  N  •  E  dS  +  £  N  •  P  dS  (2.7-16) 

It  will  be  recalled  that  P  is  the  mathematical  analogue  of  a  motion  of  charge  in 
the  physical  model  due  to  the  fluctuation  of  an  orientation-distortion  effect.  It  is 
called  the  volume  density  of  polarization  current.  Thus  the  second  integral  on  the 
right  measures  the  total  normal  polarization  current  that  traverses  the  cap  surface 
S.  It  is  properly  called  a  current  and  represented  by  the  symbol  Ip.  On  the  other 
hand,  the  first  term  on  the  right  stands  for  the  time  rate  of  change  of  the  E  vector, 
which  is  not  a  current  in  the  sense  of  moving  charge  in  the  physical  model. 

An  alternative  formulation  of  the  circuitation  theorem  proceeds  from  the  field 
equation 


|Xq  X  B  =  pwv  +  e0 


aE 

dt 


(2.7-17) 


instead  of  from  (2.7-1).  By  the  same  formal  reasoning, 


d 

(x^ 1  9  B  •  ds  =  I  -I - e0 

^  '  Bt  JScap 


N  •  E  dS 


with 


I  = 


Sci 


cap 


+2  (N- ij)  ds,] 

ij  Js‘j 


(2.7-18) 


(2.7-19) 


iSCaP  =  2  Sf,  s,j  is  the  boundary  between  5,  and  Sy.  In  this  formulation  the  entire 
moving  charge  or  current  is  contained  in  the  term  I  . 


2.8  FARADAY'S  LAW  OF  CIRCUITATION:  INTEGRAL  FORM 

OFV  x  E  =  -dB/dt 

Let  N  be  a  normal  to  a  cap  surface  S  bounded  by  a  closed  contour  5 .  The  components 
normal  to  S  of  the  vectors  defining  each  side  of  the  second  field  equation  (2.1-2) 
satisfy  the  relation 


N-  V  x  E  = 


d_ 

dt 


(N  •  B) 


(2.8-1) 
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If  each  side  is  integrated  over  the  cap  surface  and  Stokes’s  theorem  is  applied, 

I  N  •  (V  X  E)  dS  =  f  E  •  ds  =  --  f  N  •  B  dS  (2.8-2) 

JS( cap)  Js  dt  JS( cap) 

If  the  cap  surface  is  cut  by  one  or  more  boundaries,  the  integral  over  the  cap  is 
replaced  by  a  sum  of  integrals  over  the  several  parts  of  the  cap.  Faraday’s  law  is 
given  symbolically  in  (2.8-2).  It  may  be  stated  as  follows:  The  circuitation  of  the 
E  vector  in  the  positive  direction  around  any  closed  contour  in  which  E  is  continuous 
is  equal  to  the  negative  time  rate  of  change  of  the  total  normal  B  flux  across  any 
cap  surface  bounded  by  the  contour.  The  positive  direction  is  specified  by  the  right- 
hand-screw  convention  referred  to  the  arbitrarily  directed  normal  N  to  S. 


2.9  GAUSS'S  THEOREM  FOR  THE  B  VECTOR:  INTEGRAL  FORM 
OF  V-  B  =  0 

The  use  of  (2.5-1)  leads  to 

V-B  =  0  (2.9-1) 

I  V-BdV  =  I  n  •  B  dS  =  0 

JV  JS(c  losed) 

This  equation  states  that  the  total  outward  normal  flux  of  the  B  vector  across  any 
closed  surface  vanishes. 


2. 10  SUMMARY  OF  INTEGRAL  FIELD  EQUATIONS 

In  terms  of  the  fundamental  vectors  the  theorems  are 


(Gauss) 

(Faraday) 

(Ampere -Maxwell) 

(Gauss) 

where 


e0  |  n  •  E  dS  =  Q 

S(  closed) 


E  •  ds  =  -- 


dt  JS(cap) 


N  •  B  dS 


1  f  B  •  ds  =  /  +  -  e0  [  N 

Js  dt  Js(cap) 


E  dS 


S(closed) 


n  •  B  dS  =  0 


Q  = 

7  = 


2 1  p,  dv,  +  2 1 

j  d  Vj  lj  Jbij 


(closed) 


S(cap) 


(N  •  pwv)  dS  +  2  [ 

a  J  s 


ij  J  si) 


y\ij  dS^ 

(N  •  T|mVy)  ds ^ 


(2.10-1) 

(2.10-2) 

(2.10-3) 

(2.10-4) 

(2.10-5) 


(2.10-6) 
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5cap  is  a  cap  surface  with  edge  s',  if  surface  currents  cross  it  and  divide  it  into  parts 
Sj,  Scap  is  equivalent  to  2/  Sj.  Also  s,y  is  a  boundary  between  S,  and  S,;  the  sum 
includes  the  contour  5  if  a  surface  current  crosses  this. 

In  terms  of  the  auxiliary  vectors 


(Gauss) 

(Ampere  -  Maxwell) 


S(closed) 


n  •  D  dS  =  Q 


H  •  ds  =  /  -I —  N  •  D  dS 

dt  JS(cap) 


where 

Q  =  S  L  p>  +  2  [  dS{j 

j  Jvj  ij  Js‘j 

I  =  [  (N  •  J)  dS  +  2  |  (N  •  K,y) 

J5(cap)  (j  Jsij 

D  -  e0E  +  P;  H  =  (jl0  B  —  M 


(2.10-7) 

(2.10-8) 

(2.10-9) 

(2.10-10) 

(2.10-11) 


2.11  FIELD  EQUATIONS  IN  SIMPLE  MEDIA : 

PERMITTIVITY ,  PERMEABILITY 

Maxwell’s  equations  in  their  general  forms  (2.1-1)  to  (2.1-4)  together  with  the 
definitions  (2.1-5)  and  (2.1-6)  of  the  essential  densities,  involve  four  volume 
densities:  p,  P,  J,  and  M.  In  many  materials  these  densities  are  induced  by  an 
externally  maintained  electromagnetic  field.  The  actual  relations  between  any  one 
of  the  densities  and  the  exciting  component  of  the  field  can  be  determined  only 
from  a  detailed  study  of  the  atomic  and  molecular  structure.  This  is  beyond  the 
scope  of  the  present  treatment.  However,  the  general  relationship  between  the 
densities  and  the  field  can  be  expressed  formally  as  follows: 

P  =  P(E)  =  P0  +  eoXeE  +  €0X,2  |E2|E  +  ■  •  •  (2.11-1) 

-M  =  -M(B)  =  -M0  +  |x0-'xmB  +  Mfl-'X^  \B2\  B  +  •  •  •  (2.11-2) 

if  =  J,(E)  =  J/0  +  <xE  +  <t2  \E2\  E  +  • :  •  (2.11-3) 

In  these  expressions  each  of  the  densities  is  represented  by  a  series  that  includes 

a  constant  term  independent  of  the  exciting  field,  a  linear  term,  and  higher-order, 
nonlinear  terms. 

The  constant  terms  represent,  respectively,  a  permanent  electric  moment  P0 
such  as  exists  in  certain  anisotropic  crystals  or  that  can  be  induced  in  waxes  that 
are  solidified  in  an  electric  field,  a  permanent  magnetic  moment  M0  such  as  exists 
in  ferromagnetic  materials,  and  a  permanent  current  J/0  as  maY  exist  in  supercon- 
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ductors.  Although  such  permanent  densities  are  important  in  special  circumstances, 
they  are  not  of  primary  concern  in  major  aspects  of  electromagnetic  theory. 

Of  greatest  importance  in  many  applications  of  electromagnetism  are  the 
linear  terms.  Materials  in  which  the  linear  term  alone  is  a  good  approximation  are 
known  as  simple  media  or  linear  media.  These  include  most  dielectrics  in  which 
the  relation  P  =  e0xeE  is  generally  adequate,  most  diamagnetic  and  paramagnetic 
materials  in  which  —  M  =  |x0-1xJB,*  and  most  conductors  for  which  =  crE  is 
an  excellent  approximation.! 

The  linear  terms  in  (2.11-1)  to  (2.11-3)  are  not  adequate  in  dielectrics  when 
the  electromagnetic  field  is  of  very  high  intensity  as  with  laser  beams  in  nonlinear 
optics,  in  all  ferromagnetic  materials  that  involve  hysteresis  phenomena,  and  in  a 
number  of  conductors  such  as  carbon. 

When  the  linear  terms  are  good  approximations,  the  Maxwell  equations  are 
greatly  simplified.  In  such  media 

D  =  e0E  +  P  =  (1  +  XJe0E  (2.11-4) 

H  =  iVB  -  M  =  (1  +  XmW'B  (2.11-5) 

J f  =  crE  (2.11-6) 

In  (2.11-4)  and  (2.11-5)  the  terms  (1  +  xe)  and  (1  +  Xm)  are  dimensionless 
quantities  that  depend  only  on  the  characteristic  electric  and  magnetic  structures 

of  the  models  for  which  Xe  and  Xm  are  defined.  Each  of  these  quantities  is  con¬ 

veniently  represented  by  a  symbol  that  stands  for  the  properties  of  linear  polar¬ 
izability  or  linear  magnetizability.  They  are 

er  =  1  +  Xe  or  Xe  =  -  1  (2.11-7) 

MT1  =  1  +  Xm  or  Xm  =  MT 1  -  1  (2.11-8) 

The  quantity  er  is  the  relative  dielectric  constant  or  relative  permittivity  of  a  linearly 
polarizable  medium,  the  quantity  |xr  is  the  relative  permeability  of  a  linearly  mag¬ 
netizable  medium.  Because  the  products  e0er  and  |x0|xr  occur  very  frequently,  it  is 
convenient  to  introduce  special  symbols  for  them.  Let 

e  -  e0er;  =  |x0|xr  (2.11-9) 


*  The  magnetic  susceptibility  xm  in  this  formula  relates  -M  to  B.  A  more  conventional  repre¬ 
sentation  relates  M  to  H  by  the  formula 

M  =  Xm„H  =  =  (V  B. 

1  +  XmH 

It  follows  that  Xm  =  -Xm«/(  1  +  Xm//)-  Note  that  xm  =  ~XmH  when  xmH  <  1,  an  inequality  that  is 
often  valid. 

t  A  generalization  of  this  relation  to  conductors  that  move  with  the  velocity  v  is  =  cr(E  + 
v  x  B). 
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The  names  absolute  dielectric  constant  or  permittivity  for  e  and  absolute  perme¬ 
ability  for  |x  are  used.  In  terms  of  these  symbols, 


D  = 

e0erE  =  eE 

(2.11-10) 

H  = 

M-o  Vr-1®  =  p-_1B 

(2.11-11) 

P  = 

{er  -  l)e0E  =  (e  -  e0)E 

(2.11-12) 

M  = 

(Mv-1  -  l)M-o-1B  =  (p--1  -  p-o_1)B 

(2.11-13) 

Since  xe  and  Xm  and  hence  er  and  |xr  are  defined  in  terms  of  P  and  -  M  using  a 
subdivision  into  volume  cells  that  cuts  no  closely  bound  groups,  it  follows  that 
there  can  be  no  contributions  from  cut  parts  of  such  groups  either  to  the  volume 
density  of  charge  p  or  to  the  volume  density  of  current  J.  Therefore,  these  are 
limited  to  contributions  due  to  free  charge  so  that  p  =  pf\  J  =  Jf.  With  (2.11-10) 
and  (2.11-11)  and  the  constitutive  relation 

Jf  =  crE  (2.11-14) 

the  field  equations  assume  the  following  forms,  in  which  pf  is  the  only  density 
function  appearing  explicitly: 

eV  •  E  =  pf  (2.11-15) 


V  x  E  =  -B  (2.11-16) 

p,~\V  X  B)  =  crE  +  eE  (2.11-17) 

V  •  B  =  0  (2.11-18) 

The  relations  are  valid  in  linearly  polarizing,  magnetizing,  and  conducting  media. 
It  is  to  be  noted  that  if  values  of  P  and  -M  are  determined  using  (2.11-12)  and 
(2.11-13)  and  values  of  er  and  |Ar  are  obtained  from  these  equations  in  any  particular 
case,  the  values  so  obtained  must  be  interpreted  in  terms  of  a  subdivision  that  cuts 
no  closely  bound  polarized  or  magnetized  groups. 

Since  P  and  M  are  defined  entirely  in  terms  of  volume  cells,  there  can  be  no 
contributions  to  surface  densities  of  charge  or  current  from  cutoff  surface  slices  of 
magnetized  or  polarized  units.  Any  surface  density  must  be  due  to  free  charge 
only.  The  surface  equations  or  boundary  conditions  are 


^ifti  ‘  Ej  +  e2n2  ’  E2  —  t|i/  t| 2f  or  en  E  —  t| y 


(2.11-19) 


x  Ej  +  n2  x  E2  =  0 


or  n  x  E  =  0 


(2.11-20) 


x  BO  +  p^\n2  x  B2)  =  -Kv  -  K2/  or  pr'A  x  B  =  -K,  (2.11-21) 


Mi  *  Bj  +  n2  •  B2  —  0 


or  n  •  B  =  0 


(2.11-22) 


The  simpler  forms  on  the  right  are  a  shorthand  form  for  the  explicit  expressions 
on  the  left.  It  may  be  surprising  that  surface  densities  appear  in  these  equations 
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when  a  subdivision  into  volume  cells  was  used  in  defining  P  and  M.  This  is  due  to 
the  fact  that  a  subdivision  into  surface  and  volume  cells  is  retained  for  the  free 
charges  and  a  separate  subdivision  into  volume  cells  only  is  used  for  the  bound 
charges  and  current  whirls.  k 

The  analogy  between  the  static  and  steady  states  may  be  extended  further  to 
include  the  following  constitutive  parameters  in  the  special  case  of  linear  media. 


Quantity 

Static  state 

Steady  state 

Constitutive  pa¬ 
rameters  in 
simple  models 

Electric  susceptibility,  \e 
Relative  permittivity,  €r 

Absolute  permittivity,  e 

Magnetic  susceptibility,  \m 
Reciprocal  of  relative 
permeability,  p,;1 
Reciprocal  of  absolute 
permeability,  p,-1 

2. 12  GENERAL  DEFINITION  OF  A  CONDUCTOR 

A  good  conductor  is  characterized  by  a  conductivity  a  which  is  sufficiently  large 
that  a  transient,  nonrandom  drifting  of  charge  existing  in  a  change  from  one  sta¬ 
tionary  state  to  another  is  reduced  to  a  negligibly  small  value  in  an  experimentally 
insignificant  length  of  time.  The  constitutive  relation  is  then  valid  during  all  ex¬ 
perimentally  significant  time  intervals. 

To  define  a  homogeneous,  linear  conductor  mathematically,  it  is  necessary 
to  establish  a  convenient  criterion  for  the  rapidity  with  which  P/  vanishes  or 
becomes  constant  in  the  interior  of  a  conducting  medium  after  a  change  in  the 
distribution  of  charge  on  the  surface  or  in  neighboring  bodies.  In  the  absence  of 
detailed  formulas  for  the  constitutive  parameters  er,  |Ar,  and  a  in  terms  of  atomic 
and  molecular  structure,  such  a  definition  is  possible  only  if  it  is  assumed  that  time 
lags  in  polarization,  in  magnetization,  and  in  current  responses  to  changes  in  E 
and  B  are  smaller  than  an  experimentally  observable  interval  fex.  That  is,  the 
definition  of  a  conductor  includes  the  requirement  that  the  constitutive  relations 

P  =  (e,  -  l)e0E;  -M  =  (ji"1  -  l^B;  J,  =  cxE  (2.12-1) 

be  true  at  all  times  within  experimental  observation.  Subject  to  (2.12-1)  the  field 
equations  assume  the  form 

eV-E  =  P/  (2.12-2a) 

|a-1(V  X  B)  =  crE  +  eE  (2.12-2b) 

Upon  taking  the  divergence  of  (2. 12-2b)  and  recalling  that  the  operation  (V  •  V  X ) 
acting  on  any  vector  yields  zero,  one  obtains 

V  •  (crE  +  eE)  =  0 


(2.12-3) 
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The  use  of  (2.12-2a)  to  eliminate  E  yields  the  following  linear  differential  equation 
in  P/: 


P/  +  f  P/  =  o  (2.12-4) 

The  solution  of  this  equation  is 

P/  =  Po^(or/e)'  (2.12-5) 

Here  p0  is  the  value  of  pf  at  t  =  0.  From  (2.12-5)  it  is  clear  that  pf  reduces  to  a 
negligibly  small  value  in  a  time  that  depends  on  the  ratio  e/a.  For  convenience, 
let  this  quantity  be  called — after  Maxwell — the  time  of  relaxation  and  denoted  by 

Tr  =  -  (2.12-6) 

a 

The  time  of  relaxation  is  the  time  required  for  P/to  reduce  to  1/e  of  its  initial  value 
p0.  It  is  noteworthy  that  it  is  independent  of  pi.  It  follows  from  (2.12-5)  that  when 

a  =  0;  pf  =  p0  =  constant  (2.12-7) 

a  =  oo;  P/  =  0  (2.12-8) 

In  a  perfect  nonconductor  as  defined  by  (2.12-7),  the  volume  density  of  charge  is 

everywhere  constant.  Since  closely  bound  groups  such  as  atoms  and  molecules  are 
electrically  neutral  as  a  whole,  it  is  in  most  cases  correct  to  set  the  constant  p0  in 
(2.12-7)  equal  to  zero.  In  a  perfect  conductor  as  defined  by  (2.12-8),  the  volume 
density  of  charge  vanishes  at  all  times. 

If  it  is  assumed  that  for  all  practical  purposes  it  is  adequate  for  pf  to  reduce 
to  1  percent  of  its  initial  value  in  a  time  that  is  short  compared  with  an  experi¬ 
mentally  observable  interval,  then  a  conductor  can  be  defined  by  the  following 
conditions: 


e  t!TR  1  or  etfTR  ^  100,  t  tsx 


Upon  taking  the  logarithm  of  (2.12-9)  and  noting  that  e4  6 


t  <  4x 


(2.12-9) 

(2.12-10) 


By  assigning  a  definite  time  t  that  is  short  compared  with  an  experimentally  sig¬ 
nificant  interval  tex  in  any  particular  case,  a  conductor  is  defined  by  (2.12-10)  to 
be  a  model  in  which  the  ratio  of  material  parameters  a/e  is  greater  than  a  specified 
magnitude.  Let  this  definition  be  expressed  by  the  following  shorthand  symbolism, 
which  implies  that  a  time  limit  has  been  established  and  that  (2.12-1)  and  (2.12- 
10)  are  both  true.  A  conductor  is  defined  symbolically  by 

a  >  0  (2.12-lla) 

If  (2.12-lla)  is  true,  pf  ~  0  within  the  required  degree  of  accuracy  during  all 
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significant  intervals  of  time.  In  periodic  phenomena,  the  time  of  relaxation  TR  may 
be  required  to  be  negligible  compared  with  Tp! 2tt,  where  Tp  is  the  period.  With 


2tt 

(x> 


(2. 12- 11a)  becomes  more  specifically 


Tr< 


h. 

2tt’ 


we 


a 


1 


(2. 12- lib) 


In  terms  of  the  field  equation  (2.12-2b),  the  definition  of  a  conductor  (2.12-10) 
is  equivalent  to  requiring  that 


ctE  >  eE 

Hence,  in  a  conductor  (2.12-2b)  reduces  to 

|x_1V  X  B  ==  aE 

With  (2.12-1),  (2.12-12)  is  equivalent  to 

if  >  P  +  e0E 

With  (2.12-1)  and  (2.12-8),  (2.12-2a)  gives 


V  •  E  =  0 


so  that  with  eE  =  P  +  e0E 


(2.12-12) 


(2.12-13) 


(2.12-14) 


(2. 12- 15a) 


V  •  P  =  0  (2. 12- 15b) 

Since  P  is  thus  seen  to  play  no  significant  part  in  the  definitions  of  E  and  B  in  a 
conductor,  it  may  be  concluded  that  although  no  proof  has  been  given  that  P 
necessarily  vanishes  in  a  conductor,  its  effect  is  certainly  negligibly  small,  so  that 
it  is  as  well  to  write 


P  =  0  (2.12-16) 

If  a  nonstationary  state  prevails  in  which  there  is  a  periodically  varying  dis¬ 
tribution  of  charge  so  that 

Einst  =  Ecos(tt>r  +  dE);  Binst  =  B  cos  (oof  +  0B)  (2.12-17) 

a  time  lag  in  the  instantaneous  values  of  polarization,  magnetization,  and  current 
density  may  be  expressed  by  writing  (2.12-1)  in  the  form 

P(0  =  XeeoE  cos  (a )t  +  0£  -  0P)  (2. 12- 18a) 

-M(r)  =  Xm^cT1  B  cos(tt>r  +  0B  -  0M)  (2. 12- 18b) 

J f(t)  =  dE  cos  (oo?  +  0£  —  0y)  (2. 12- 18c) 

Here  the  parameters  xe,  \m,  d  as  well  as  the  phase  angles  0P,  0M,  0y  are  functions 
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of  w.  The  definition  of  a  good  conductor  in  the  periodic  state  includes  the  following 
conditions: 


0p  ^  1;  0  m  ^  1; 

Xe  Xe  i  Xm  Xm  > 


9,«  1 


a  =  a 


(2.12-19) 


With  the  substitution  of  (2.12-17)  in  (2.12-2b)  and  in  (2.12-13)  [to  which 
(2.12-2b)  reduces  by  definition  of  a  conductor],  the  following  two  equations  are 
obtained: 


V  X  B  cos  (at  +  QB)  =  ct|aE 


we 


cos(tt>r  +  0£) - 1  sin  (at  +  0^) 

a 


(2.12-20) 


V  X  B  cos  (car  +  0fi)  =  ct|aE  cos  (car  +  0£) 


With  the  trigonometric  formula 


a  sin  x  +  b  cos  x  =  (a2  +  b2)m  cos  ( x  -  tan 


-l 


a 


(2.12-21) 


(2.12-22) 


(2.12-20)  becomes 
V  x  B  cos(wr  +  0fi) 


=  or|xE 


1  +  lv] 


\  2n 


1/2 


cos  oof  +  0-  +  tan 


-i 


G)€ 


<J 


(2.12-23) 


Subject  to  (2.12-10),  (2.12-23)  must  reduce  to  (2.12-21).  A  more  convenient, 
though  equivalent  definition  of  a  conductor  for  the  harmonic  state  than  (2.12-10) 
may  be  formulated  by  requiring  (2.12-llb)  to  be  satisfied,  that  is, 


0)€ 


a 


(*>Tr  <  1 


(2.12-24) 


Subject  to  (2.12-24), 

[1+ 


(2.12-25) 


Subject  to  (2.12-25),  (2.12-23)  is  equivalent  to  (2.12-21)  to  the  desired  degree 
of  approximation. 

The  definitions  of  conductors,  semiconductors,  and  nonconductors  may  be 
summarized  as  follows: 


Conductor:  a/e  >  4.6 It  (shorthand  form,  a  >  0),  where  t  is  a  time  that  is  short 
compared  with  experimentally  measurable  intervals.  For  harmonic  time  depend¬ 
ence,  a/e  >  a,  where  w  =  2n/and/is  the  highest  frequency.  In  a  conductor,  the 
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constitutive  relations 

P  =  (er  -  l)e0E;  -M  =  (pqr1  -  lW'B;  Jf  =  crE 

are  true  at  all  times  within  experimental  observation;  P  is  always  negligibly  small; 
pf  vanishes. 

Semiconductor:  a  >  0,  J^— »  ctE,  p^— »  0;  the  constitutive  relations  are  obeyed  after 
an  observable  time  interval  or  with  an  observable  time  lag. 

Nonconductor:  a  =  0,  =  0  for  all  values  of  E;  pf  =  const  (=0). 

In  simple  conductors  and  nonconductors  (in  which  it  may  be  assumed  that  pf 
=  0)  the  field  equations  and  the  corresponding  boundary  equations  for  media  1 
and  2  are 


V  •  E  = 

V  x  E  = 

V  x  B  = 

V  •  B  = 

eini  •  Ej  +  e2n2  *  E2  = 
flj  x  Ej  +  n2  x  Ej  = 
IJij-  1n1  x  Bx  +  |x2_1n2  x  B2  = 

iii  •  Bi  +  n2  •  B2  — 


0 

(2.12-26a) 

• 

-B 

(2.12-26b) 

|a(ctE  +  eE) 

(2.12-26c) 

0 

(2.12-26d) 

“hi /  ~  h2/ 

(2.12-27a) 

0 

(2.12-27b) 

-  K  v  -  K2/ 

(2.12-27c) 

0 

(2.12-27d) 

Because  p  and  P  vanish  in  their  interior,  the  electrical  properties  of  conductors 
may  be  represented  mathematically  in  terms  of  the  surface  density  alone  instead 
of  in  terms  of  p  and  Tp  In  the  solution  of  most  boundary-value  problems  involving 
practically  available  conductors  and  frequencies,  no  surface  layers  of  current  (moving 
free  charge)  which  are  so  thin  that  they  cannot  be  described  adequately  in  terms 
of  J f  are  encountered.  Therefore,  Kf  is  not  required  and  need  not  be  defined.  It 
follows  that  a  representation  entirely  in  terms  of  r[f,  Jf,  and  M  is  possible.  This  is 
not  true  of  problems  involving  the  idealized  case  of  perfect  conductors  with  a  — »  oo. 
For  these  a  surface  function  rather  than  a  representation  in  terms  of  an  equivalent 
n  x  Mis  often  desirable  because  values  of  M  actually  associated  physically  with 
spin  atoms  may  be  encountered  also.  The  function  K^need  be  used  only  in  problems 
involving  infinite  conductivity  but  is  often  a  useful  approximation  for  very  good 
conductors.  For  ordinary  conductors  and  boundaries  between  two  such  conductors 
numbered  1  and  2 


V  •  E  =  0 

V  x  E  =  -B 

V  X  B  =  |actE 

V  •  B  =  0 


(2.12-28a) 

(2.12-28b) 

(2.12-28c) 

(2.12-28d) 
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where  E,  B,  a,  and  |x  have  the  subscript  1  or  2  and,  on  the  boundary, 

eiAi  •  Ej  +  e2n2  *  E2  =  ~^\\f  ~  112 /  (2.12— 29a) 

hx  x  Ej  +  n2  x  E2  =  0  (2.12-29b) 

* 

HT1^  x  Bi)  +  \x,i\h2  x  B2)  =  0  (2. 12 -29c) 

nj  •  Bx  +  n2  •  B2  =  0  (2.12-29d) 

In  nonconductors  free  charges  are  present  in  negligible  amounts  or  not  at  all  so 
that  the  entire  representation  may  be  expressed  in  terms  of  P  and  M  alone.  The 
following  sets  of  equations  are  valid,  respectively,  in  nonconductors  and  on  the 
boundaries  between  nonconductors  1  and  2: 


V  •  E  =  0 

V  x  E  =  -B 

V  X  B  =  |xeE 

V  •  B  =  0 

el**l  *  ^1  T  e2**2  ‘  E2  —  0 
Aj  X  Ej  +  n2  X  E2  =  0 

|Xi  1(n1  X  Bj)  +  |x2  1(n2  X  B2)  =  0 

Ax  •  Bx  +  n2  •  B2  =  0 


(2.12-30a) 

(2.12-30b) 

(2.12-30c) 

(2.12-30d) 

(2.12-31a) 

(2.12-31b) 
(2.12-31c) 
(2. 12— 31d) 


Since  the  right-hand  members  of  the  boundary  conditions  (2.12-31a-d)  are  all 
zero,  the  following  relations  for  the  magnitudes  of  E  and  B  on  the  two  sides  of  the 
boundary  may  be  written.  All  directions  are  referred  to  the  external  normal  to 
region  1.  The  notation  (n,  E)  in  the  argument  of  a  trigonometric  function  means 
the  angle  between  n  and  E. 


e1E1  cos^,  Ex) 

=  e2E2  cos  (nx ,  E2) 

or 

=  e2^2„ 

(2.12-32a) 

Ex  sin  (n1?  Ex) 

=  E2  sin^,  E2) 

or 

E\ t  =  E2t 

(2.12-32b) 

1 sin  (n1?  Bx) 

=  |x2-  xB2  sin  (n1?  B2) 

or 

VxXBXt  =  p-2 :xB2t 

(2.12-33a) 

Bx  cos^,  Bx) 

=  B2  cos  (nx ,  B2) 

or 

B\n  B2n 

(2.12-33b) 
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From  these  equations,  the  following  general  ratios  are  obtained: 

tan  (At,  Et)  =  e* 
tan  (nl9  E2)  e2 


(2.12-34a) 


cot  (At,  Bj)  =  ^2 
cot(Ai,  B2)  m-i 


E 

E 


2 


1 


1/2 


sin2(nl5  Ex) 


B2 

By 


(2.12-34b) 

(2.12-35a) 

(2.12-35b) 


It  is  sometimes  convenient  to  represent  a  distribution  of  moving  free  charges 
entirely  in  terms  of  P  and  —  M.  This  is  possible  if  the  free-charge  model  is  first 
replaced  by  a  mathematically  equivalent  bound-charge  model  which  is  characterized 
by  the  same  essential  densities.  These  are  given  by 


pmv  =  V  x  M  +  P;  p  =  -V  •  P 

V  =  -(A  x  M);  t)  =  n  •  P 


(2.12-36) 


Once  this  change  in  model  and  representation  has  been  made,  a  relative  dielectric 
constant  (permittivity)  and  a  relative  permeability  can  be  defined  in  the  usual  way 
so  that  (2.12-30a-d)  and  (2.12-31a-d)  apply.  It  is  well  to  note  that  the  definitions 
of  permittivity  and  permeability  imply  a  linear  relation  between  P  and  E  and  between 
-M  and  B  and  therefore  a  bound-charge  model  of  special  structure.  The  fact  that 
a  bound-charge  model  can  always  be  constructed  to  be  equivalent  to  a  particular 
distribution  of  moving  free  charge  does  not  mean  that  the  equivalence  is  necessarily 
maintained  under  the  action  of  diverse  external  forces.  This  certainly  would  not 
be  the  case  in  general,  especially  if  linear  relations  between  P  and  E  and  -M  and 
B  are  assumed  to  be  maintained.  A  conducting  medium  does  not  behave  like  a 
dielectric,  even  though  it  is  possible  to  represent  a  particular  distribution  of  free 
charge  in  terms  of  an  equivalent  polarization. 

In  the  general  form  (2.12-26a-d)  for  simple  media  the  first-order  equations 
are  readily  converted  to  second-order  equations  in  which  the  variables  are  sepa¬ 
rated.  Thus  with  (2.12-26b,  c) 


V  X  V  X  E  +  |actE  +  |xeE  =  0 

V  X  V  X  B  +  |actB  +  |xeB  =  0 


(2.12-37) 

(2.12-38) 
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2. 13  THE  TIME-INDEPENDENT  MAXWELL  EQUATIONS: 
PERIODIC  TIME  DEPENDENCE 


The  time-dependent  Maxwell -Lorentz  equations  are 


V  •  E(r,  t)  =  e0  V0>  t ) 


(2.13-1) 


V  x  E(r,  t) 


B(r,  t) 


(2.13-2) 


V  X  B(r,  t)  =  Po[P™vO>  t)  +  e0E(r,  t)] 


(2.13-3) 


V  •  B(r,  r)  =  0 


(2.13-4) 


where  the  dependence  of  the  electromagnetic  vectors  and  the  densities  on  the  time 
and  the  space  coordinates  is  explicitly  shown.  Time-independent  equations  can  be 
obtained  in  a  very  general  manner  in  terms  of  Fourier  transforms.  Let 


E(r,  t)  =  - —  E(r,  oo)e;W  du> 

2u  J  -  ^ 


(2.13-5) 


B(r,  t)  =  —  B(r,  (o)e;W  du> 

2it  J  —  oc 


(2.13-6) 


p(r,  0  =  ^  J  _x  PO,  (o)eia)t  dta 


(2.13-7) 


PmV(r,  t)  =  —  J  ^  pmv(r,  (o)e'w  d<a 


(2.13-8) 


The  associated  inverse  transforms  are 


E(r,  oo)  =  E(r,  t)e  dt 


—  cc 


(2.13-9) 


B(r,  oo)  =  B(r,  t)e  dt 


—  oc 


(2.13-10) 


p(r,  oo)  =  p(r,  t)e  ioit  dt 


—  oc 


(2.13-11) 


pmv(r,  to)  =  pmv(r,  t)e  joit  dt 


(2.13-12) 
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The  substitution  of  (2.13-5)  to  (2.13-8)  in  (2.13-1)  to  (2.13-4)  leads  to 


f  {V  X  B(r,  to) 


oc 


—  oc 


oc 


[V  •  E(r,  w)  -  e0  ^(r,  to)]e;W  dw  =  0 
[V  X  E(r,  w)  +  /wB(r,  w)]e;W  du>  =  0 


—  oc 

-  Mp^(r>  w)  -  /<*>e0E(r ,  w)]}e'w  du  =  0 


(2.13-13) 

(2.13-14) 

(2.13-15) 


J  V  •  B(r,  w)e'w  doi  =  0  (2.13-16) 

If  the  Fourier  transform  of  a  function  is  zero,  the  function  itself  must  be  zero. 
Hence 


V  •  E(r,  w)  =  e0  1p(r,  w)  (2.13-17) 

V  X  E(r,  to)  =  — /wB(r,  to)  (2.13-18) 

V  X  B(r,  w)  =  |x0[p^v(r,  «)  +  /toe0E(r,  w)]  (2.13-19) 

V  •  B(r,  to)  =  0  (2.13-20) 

These  are  the  time-independent  Maxwell  equations.  The  associated  boundary  con¬ 
ditions  in  shorthand  form  are 

n  •  E(r,  to)  =  —  e5"1:fi(r,  w)  (2.13-21) 

n  x  E(r,  to)  -  0  (2.13-22) 

n  X  B(r,  w)  =  _P-(PWv(r>  w)  (2.13-23) 

n  •  B(r,  to)  -  0  (2.13-24) 


If  solutions  of  (2.13-17)  to  (2.13-20)  are  obtained  as  functions  of  the  coordinates 
and  the  frequency,  the  time-dependent  solution  is  obtained  with  the  help  of  the 
Fourier  transforms  (2.13-5)  to  (2.13-8). 

A  very  simple  time  dependence  is  obtained  with  the  help  of  the  delta  function 

when 


oc  roc 

E(r,  to)  =  sE(r,  w^)  fa  +  sE*(r,  tox)  e-K<»+<»i)t  fa 

J  —  oc  J  —  oc 

=  n[E(r,  w1)8(to  —  tox)  +  E*(r,  (0^8(0)  +  Wi)] 
is  substituted  in  the  Fourier  transform  (2.13-5).  Thus,  with  (2.13-25), 


(2.13-25) 


E(r,  t)  = 


1 


oc 


2u 


E(r,  (o)e;W  d<»  =  iE(r,  (i>i)eiont  +  £E*(r,  JWU 


—  oc 


120 


Mathematical  Description  of  Space  and  of  Simple  Media  Chap.  2 


or 


E(r,  t)  =  Re  [E(r,  (2.13-26) 

It  is  readily  verified  that  the  substitution  into  (2.13-1)  to  (2.13-4)  of  the  simple 
time  dependence  (2.13-26)  with 


B(r,  t)  =  Re  [B(r,  (2.13-27) 

p(r,  t )  =  Re  [p(r,  (o1)e;’t,>,i]  (2.13-28) 

p^v(r,  t)  =  Re  [p^v(r,  (o1)^wU]  (2.13-29) 


yields  (2.13-17)  to  (2.13-20)  directly.  In  this  case  solutions  of  (2.13-17)  to 
(2.13-20)  subject  to  (2.13-21)  to  (2.13-24)  need  only  be  multiplied  by  eyW  and 
the  real  part  .taken.  This  gives  the  solution  of  (2.13-1)  to  (2.13-4).  Note  that 
complex  scalars  like  p(r,  w)  are  not  vectors.  In  (2.13-28),  p(r,  t)  is  a  real  instan¬ 
taneous  value.  It  is  obtained  from  the  complex  scalar  p(r,  w).  This  can  be  written 
as  follows: 


p(r,  to)  =  pr(r,  to)  +  j p,-(r ,  to)  =  |p(r,  <o)|  e>^r^ 

where 


p(r,  <*>)!  =  [P ?(r,  w)  +  p?(r,  w)]1/2;  0p(r,  to)  =  tan  1  z 


_!  P/0%  <o) 


pr(r,  to) 


It  follows  from  (2.13-28)  that 
p(r,  t)  =  Re  [|p(r,  o>)|  g/Vv+epO^)]] 

=  |p(r,  (o)|  cos  [(ojf  +  0p(r,  to)] 


For  a  vector 

E(r,  to)  =  Er(r,  to)  +  /Ef(r,  to)  =  |E(r,  <o)|  e'e£(r’0)) 


(2.13-30a) 


(2.13-30b) 


(2.13-31) 

(2.13-32) 


|E(r,  <o)|  =  [E2(r,  <o)  +  E2(r,  co)]"2; 


0£(r,  w)  =  tan  1 


E,-(r ,  <o) 
Er(r,  to) 


(2.13-33) 


In  (2.13-32),  E(r,  w)  is  a  complex  vector;  Er(r,  w)  and  E,(r,  w)  are  real  vectors. 
From  (2.13-26), 


E(r,  t)  =  Re[|E(r,  <o)|  eJ'l“1,+9£(r-  w)]] 

=  |E(r,  (o)|  cos  [oo^  +  0£(r,  w)] 


(2.13-34) 


In  (2.13-33),  E(r,  t )  is  the  real  instantaneous  value.  The  quantity 
|E(r,  to) |  ei[oilt+eE('r’  is  a  complex  instantaneous  value. 
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Tabulation  of  the  general  time-independent  equations: 


Equations  for  interior: 

e0V  *  E  =  p 

(2.13-35a) 

V  x  E  =  — /w B 

(2.13-35b) 

Vo1?  x  B  =  pwv  +  /we0E 

1 

(2.13-35c) 

V  •  B  =  0 

(2.13-35d) 

Boundary  conditions: 

e0  nj  •  Ej  +  e0n2  •  E2  =  -Th  -  r\2 

(2.13-36a) 

n2  x  E1  +  n2  x  E2  =  0 

(2.13-36b) 

iV^i  X 

»i)  +  Mo  a(n2  x  »2)  =  -r\mvx  -  Tjmv2 

(2.13-36c) 

*  Ba  +  n2  •  B2  =  0 

(2.13-36d) 

Density  functions: 

p  =  p  —  V  •  P 

(2.13-37a) 

p m\  =  J  +  V  X  M  +  ywP 

(2.13-37b) 

T)  =  T)  +  n  •  P 

(2.13-38a) 

y\m\  =  K  -  n  X  M 

(2.13-38b) 

Equations  of  continuity: 

V  •  pwv  +  ywp  =  0 

(2.13-39a) 

v  *  (tj^Vj  +  tiwv2)  +  /toOrh  +  Tfc)  -  (Aj  •  pwVj)  -  (n2  •  pwv2)  =  0 

(2.13-39b) 

2.14  COMPLEX  FIELD  EQUATIONS  IN  SIMPLE  MEDIA 

In  Sec.  2.11  it  is  shown  that  Maxwell’s  time-dependent  equations  assume  a  simple 
form  for  homogeneous  isotropic  media  in  which  the  following  linear  relations 
obtain: 

P(r,  t)  =  e0xeE(r,  t)  =  e0(er  -  l)E(r,  t)  (2.14-1) 

—  M(r,  t)  =  |x0_1xwB(r,  t)  =  ~  l)B(r,  t)  (2.14-2) 

J,(r,  0  =  aE(r,  t)  (2.14-3) 

In  these  relations  the  proportionality  constants  are  assumed  to  be  independent  of 
the  space  coordinates  and  of  the  time.  This  means  that  any  change  in  the  electric 
or  magnetic  field  is  accompanied  instantaneously  by  a  proportional  change  in  the 
volume  densities  of  polarization,  magnetization,  and  conduction  current.  If  the 
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field  varies  periodically,  the  related  density  varies  proportionally  and  without  time 
lag.  Since  this  type  of  response  is  an  idealization  of  what  is  observed  in  the  physical 
world,  it  is  necessary  to  provide  a  less  restrictive  theory.  This  can  be  accomplished 
quite  easily  for  periodically  varying  fields. 

Suppose  that 


P(r,  t)  =  e0x, 


E(r,  ,)  +  C,  + 


dt 


dt 


M(r,  t) 


P'0  ~X.m 


„ .  .  ^  dB(r,  t )  ^  d2B(r,  t ) 

B(r,  t )  +  D1  —  h  D2  —  h 


dt 


dt- 


J/(r,  t)  =  a- 


E(r,0  +  S1^  +  S2»  + 


dt 


dt 


(2.14-4) 

(2.14-5) 

(2.14-6) 


It  is  assumed  that  xe,  Xm->  and  a  are  constant  in  time  and  independent  of  the  space 
coordinates.  The  electromagnetic  vectors  in  (2.14-4)  to  (2.14-6)  are  arbitrary 
functions  of  the  time.  For  periodic  time  E(r,  t)  =  Re  [E(r)eycrf],  B(r,  t)  =  Re  [B(r)eM], 


where  E(r)  and  B(r)  are  complex,  it  follows  that 

P(r,0  =  Re  [P(r )<**];  P(r)  =  e0(e;  -ft  -  l)E(r)  (2.14-7) 

-M(r,0  =  -Re  [M(r)e**];  -M(r)  =  -  jtf)'1  ~  l]B(r)  (2.14-8) 

J/(r,0  =  Re  [J/(r)eyo>f] ;  J/(r)  =  (a'  ~/a")E(r)  (2.14-9) 

where  P(r),  M(r),  and  J^r)  are,  in  general,  complex  and  where  the  now  complex 
constitutive  parameters  are 

e0(e;  -  ft)  -  eo  =  e0(er  -  1)(1  +  ftCx  -  (o2C2  •••)  (2.14-10) 

PoVr  -  iKT1  -Po_1  =  Po'HmT1  -  1)(1  +  ja>D1  -  (a2D2  •••)  (2.14-11) 

a'  _  j(j"  =  a(l  +  joiS1  -  oo252  ■••)  (2.14-12) 

Note  that  the  complex  auxiliary  vectors  are  given  by 

D(r)  =  e0E(r)  +  f(r)  =  €0(e;  -  K)E(r)  (2.14-13) 

H(r)  =  Mfl-'BW  -  M(r)  =  (VdC  -  iK)-’B(r)  (2.14-14) 


Evidently,  D(r)  and  E(r),  H(r)  and  B(r)  differ  not  only  in  amplitude  but  also  in 
phase. 

In  general,  the  symbols  e,  |x,  and  a,  which  are  necessarily  real  when  used  in 
the  time-dependent  equations,  will  be  assumed  to  denote  the  following  complex 
quantities  whenever  they  occur  in  the  time-independent  equations  with  the  assumed 
time  dependence  eM: 

e  =  e0e,  =  e0(e;  -  ft) 

P_1  =  Po"Vr_1  =  Po_1(^  -  ;K)_1  a  =  a'  -  ft' 


(2.14-15) 
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This  dual  meaning  of  the  same  symbols  is  in  common  use  and  should  cause  no 
confusion.  The  same  convention  also  applies  to  the  density  functions  and  the  field 
vectors  for  which  the  same  symbols  are  used  for  the  real  quantities  in  the  time- 
dependent  equations  and  for  the  generally  complex  quantities  in  the  timeiinde- 
pendent  equations.  For  simple  media  with  the  time  dependence  e;W,  the  latter  are 

eV  •  E  =  pf  (2. 14- 16a) 

V  X  E  =  -/wB  (2. 14- 16b) 

|x_1V  X  B  =  (a  +  /we) E  (2. 14- 17a) 

V  •  B  =  0  (2. 14- 17b) 

The  boundary  conditions  are 

ei(Ai  *  Ex)  +  e2(n2  *  E2)  =  —  —  r\2f  (2.14— 18a) 

(Aj  X  Ex)  +  (n2  X  E2)  =  0  (2. 14- 18b) 

P-1  1(Ai  X  Bj)  +  [x2  x(A2  X  B2)  =  —  Ky  —  Ky  (2.14— 19a) 

'  (Ai  •  Bx)  +  (n2  •  B2)  =  0  (2. 14- 19b) 

The  equations  of  continuity  for  electric  charge  are 

orV  •  E  +  joipf  =  0  (2.14-20a) 

o-^nj  •  EJ  +  a2(n2  •  E2)  -  V  •  (Kv  +  K2/)  -  /w(*qv  +  r\2f)  =  0  (2.14-20b) 

The  elimination  of  from  (2. 14- 16a)  and  (2.14-20a)  leads  to 

V  •  E  =  0  (2.14-21a) 

Similarly,  with  (2.14-18a)  and  (2.14-20b),  and  the  absence  of  perfect  conductors 

(K f  =  0), 

(ax  +  /coe1)(A1  •  Ex)  +  (a2  +  /we2)(A2  •  E2)  =  0  (2.14-21b) 

These  equations  apply  to  all  simple  media  with  a  linear  time  lag. 

The  complex  factor  a  +  /we  which  appears  in  (2. 14- 17a)  and  in  (2.14-21b) 
can  be  expanded  as  follows: 

a  +  /we  =  a'  —  /or"  +  /w(e'  —  /e") 

=  (a'  +  we")  +  /w^e'  -  ^  (2.14-22) 

where  the  real  quantities  or'  +  we"  and  e'  -  ct"/w  are,  respectively,  the  real  effective 
conductivity  ae  and  the  real  effective  permittivity,  ee.  They  are 


cre  =  a'  +  we"; 


(2.14-23) 
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With  this  notation 

a  +  y'we  =  ae  +  ywee  =  ywee(l  -  jpe )  =  y'we  (2.14-24a) 

where 


is  the  loss  tangent  and 


(2.14-24b) 


(2.14-24c) 


is  a  generalized  permittivity  that  includes  all  properties  relating  to  both  polarization 
and  conduction.  The  effective  conductivity  in  (2.14-23)  includes  a  term  a'  due  to 
free  charge  moving  in  an  imperfect  conductor  and  a  term  we"  due  to  time  lags  in 
polarization  in  a  dielectric.  In  good  conductors,  the  latter  is  negligible;  in  good 
dielectrics  operated  at  frequencies  near  those  leading  to  molecular  or  atomic  res¬ 
onances  or  relaxation  phenomena,  the  term  we"  is  large  and  a'  usually  small.  The 
effective  relative  permittivity  eer  involves  a  term  e'  due  to  ordinary  polarization 
and  a  term  -a"/we0  due  to  a  time  lag  in  convection  current  response.  In  good 
dielectrics,  the  term  -  a"/we0  is  negligible  compared  with  e' ,  so  that  the  loss  tangent 
becomes  pe  -  we'Vwe'  =  e"/e',  which  is  independent  of  the  frequency  unless  e'r 
and  e"  are  themselves  functions  of  the  frequency. 

The  real  and  imaginary  parts  of  the  generalized  complex  permittivity  e  as 
defined  in  (2.14-24c)  are  not  independent.  With  e  =  er  -  ye,-,  where  er  =  ee, 
e,-  =  CTe/w,  the  interrelation  is  contained  in  the  following  Kronig-Kramers  relations: 


JO 


(2.14-25a) 


(2.14-25b) 


In  ionized  gases  or  plasmas  such  as  found  in  the  ionosphere,  the  constitutive 
relation  between  the  electric  field  and  the  volume  density  of  current  Jf  due  to 
moving  electrons  is  given  approximately  by  (2.14-9)  with 


nee 2  v  „  nee 2  w 

- •  0-"  - - 

me  w2  +  v2’  me  w2  +  v2 


(2.14-26) 


where  e  is  the  charge  and  me  the  mass  of  the  electron,  ne  is  the  number  density  of 
electrons,  and  v  is  the  collision  frequency.  When  collisions  are  neglected,  the 
following  simple  forms  are  obtained  with  (2.14-24c)  in  (2.14-23): 

,  cx"  1  e2ne 

eer~  1 - =1 - - - 

we0  ore0me 


ae  ~  0; 


(2.14-27) 
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Evidently,  depending  on  the  frequency  in  w  =  2 it/,  the  real  effective  relative 
permittivity  eer  can  be  positive  as  in  ordinary  dielectrics  and  underdense  plasmas, 
negative  as  in  overdense  plasmas,  or  zero.  The  zero  value  occurs  at  the  plasma 
frequency  fp  -  wp/2it,  where 


e2n. 


-t  1/2 


^Ple 


(2.14-28) 


With  (2.14-24c)  the  field  and  boundary  equations  become 

V  •  E  =  0 

V  x  E  =  —  /wB 

V  X  B  =  /co|xeE 

V  •  B  =  0 

ei(ni  •  EO  +  e2(n2  •  E2)  =  0 
hx  x  Ej  +  n2  x  E2  =  0 

P'1  1(**l  *  ®l)  T  p2  1(^2  *  B2)  =  0 

nx  •  Bi  +  n2  •  B2  =  0 

% 

The  associated  second-order  equations  are 

V  x  V  x  E  -  B  =  0 

V  x  V  x  B  -  B  =  0 

where  k  in 

k2  =  w2|xe 

is  the  complex  wave  number. 


(2.14-29a) 

(2.14-29b) 

(2.14-30a) 

(2.14-30b) 

(2.14-31a) 

(2.14-31b) 

(2.14-32a) 

(2.14-32b) 

(2.14-33) 

(2.14-34) 

(2.14-35) 


2. 15  IMPRESSED  AND  INTRINSIC  ELECTRIC  FIELDS 

A  steady,  periodically  varying  or  transient  flow  of  electric  charge  in  a  simple 
medium  requires  at  some  location  an  active  charge-separating  region  or  generator. 
Such  regions  are  usually  localized  and  provided  with  terminals  which  are  kept 
oppositely  charged  by  internal  forces  that  may,  for  example,  be  electrochemical, 
electromechanical,  thermoelectric,  or  photoelectric.  These  forces  can  be  repre¬ 
sented  by  an  equivalent  impressed  or  intrinsic  electric  field  Ee  that  is  continuously 
maintained  between  the  terminals  in  a  direction  opposite  to  that  of  the  electric 
field  due  to  the  currents  and  charges.  The  volume  density  of  current  in  such  a 
region  can  be  represented  by  the  relation 

J/r,  t)  =  a[E(r,  t)  +  Ee(r,  0] 


(2.15-1) 
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Outside  the  region,  Ee(r,  t)  -  0  and  (2.15-1)  reduces  to  (2.14-3).  If  the  impressed 
field  varies  periodically,  (2.15-1)  becomes 

J/(r,  t)  =  Re  [Sf{r)e^}  (2.15-2) 

J/(r)  =  cr[E(r)  +  E‘(r)]  (2.15-3) 

where,  in  general,  a  =  a'  -  /a".  This  generalized  constitutive  relation  may  be 
used  instead  of  the  simpler  one  (2.14-9)  whenever  it  is  necessary  to  indicate 
expressly  the  existence  of  an  intrinsic  or  impressed  electric  field  in  a  localized 
region. 

It  is  often  convenient  to  assume  an  electric  current  to  be  excited  by  one  (or 
more)  charge-separating  regions  maintained  between  adjacent  surfaces  across  a 
conductor  at  specified  cross  sections.  Such  a  region  is  called  a  slice  generator  or  a 
point  generator  if  the  problem  is  one-dimensional.  Such  a  generating  region  can 
be  further  idealized  to  be  maintained  across  the  infinitely  close  circular  edges  of 
adjoining  tubular  conductors.  If  these  lie  along  the  z  axis,  the  impressed  electric 
field  is  defined  as  follows: 


Eez{z,  t)  =  5 (z)Ve(z,  t)  (2.15-4) 

where  Ve(z,  t )  is  an  electromotive  force  (emf)  and  8(z)  is  the  delta  function.  Such 
a  fictitious  but  theoretically  useful  generator  is  known  as  a  8 -function  generator. 
With  the  properties  of  the  8  function,  (2.15-4)  gives 

Eez(z,  t)  dz  =  f  S(z)V*(z,  0  dz  =  V*(0,  t )  (2.15-5) 

J  —h 

when  integrated  over  the  length  of  a  conductor.  Clearly,  a  time-varying  emf  with 
magnitude  Ve(0,  t )  is  maintained  at  z  =  0  along  the  conductor. 


2. 16  GENERALIZED  COEFFICIENTS  OF  SIMPLE  MEDIA 

The  complex  quantity  k  which  occurs  in  the  second-order  equations  (2.14-33)  and 
(2.14-34)  is  of  great  importance  in  electromagnetic  theory.  When  the  medium  is 
air  with  e  =  e0,  |x  =  |x0,  it  reduces  to 

k0  =  w(p.0eo)1/2  =  -  =  —  =  ~  (2.16-1) 

C  C  A.q 

This  follows  with  (2.4-16).  Evidently,  since  c  is  a  velocity  equal  to  3  x  108  m/s, 
/is  the  frequency  in  seconds  and  \0  is  the  wavelength  in  meters,  it  follows  that  k0 
is  dimensionally  a  reciprocal  length  measured  in  meters-1.  It  is  known  as  the  wave 
number. 
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When  the  medium  is  characterized  by  e  and  |x,  the  wave  number  is  complex 
and  given  by 

k  =  w(>e)1/2  =  p  -  ja  =  k0(N  -  j\)  (2.16-2) 

where  p  is  the  real  phase  constant,  a  is  the  real  attenuation  constant,  N  is  the  real 
index  of  refraction,  and  x  is  the  real  extinction  coefficient.  Corresponding  to  the 
velocity  c  in  air,  v  is  a  phase  velocity  defined  by 


(O  _  c 
p  ~  A 


(2.16-3) 


To  evaluate  the  real  and  imaginary  parts  of  k,  it  is  convenient  to  make  use 
of  the  loss  tangent  pe  =  ae/o>ee  and  to  assume  that  |x  is  real,  which  is  generally 
true  of  nonferromagnetic  media.  Thus  with 

K  =  k0ell2  =  w(p,ee)1/2  (2.16-4) 

it  follows  that 

(  ke(l  -  jpe)m  =  ke[f{pe)  -  jgiPe)],  *er  >  0  (2. 16-5a) 

k  =  P  -  ja  =  <  (-/Wfx cre)1/2,  eer  =  0 

(  -j\ke\(l  +  j\pe\)m  =  \ke\\g(\pe\)  -  jf(\pe\)\,  ter  <  0  (2.16-5b) 

The  condition  eer  >  0  applies  to  all  solids  and  liquids  and  to  underdense  plasmas 
for  which  0  <  eer  <  1.  For  overdense  plasmas,  eer  <  0.  The  intermediate  condition, 
eer  =  0,  applies  to  good  conductors  such  as  metals  and  to  plasmas  very  near  the 
plasma  frequency.  The  functions  f(p)  and  g(p)  are  defined  as  follows: 


f(p )  =  [s(V  1  +  p2  +  1)]1/2  =  cosh  {{  sinh  1  p) 

§{p)  =  +  P 2  ~  1)]1/2  =  sinh  (3  sinh-1/?) 

They  are  tabulated  in  Appendix  II.  Note  that 


P 


0 

«  =  f(\Pe\) 
P  g(\Pe\) 


eer  <  0 


(2.16-6a) 

(2.16-6b) 


(2.16-7) 


For  some  purposes  it  is  useful  to  define  a  characteristic  velocity  ve  and  a  charac¬ 
teristic  or  wave  impedance  for  a  simple  medium.  Thus  by  analogy  with  the 
constants 


c  —  (|x0e0)  1/2  =  3  x  108  m/s 


=  120n  =  376.7  ohms 
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it  is  possible  to  define 


ve  =  (m-O  1/2  =  c(|xreer) 


-1/2 


—  £o 


(2.16-8) 

(2.16-9) 


These  constants  play  a  similar  role  in  electromagnetic  phenomena  in  linear  di¬ 
electrics  as  do  c  and  £0  in  space. 

Poor  conductors  are  defined  by 


so  that 


P2e  <  1 


(2.16-10) 


f(Pe)  =  1;  g{Pe)  =  y 


(2.16-11) 


V  =  V. 


(2.16-12) 


Note  that 


•  7  1  v 

=  k- -  =  20-e4( 

2wee 


Pe  = 


2a 


(2.16-13) 


(2.16-14) 


so  that 


I  - 


Good  conductors  are  defined  by 


and 


so  that 


and 


Pe  >  1 


*er  =  0 


f(Pe)  =  g(Pe)  =  l ^ 


3  =  a  =  fcJ  y 


too-ep. 

2 


(2.16-15) 


(2.16-16) 


(2.16-17) 


(2.16-18) 


(2.16-19) 
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The  reciprocal  of  a  is  dimensionally  a  length  that  is  called  the  skin  depth  or  skin 
thickness  in  good  conductors.  It  is 


2 


1/2 


to  [ACT, 


(2.16-20) 


In  terms  of  the  skin  depth, 


0 


(2.16-21) 


2.17  AN  APPLICATION  OF  THE  MAXWELL-LORENTZ 

EQUATIONS:  THE  REFLECTION  AND  TRANSMISSION 
OF  PLANE  ELECTROMAGNETIC  WAVES 
AT  THE  SURFACE  OF  THE  EARTH 

An  instructive  and  useful  application  of  the  field  equations  is  to  the  determination 
of  the  electromagnetic  field  in  the  earth  when  a  plane  wave  is  normally  incident 
on  its  surface.  It  is  to  be  anticipated  that  the  incident  wave  will  be  partly  reflected 
back  into  the  air,  partly  transmitted  into  the  earth.  As  shown  in  Fig.  2.17-1,  the 
upper  half-space  (region  0,  air)  is  characterized  by  the  wave  number  k0  =  w/c, 
where  c  =  (|A0e0)_1/2  ~  3  x  108  m/sec  is  the  velocity  of  electromagnetic  waves 
(including  light).  The  wave  impedance  in  air  is  £0  =  (|Ao/e0)1/2  ~  120n  ohms.  The 
lower  half-space  (region  1,  earth)  has  the  complex  wave  number 

*i  =  Pi  -  /<*i  =  k0[tXer(l  ~  jPie)]1/2  =  w(lAi^1)1/2  (2.17-1) 

The  generalized  complex  permittivity  is  =  eel  —  /crel/to,  eel  is  the  real  effective 
permittivity,  ael  the  real  effective  conductivity,  and pel  =  CTel/weel  the  real  effective 
loss  tangent.  In  the  following  the  subscript  e  is  omitted  for  simplicity.  It  is  assumed 
that  |ax  =  |A0.  The  real  phase  constant  and  attenuation  constant  can  be 


Air,  region  0 

e0’  Mo 
^o>  ?0 


z  -  0  7777777 


T 

z 


Earth,  region  1 


ei.  Mi 

?i 


Figure  2.17-1  Air-earth  half-spaces. 
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expressed  in  terms  of  the  functions  and  g(p i)  defined  in  (2.16-6a)  and 

(2.16-6b).  With  (2.16-4)  and  (2.16-5a) 


Pi  =  k0  Ve^rf(Pi)  =  77^ 

V 


oti  =  k0  VeT,  g(Pi)  = 


Vilo 


1  r 


(2.17-2) 

(2.17-3) 


Graphs  of  f{p),  g(p),  /(p)/p,  and  g(p)/p  as  functions  of  p  are  given  in  Fig. 
2.17-2.  The  wave  impedance  of  the  medium  is 


r  =  to  =  loifiPi)  +  jg(Pl)] 

41  vir,  (i  -  jpi)m  v^r  (i  +  p\y/2 


(2.17-4) 
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Figure  2.17-2  Functions /(p)  and  g(p )  and  related  quantities. 
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The  plane  bounding  the  two  regions  is  defined  by  z  =  0  with  the  positive  z 
axis  directed  downward  into  the  earth.  A  plane  electromagnetic  wave  normally 
incident  in  air  on  the  boundary  surface  is  represented  by 

Ei(z,  t)  =  Re  [E‘x(z,  w)e'w] 

=  Re  [Ex{ 0,  w)e^-z/c>]  (2.17-5a) 

The  complex  amplitude  is 

Ex{z,  w)  =  E*(0,  0i)e~J'k0Z  (2.17-5b) 

£^(0,  w)  is  the  magnitude  of  the  incident  electric  field  at  the  surface  (z  =  0).  The 
associated  incident  magnetic  field  has  the  complex  amplitude 

B'y(z,  a)  =  £*(z’  m)  =  ^  Ex(z,  a)  (2.17-5c) 

*  C  (O 

The  reflected  wave  has  the  real  instantaneous  value 

Erx(z,  t )  =  Re  [Erx{z,  (o)e'w] 

=  Re  [Erx{ 0,  oi)e^t+z/c)]  (2.17-6a) 

The  complex  amplitude  is 

Ex(z,  w)  =  £^(0,  w)e+^oz  (2.17-6b) 

since  the  reflected  wave  travels  in  the  negative  z  direction.  The  associated  reflected 
magnetic  field  has  the  complex  amplitude 

Bry(z,  a)  =  -  Wx (z’  E'(z ,  a)  (2.17-6c) 

Equation  (2.17-6c)  is  easily  obtained  from  the  field  equations. 

The  transmitted  wave  has  the  real  instantaneous  value 

Ex(z,  t)  =  Re  [Ex(z,  o))ejwt] 

=  Re  [£'(0,  oi)e^‘-k^]  (2.17-7a) 

The  complex  amplitude  is  therefore 

E'x(z,  a)  =  E'x( 0,  o>)e~*“  (2.17-7b) 

The  associated  transmitted  magnetic  field  has  the  complex  amplitude 

B'y(z,  a)  —  ~  E'x(z,  a)  (2.17-7c) 

(O 

The  boundary  between  the  two  regions  is  at  the  plane  defined  by  z  =  0.  In 
the  absence  of  surface  distributions  of  charge  or  current  on  the  boundary,  the 
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boundary  conditions  (2.2-20b,c)  may  be  used  in  the  form 


nx  X  Ex  +  n2  X  E2  =  0 

(2.17-8a) 

^  X  Bj  +  n2  X  B2  =  0 

(2.17-8b) 

at  z  =  0.  These  lead  to  the  following  equations: 

£*( 0,  w)  +  £*(0,  w)  =  E‘x( 0,  w) 

(2.17-9a) 

B‘y(0,  w)  +  Bry{ 0,  w)  =  B‘y( 0,  w) 

(2.17-9b) 

With  (2.17-5c),  (2. 17 -6c)  and  (2.17-7c),  (2.17-9b)  is  reduced  to 

*o[£i(0,  w)  -  £;(0,  w)]  =  ^£'(0,  w) 

(2. 17 -9c) 

The  solutions  of  these  equations  are 

E-A 0,  »)  =  £i(0,  a) 

(2. 17- 10a) 

2k 

£'(0,  a,)  =  £‘(0,  a,)  0 

K0  -r  Kx 

(2. 17- 10b) 

The  real  instantaneous  values  of  the  reflected  and  transmitted  waves  follow: 


Erx(z,  t)  =  Ei( 0,  w)  |T,|  cos  (cat  +  k0z  +  ijj,) 
where  the  complex  reflection  coefficient  for  the  electric  field  is 

r,  =  t2— t1  =  |rj  e<*’ 


k0  +  kx 


and 


where  the  complex  transmission  coefficient  for  the  electric  field  is 


r,  = 


2k0 


k0  +  kx 


=  |rj  e^‘ 


(2.17-lla) 


(2.17-llb) 


E‘x(z,  t)  =  £(.(0,  w)  |TJ  e  0112  cos  (oit  -  f^z  +  v| ft)  (2.17-12a) 


(2.17-12b) 


Equation  (2.17-lla)  represents  a  plane  wave  traveling  upward  after  reflection. 
Equation  (2. 17- 12a)  represents  a  plane  wave  traveling  downward  into  the  earth. 
It  has  a  real  phase  velocity  vp  =  (o/f^  and  an  amplitude  that  is  exponentially 
attenuated. 

With  (2.17-1)  to  (2.17-3)  it  is  readily  shown  that  in  general 


1  -  Ve7,  [f{px)  -  jg(pi)] 
1  +  Ve7,  U(Pi)  ~  jg(Pl)] 


1  +  Ve7,  UiPi)  ~  jg(Pl)] 


(2.17-13a) 


(2.17-13b) 
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It  is  seen  that  the  relation  £^.(0,  w)  =  Ex(0,  w)  -  ££(0,  w)  is  now  satisfied  by 
(2.17-13a,b)  since  it  can  be  reduced  to  the  form 

1  =  T,  -  Tr  (2.17-14) 


The  amplitudes  and  phase  angles  of  the  reflection  and  transmission  coefficients  are 


and 


ip  I  =  {[1  ~  *lrf2(Pl)  ~  *lrg2(Pl)Y  +  4elrg2(/?1)}1/2 

{[1  +  V^rfiPlW  +  elr82(Pl)}V2 

2  V^rg(Pl) 

*r  ~  tan  [1  -  £,,/2(Pl)  -  £l,g2(Pl)] 


(2.17-15a) 
(2. 17- 15b) 


_ 2 _ 

{[1  +  Ve^/(/?l)]2  +  Z\rg2{P\)}V2 


g(p l) 

1  +  Ve^rf(Pi) 


(2. 17- 16a) 
(2. 17- 16b) 


The  attenuation  of  the  field  as  the  wave  travels  in  the  conducting  earth  is  of 
particular  practical  interest.  The  ratio  of  the  field  at  depth  z  =  d  to  the  transmitted 
field  at  the  surface  is  given  by  (2.17-7b) 


E‘x(d,  to) 
E‘x{ 0,  to) 


e 


—jk\d 


g-ct\dg~j$\d 


(2.17-17) 


The  magnitude  of  the  ratio,  which  is  simply  e~aid,  is  shown  in  Fig.  2.17-3  as  a 
function  of  frequency  in  megahertz  with  a  depth  d  in  meters  as  the  parameter  for 
three  different  types  of  earth. 

The  ratios  of  transmitted  or  reflected  fields  at  arbitrary  distances  d  from  the 
surface  to  the  incident  field  at  the  surface  are  of  interest.  The  ratios 
Ex(d,  w)/£'i( 0,  (o)  and  Erx(d,  w)/£'^.(0,  w)  are  known  as  the  steady-state  transfer 
functions.  They  satisfy  the  equations 


Gt(d,  to)  —  GR(d,  to)  +  jGj(d,  to) 


(2.17-18a) 


Gt(d,  to)| 


(2.17-18b) 


=  Tf  e^'~kld^ 


(2. 17- 18c) 


Gr(d,  to)  =  | Gr(d,  to) |  =  |Tr|  e**'+kod)  (2.17-19a) 

Gi(d,  to)  =  e~^d  '  (2.17-19b) 

The  steady-state  properties  of  both  the  transmitted  and  reflected  waves  are 
determined  by  the  complex  transfer  functions  Gt(d,  w)  and  Gr(d,  w).  These  func¬ 
tions  are  now  examined  in  the  low-  and  high-frequency  ranges. 


Ejjd,.  co)  Ejjd,  to)  E{xjd,  cj) 

E^iO,  co)  ££(0,  co)  El(0,  co) 


134  Mathematical  Description  of  Space  and  of  Simple  Media  Chap.  2 


Frequency  in  megahertz 


Figure  2.17-3  Magnitude  of  the  ratio  of  the  electric  field  at  depth  d  (meters)  to  the  electric  field  at 
the  surface  as  a  function  of  the  frequency. 


The  low-frequency  range  is  defined  by  the  inequality 

p\  >  1  or  Pi  —  25 


(2. 17 -20a) 
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which  is  equivalent  to 


(0 


0.2^ 


or 


(2.17-20b) 


where 


ft  =  3560 


MHz 


(2.17-20c) 


is  the  upper  limit  of  the  low-frequency  range.  In  this  range  it  is  readily  shown  that 
fiPi)  =  g(Pi)  =  Vpj2  (Fig.  2.17-2).  Then 


and 


V^/(Pl)  =  V^rgiPl)  = 


1/2 


(2.17-21) 


|r,|  =  2 


0)€ 


0 


a 


v \ft  =  tan 


-i 


(a^toeo) 


1/2 


|rj  =  1; 


^  =  tan 


-l 


1  +  (a^ooeo) 

/  \  1/2  — , 

-2(— 0 
_  V  ai 


1/2 


~A  (2.17-22) 


(2.17-23) 


It  is  easily  seen  that  the  transmission  coefficient  is  zero  at  zero  frequency  and  the 
incident  wave  is  totally  reflected.  Furthermore, 


01  =  <*1  = 


1/2  /  \ 1/2  i 

*lrPl\  =  (  )  =  1 

d<. 


\  2  / 


(2.17-24) 


where  ds  is  the  skin  depth.  It  follows  that,  in  the  low-frequency  range, 


1/2 


I Gt(d,  <o)|  =  2 


we0 

Oi 


exp[  -  d(o>|x0a1/2)1/2] 


(2.17-25a) 


M  =  o>)  =  ^  -  d^f-1 


1/2 


(2.17-25b) 


It  is  seen  from  (2.17-25a)  that  \Gt(d,  <o)|  increases  with  frequency  owing  to  the 
term  o>1/2  and  simultaneously  decreases  due  to  the  exponential  attenuation.  The 
maximum  of  \Gt(d,  <o)|  (provided  that  it  exists  in  the  specified  low-frequency  range) 
occurs  when 


\— 


1/2 


=  1  or  /  = 


1 


nrf2|x0a1 


(2.17-26) 
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The  associated  maximum  value  is 

•  iG^^»=^(5)I,2e"1=Sxl°"  (2i7-27) 

These  relations  are  valid  only  in  the  range  0  </<//. 

The  high  frequency  range  is  defined  by  the  inequality 

p\  <  0.04  (2.17-28a) 

or  />/*  (2.17-2813) 

where 


pi  <  i; 

which  is  equivalent  to 

5cti 
w  >  — - 
e i 


fh  =  9  x  104^j  MHz  (2. 17 -28c) 

is  the  lower  limit  of  the  high-frequency  range.  In  this  range,  /(pj)  =  1,  g{p\)  = 
px! 2  =  (j1/2oie1  (Fig.  2.17-2),  so  that 


2we0 


Ti _ 

^  +  Clr) 


1 


(2.17-29) 


1  -  Elr  . 

1  +  Vei7 


1^0 

el 


(2.17-30) 

(2.17-31) 


In  this  range,  the  attenuation  constant  cq  is  independent  of  the  frequency  and  the 
wave  number  is  linear  in  the  frequency.  The  function  | Gt(d,  o>)|  is  given  by 

I °,(d,  <o)|  =  YT^r  exp[(  -  <T1rf/2)(|x0/e1)1'2]  (2.17-32) 

*!*,  -  Pi d  =  ®t{d,  to) 


a 


2we0  (Ve7,  -  elr) 


-  aidfa 0ex) 


1/2 


=  -wd(p,  oCj) 


1/2 


(2.17-33) 


At  sufficiently  high  frequencies,  the  magnitude  of  the  transfer  function  for  trans¬ 
mission  is  a  constant  independent  of  the  frequency. 
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The  behavior  of  the  steady-state  transfer  function  (transmission)  has  been 
evaluated  numerically  for  three  practically  important  media: 

1.  Dry  earth 

elr  =  7;  o-j  =  10~3  S/m;  p1  =  2.58  x  10 6/f 
f  =  0.51  MHz;  fh  =  12.8  MHz 

2.  Moist  earth 

elr  =  15;  =  1.2  x  10~2  S/m;  p1  =  14.4  x  10 6// 

ft  =  2.84  MHz;  fh  =  72  MHz 

3.  Wet  earth 

elr  =  30;  CTj  =  3  x  10~2  S/m;  p 2  =  18.0  x  10 6/f 

f  =  3.56  MHz;  fh  =  90  MHz 

The  general  formulas  must  be  used  for  the  intermediate  range.  Figures  2.17-4, 
2.17-5,  and  2.17-6  show  the  behavior  of  the  transmitted  field  for  these  cases. 


2. 18  AN  APPLICATION  OF  THE  MAXWELL-LORENTZ  FIELD 
EQUATIONS:  THE  REFLECTION  AND  TRANSMISSION 
OF  A  PLANE  ELECTROMAGNETIC  PULSE 
AT  THE  SURFACE  OF  THE  EARTH 

If  the  electromagnetic  disturbance  normally  incident  on  the  surface  of  the  earth  is 
a  pulse  with  a  planar  front,  the  spectrum  of  frequencies  involved  in  the  reflection 
and  transmission  extends  from  zero  to  infinity.  Depending  on  the  distribution  of 
frequencies  in  this  incident  pulse  and  the  electrical  properties  of  the  earth,  it  is 
partly  reflected  and  partly  transmitted.  A  description  of  the  transmitted  pulse  at 
various  depths  is  of  interest  in  conjunction  with  the  shielding  characteristics  of  the 
earth.  These  are  of  two  types:  (1)  reflection  at  the  surface  so  that  only  a  fraction 
of  the  incident  field  enters  the  earth,  and  (2)  attenuation  with  depth  of  the  part 
that  is  transmitted.  Since  the  frequency  characteristics  of  reflection  at  the  surface 
and  attenuation  in  the  course  of  transmission  are  quite  different,  it  may  be  antici¬ 
pated  that  the  shape  of  the  pulse  transmitted  into  the  earth  is  quite  different  from 
that  of  the  incident  pulse. 

Let  the  electromagnetic  field  incident  on  the  surface  of  the  earth  at  z  =  0 
consist  of  a  simple  Gaussian  pulse  with  the  form 

(t  -  zlc )2 

2*i 


Eifz,  t)  =  Bx( 0,  0)  exp 


(2.18-1) 
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GR(d,  a)  =  Re[£'(rf,  «)/£'( 0,  «)] 


Figure  2.17-4  Transfer  function  G,(d,  o>)  =  E'x(d,  w)/ E‘z(0 ,w)  for  dry  earth  (er  =  7,  <x  =  10  3 
S/m)  in  the  complex  plane.  The  parameter  is  the  frequency  in  megahertz.  The  depth  d  is  in  meters. 


Here  tx  is  a  constant  parameter  that  is  a  measure  of  the  pulse  width  in  time  and 
zx  =  ctx  is  the  corresponding  pulse  width  in  air.  The  distribution  (2.18-1)  is 
illustrated  in  Fig.  2.18-1.  At  z  =  0,  this  gives  E‘x( 0,  t)/E‘x( 0,  0)  as  a  function  of 
time;  at  t  =  0,  it  gives  E‘x(z,  0)/E‘x(0,  0)  as  a  function  of  the  normalized  distance 
z/c.  At  t  =  tx,  the  pulse  is  reduced  to  e~m  —  0.606  of  its  maximum  at  t  =  0.  The 
pulse  is  reduced  to  half-amplitude  in  the  time  1.176^. 


[(«  ‘0 ‘p)x,3] mi  =  («  ‘P)^ 


Figure  2.17-5  Like  Fig.  2.17-4  for  wet  earth  (sr  =  30,  a  =  3  x  10“ 2  S/m). 


{CO  cp)  iff)  {CO  ‘p)  >0 
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Figure  2.17-6  Real  and  imaginary  parts  of  transfer  function  G(d,  co)  =  E‘x(d,  (o)/£'.(0,  co) 
for  moist  earth  (er  =  15,  a  =  1.2  x  10“ 2  S/m). 


The  spectrum  contained  in  (2.18-1)  is  given  by  the  Fourier  transform 


Bx(z,  to)  =  | Elx(z,  t)e  dt 


(2.18-2a) 


•oc 


=  £i(°>  °)  exp 


—  oc 


(t  -  zlcj 

2 1\ 


e~Jwt  dt  (2.18-2b) 


The  integral  in  (2.18-2b)  may  be  evaluated  using  a  table  of  integral  transforms. 
It  is 


Bx(z,  to)  =  Elx{ 0,  0)  exp 


]U>Z  \  /  -(O2?? 


ti( 2tt)1/2  exp 


(2.18-2c) 


Sec.  2.18  An  Application  of  the  Maxwell-Lorentz  Field  Equations 
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At  z  =  0,  that  is,  at  the  boundary  between  air  and  the  dissipative  medium, 


£*( 0,  w)  =  Bx{ 0,  0)r1(2'ir)1/2  exp 


-w2r? 


2 


(2. 18— 2d) 


The  reflected  and  transmitted  fields  are  given  by 

Erx(z,  w)  =  £^.(0,  u>)Gr(z,  w)  (2.18-3a) 

Ex(z,  to)  =  £^.(0,  a>)Gt(z,  w)  (2.18-3b) 

where  Gr(z,  w)  and  Gt{z,  w)  are  the  steady-state  transfer  functions  defined  in 
(2.17-19a)  and  (2.17-18c).  The  instantaneous  fields  at  a  distance  z  due  to  the 
entire  Gaussian  pulse  are  obtained  by  an  inverse  Fourier  transform: 


Erx{z,  t ) 


E‘x 0,  t) 


2tt 

J_ 

2tt 

J_ 

2tt 

J_ 

2tt 


oc 


—  oc 


oc 


—  oc 


oc 


—  oc 


oc 


—  oc 


Ex{z,  <ji)eiwt  doi 

Ex( 0,  (o)Gr(z,  (x>)ej03t  doi 

Ex(z,  <ji)eiwt  do* 

Ex( 0,  oi)Gt(z,  (x>)ej03t  doi 


(2.18-4a) 


(2. 18— 4b) 


-3-2-10  1  2  3 

0 f  —  z/c)/f ! 


Figure  2.18-1  Incident  Gaussian  pulse. 
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Ex(z,  t )  and  Ex(z,  t )  as  well  as  £i(0,  w)  are  real  quantities.  Hence  the  integrals 
may  be  written  as  follows: 


Erx(z>  0 


1 


oc 


2rr  J  - 


£(.(0,  to)  | Gr{z,  w)|  cos  [to?  +  r(z,  to)]  dm  (2.18-5a) 


oc 


£i(z,  o  = 


1 


oc 


2rr  j- 


oc 


£(.(0,  to)  | Gt(z,  w)|  cos  [to?  +  $>t(z,  to)]  du>  (2.18-5b) 


Since  the  integral  is  even  in  w  and,  with  (2.18-2d),  the  reflected  and  transmitted 
fields  become 


Erx(z,  t)  -  2£^(0,0) 


h 


(2tt)1/2  L 


oc 


0  I  Gr  (z,  (O)  I  cos  (z,  (o)  exp 


(o2£ 


oc 


x  cos  (o?<£o  -  |  Gr{z,  (o)|sin  <Fr(z,  w)exp 

J  0 


-(o2£ 


-  I  sin  oitdoi 


(2.18-6a) 


E«z,0  =  2E;(0,0)-^ 


OC 


0 


Gt(z,  w)|cos  <&t{z,  w)exp 


-oo2£ 


oc 


x  cos  oitdoi 


0 


Gt(z,  to)|sin  <Ff(z,  w)exp 


(o2£ 


-  sin  oitdoi 


(2. 18— 6b) 


The  incident  field  at  z  =  0  is  given  by 


£i(0,  t)  =  £i( 0,  0) 


fl 


(2tt) 


1/2 


oc 


—  oc 


exp 


-oi2tl 


COS  (x>t  d(x> 


£i( o,  0)  exp 


2?2 


(2.18-7) 


This  is  an  even  function  of  t.  The  transmitted  and  reflected  pulses  have  both  positive 
and  negative  parts  even  though  the  incident  pulse  is  entirely  positive.  Since  the 
field  is  totally  reflected  at  zero  frequency,  the  transmitted  pulse  must  have  equal 
positive  and  negative  parts  so  that  the  average  is  zero.  The  shape  of  the  transmitted 
pulse  for  z  >  0  differs  greatly  from  the  incident  pulse  at  z  ^  0.  The  reflected  pulse 
at  z  =  0  resembles  the  incident  pulse  since  there  is  total  reflection  at  w  =  0. 

The  transmitted  field  may  be  evaluated  numerically  for  different  values  of  z 
by  taking  the  upper  limit  at  wc  =  2.6?!  instead  of  infinity;  this  introduces  a  negligible 
error. 

The  curves  for  Ex(z,  t)/E‘x( 0,  0)  for  dry  earth  (ay  =  10 - 3  S/m,  elr  =  7),  moist 
earth  (ay  =  1.2  x  10“ 2  S/m,  elr  =  15),  and  wet  earth  (ay  =  3  x  10 ~ 2  S/m,  elr  = 
30)  with  a  pulse  width  of  tx  =  1  |xs  for  z  =  d  =  0,  1,  5,  10,  15,  20,  and  25  m  are 
shown  in  Fig.  2.18-2. 
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PROBLEMS 


Write  the  boundary  conditions  for  the  E  vector  and  the  B  vector  at  the  boundaries 

between  two  regions. 

(a)  Region  1  is  a  good  conductor  described  in  terms  of  J/5  and  M;  region  2  is  free 
space . 

(b)  Regions  1  and  2  are  both  dielectrics  described  in  terms  of  different  values  of  P. 

(c)  Regions  1  and  2  are  both  simply  polarizing  dielectrics  characterized  by  different 
dielectric  constants. 

(d)  Region  1  is  a  perfect  conductor  described  in  terms  of  t\f  and  Kr;  region  2  is  a  simply 
polarizing  but  imperfect  dielectric  described  in  terms  of  a  dielectric  constant  and 


J/ 

(e)  Region  1  is  a  good  conductor  described  in  terms  of  and  M  and  region  2  is  a  simply 
polarizing  dielectric  described  in  terms  of  a  dielectric  constant. 

Prove  that  the  field  equations  are  consistent  with  the  principle  of  conservation  of  electric 
charge  as  formulated  in  the  equation  of  continuity. 

A  very  long  coaxial  cable  consists  of  a  solid  inner  conductor  of  radius  a  and  outer 
conductor  of  inner  radius  and  outer  radius  b2.  The  cable  is  parallel  to  the.z  axis.  The 
space  between  the  two  conductors  is  air.  There  is  a  uniform  current  density  Jz  on  the 
inner  conductor  and  a  uniform  current  density  -J'z  on  the  outer  conductor  such  that 
the  total  currents  in  the  inner  and  outer  conductors  are  the  same  in  magnitude.  Deter¬ 
mine  B  and  H  for  all  radii  from  zero  to  points  completely  outside  the  cable  in  terms  of 
the  total  current  in  the  inner  conductor.  Write  the  boundary  conditions  in  coordinate 
form  at  each  boundary. 


4.  Determine  the  effect  on  B  and  H  in  Problem  3  if  the  medium  between  the  conductors 
is  now  characterized  by  a  volume  density  of  magnetization  —  M  that  is  proportional  to 
B  in  magnitude  and  is 

(a)  A  diamagnetic  material  [B  and  —  M  are  in  the  same  direction  and  the  proportionality 

constant  is  -  1)  with  |xr-1  >  1]. 

(b)  A  paramagnetic  material  [B  and  —  M  are  opposite  in  direction  and  the  proportion¬ 
ality  constant  is  —  1)  with  p,^1  <  1], 

5.  Consider  the  cable  of  Problem  3.  Now  assume  that  there  is  a  uniform  surface  charge 
density  iq  on  the  inner  conductor  and  a  uniform  surface  charge  density  —  ti'  on  the  inner 
surface  of  the  outer  conductor.  The  rotationally  symmetric  distributions  on  the  outer 
and  inner  conductors  are  such  that  the  total  charge  per  unit  length  on  outer  and  inner 
conductors  is  the  same  in  magnitude.  Determine  E  and  D  for  all  radii  from  zero  to 
points  completely  outside  the  cable  in  terms  of  the  total  charge  per  unit  length  on  the 
inner  conductor.  Write  the  boundary  conditions  in  coordinate  form  at  each  boundary. 

6.  Determine  the  effect  on  E  and  D  in  Problem  5  if  there  is  a  dielectric  medium  between 
the  two  conductors  that  is  characterized  by  a  volume  density  of  polarization  P.  P  is 
proportional  to  E  and  in  the  same  direction.  e0(er  —  1)  is  the  proportionality  factor. 

7.  An  infinitely  long  transmission  line  consists  of  two  parallel  wires  each  of  radius  0.5  cm 
separated  by  a  distance  of  25  cm  between  centers.  The  two  wires  carry  direct  currents 
in  opposite  directions;  the  current  in  wire  1  is  2  A,  that  in  wire  2  is  1  A.  Beginning  with 
the  integral  form  of  the  field  equations,  determine  B  at  a  distance  of  15  cm  from  wire 
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0.1  cm 


5  cm 


A/ 


Figure  P2-8 


2  and  20  cm  from  wire  1  in  a  cross-sectional  plane.  Show  the  directions  of  current  and 
field  vector  on  a  diagram. 


8.  The  magnitude  of  the  quantity  J(E  •  ds)  around  the  small  rectangle  of  wire  in  Fig.  P2- 

8  is  determined  by  measurement  to  be  8  mV.  What  is  the  magnitude  of  the  alternating 
current  /  opposite  the  center  of  the  loop?  The  frequency  is  20  MHz.  The  resistance  of 
the  ammeter  is  0.1  H. 

9.  The  xy  plane  is  the  boundary  between  a  good  (but  not  perfect)  conductor  (region  1) 
and  a  perfect  dielectric  (region  2).  Each  is  a  simple  medium  with  fxr,  and  a  assumed 
known. 

(a)  Assume  that  E  has  only  an  x  component  and  B  only  a  y  component.  Further  assume 
that  both  E  and  B  have  a  periodic  time  dependence.  What  are  the  partial  differential 
equations  for  E  and  B  both  in  the  dielectric  and  conductor?  Obtain  the  boundary 
conditions. 

(b)  Assuming  E  and  B  to  be  determined  from  the  solutions  of  the  equations  subject  to 
the  boundary  conditions  in  part  (a),  write  down  expressions  for  p,  q,  P,  J,  K,  and 
-M  in  terms  of  E  and  B.  If  any  are  zero,  state  the  reasons. 

10.  Consider  a  very  long  coaxial  transmission  line  that  has  a  free  charge  of  q  coulombs  per 
unit  length  on  the  surface  of  the  inner  conductor  and  an  opposite  charge  of  -  q  coulombs 
per  unit  length  on  the  inner  surface  of  the  outer  conductor.  Suppose  that  the  region 
between  the  two  conductors  is  then  half-filled  with  a  dielectric  material  (e  =  e0er)  as 
shown  in  Fig.  P2-10.  If  the  total  essential  density  of  surface  charge  q  at  r  =  is  assumed 
to  be  uniform  and  p  =  0  in  all  space,  find  the  E  and  D  fields  in  all  space  in  terms  of 
q.  Determine  if  the  assumption  of  a  uniform  distribution  of  q  about  the  inner  conductor 
violates  any  boundary  conditions.  What  is  P  in  the  region  r1  <  r  <  r2l  Does  P  violate 
any  of  the  essential  density  equations?  Sketch  the  free  surface  charge  distribution  about 
the  center  conductor. 

11.  A  coaxial  transmission  line  carries  a  free  surface  current  of  /  amperes  (dc)  on  the  inner 
conductor  and  a  current  —  /  in  the  opposite  direction  on  the  outer  conductor.  A  non¬ 
conducting  wedge  of  magnetic  material  (p  =  p0Pv)  is  then  placed  between  the  inner 
and  outer  conductor  as  shown  in  Fig.  P2-11.  Can  the  boundary  conditions  on  the  B 
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Figure  P2-10  Figure  P2-11 


and  H  fields  be  satisfied  by  assuming  that  t^v  is  constant  at  r  =  rl  and  pmv  =  0  for  r2 
>  r  >  r^l  Find  B  and  H  under  this  assumption.  What  is  M  in  the  magnetic  material? 
Sketch  the  total  free  surface  current  as  a  function  of  position  along  the  circumference 
of  the  inner  conductor. 

12.  (a)  An  iron  toroid  (region  2)  with  a  circular  cross  section  is  completely  characterized 

by  the  volume  density  of  magnetization  M  =  0Me.  The  surrounding  region  1  is 
air.  If  B!  =  0,  determine  B2,  H2,  and  Ha. 

(b)  A  gap  of  length  d  {d  <  a)  is  cut  across  the  toroid  so  that  the  mean  length  of  the 
iron  is  L  =  2tt b  —  d,  where  b  is  the  mean  radius  of  the  toroid.  (It  is  assumed  that 
b  >  a,  where  a  is  the  cross-sectional  radius.)  If  the  iron  is  still  characterized  by  M 
=  0Me,  determine  Be  and  H6  in  the  iron  and  in  the  gap,  both  at  radius  b.  (Use 
integral  forms  of  Maxwell’s  equations.) 

13.  Determine  whether  the  following  materials  may  be  treated  as  good  conductors  at  /  = 
60  Hz,  6  kHz,  6  MHz,  900  MHz,  and  10  GHz. 

(a)  Salt  water:  a  =  4  S/m;  er  =  80 

(b)  Distilled  water:  a  =  2  x  10 ~4  S/m;  er  =  81 

(c)  Copper:  a  =  5.8  x  107  S/m;  er  =  1 

(d)  Dry  earth:  a  =  1.2  x  10~2  S/m;  er  =  15 

(e)  Wet  earth:  a  =  3  x  10~2  S/m;  er  =  30 

14.  A  plane  wave  with  complex  amplitude  Einc(r)  =  x£^nc  (0)e~J'koz  is  incident  on  the  plane 
boundary  surface  at  z  =  0  between  air  and  an  imperfect  dielectric  (e,  |x0,  a)  (Fig.  P2- 
14).  Obtain  the  resulting  total  instantaneous  fields  E(r,  t )  and  B(r,  t )  in  the  air  and  the 
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imperfect  dielectric.  With  the  aid  of  diagrams  interpret  these  results  in  terms  of  traveling 
and  standing  waves. 

15.  Discuss  how  the  traveling  and  standing  waves  of  Problem  14  will  differ  when  the  im¬ 
perfect  dielectric  is: 

(a)  A  perfect  dielectric. 

(b)  Seawater:  ae0/e  =  5/80  =  1/16. 

(c)  A  plasma  where  e  <  0. 

(d)  A  perfect  conductor. 

16.  An  antenna  is  to  be  protected  from  the  elements  by  placing  it  inside  a  radome.  The 
dome  is  constructed  of  a  dielectric  material  of  dielectric  constant  ed  and  thickness  t.  The 
interior  of  the  dome  is  filled  with  a  dielectric  foam  e  =  ef.  The  problem  is  to  determine 
ed  and  t  so  as  to  minimize  the  reflection  by  the  dome  of  the  signal  emitted  by  the  antenna. 

Approximate  the  problem  by  considering  a  plane  wave  normally  incident  on  an  infinite 
dielectric  sheet  separating  the  two  regions  of  dielectric  constants  e„  and  ef.  In  this 
approximation  the  reflected  wave  can  be  made  zero  by  properly  choosing  e(l  and  t  (Fig. 
P2-16). 

17.  Show  that  the  reflection  coefficients  for  a  plane  wave  incident  on  a  plane  boundary 
between  air  (region  1)  and  an  imperfect  dielectric  (region  2)  at  an  angle  0,  with  the 
normal  may  be  expressed  as  follows: 


N2  cos  0j  —  V/V2  —  sin2  0, 
N2  cos  0j  +  V/V2  -  sin2  0, 


cos  0j  —  V/V2  —  sin2  0j 
cos  0j  +  V/V2  -  sin2  0j 


where  N  =  k/k0  -  Ve/eo  =  Ve^(l  -  jpe)  is  the  (complex)  index  of  refraction  if  it  is 
assumed  that  |x2  =  (x0.  The  real  effective  relative  permittivity  and  conductivity  of  region 
2  are,  respectively,  ee  =  eere0  and  c re;  pe  —  ae/«ee. 

18.  Justify  the  statement:  An  incident  electric  field  that  is  linearly  polarized  in  an  arbitrary 
direction  in  air  is  reflected  from  a  plane  imperfect  dielectric  as  an  elliptically  polarized 
field  with  the  shape  of  the  ellipse  depending  on  eer  and  <je  and  on  the  angle  of  incidence 
0j .  Is  the  reflected  field  ever  linearly  polarized  when  the  dielectric  is  imperfect?  When 
the  dielectric  is  perfect? 

19.  Consider  the  special  case  where  a  plane  wave  with  electric-field  vector  E  normal  to  the 
plane  of  incidence  is  obliquely  incident  on  a  perfectly  conducting  plane  (Fig.  P2-19). 


t 


Figure  P2-16 
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Incident 


Figure  P2-19  Figure  P2-20 


Describe  the  combination  of  incident  and  reflected  waves  in  terms  of  traveling  and 
standing  waves. 

20.  Using  the  Fresnel  equations  derived  in  Problem  17  and  the  conditions 


€i  >  e2;  ^  sin  0!  >  1 

show  that  the  total  internal  reflection  of  a  plane  wave  in  medium  1  will  occur  for  both 
polarizations  of  the  incident  electric  field  (i.e.,  E'  in  the  plane  of  incidence  and  normal 
to  it).  Both  media  are  perfect  dielectrics  (Fig.  P2-20). 


Vector  and  Scalar 
Potential  Functions 


3. 1  GRADIENT  OF  A  SCALAR  FIELD 


A  continuous  mathematical  function  that  assigns  a  scalar  to  every  point  in  a  region 
is  called  a  scalar  point  function.  Such  a  function  may  characterize  a  certain  property 
of  a  physical  model  such  as  volume  density  of  charge,  volume  density  of  mass, 
temperature,  humidity,  pressure,  and  elevation  above  sea  level. 

An  important  property  of  a  scalar  point  function  is  its  space  rate  of  change. 
Consider,  for  example,  a  scalar  point  function  <j>  that  is  continuous  with  its  deriv¬ 
atives.  The  simplest  form  for  this  function  is  that  of  a  constant.  If  <$>  is  everywhere 
constant,  the  rate  of  change  of  <|>  at  every  point  and  in  every  direction  vanishes. 


<f>  =  C; 


(3.1-1) 


If  the  function  varies  so  that  a  different  number  is  assigned  to  each  point,  dfytds 
measures  the  rate  of  increase  of  the  function  <j>  in  the  direction  in  which  ds  is  taken. 
It  may  vary  not  only  from  one  location  to  another  in  the  region,  but  also  in  different 
directions  relative  to  a  single  point.  Thus  the  space  rate  of  change  of  a  scalar  point 
function  itself  defines  a  continuous  function  that  assigns  not  one  magnitude  to  every 
point,  but  a  magnitude  to  every  direction  at  that  point.  That  is,  the  property  as¬ 
sociated  with  the  space  rate  of  change  of  a  scalar  point  function  is  characterized 
not  only  by  magnitude  but  also  by  direction.  Therefore,  the  magnitude  dfy/ds  at  a 
particular  point  and  in  a  particular  direction  (as  specified  by  the  orientation  of  the 
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element  ds)  is  the  component  of  a  vector  in  the  direction  of  ds.  The  component 
Gs  of  a  vector  G  in  a  given  direction  specified  by  the  unit  vector  s  is  the  scalar 
product 

Gs  =  s  •  G  (3.1-2) 

Hence  dfy/ds  is  the  component  of  a  vector  G  in  the  direction  of  ds  specified  by  the 
unit  vector  s.  That  is, 


dcj) 

ds 


(3.1-3) 


This  component  vanishes  in  a  direction  in  which  cj)  remains  constant.  In  such  a 
direction 

^  =  0  =  s  •  G  (3.1-4) 

ds 


Since  s  cannot  vanish  and  G  is  zero  only  if  dtyds  vanishes  in  all  directions,  which 
is  assumed  not  to  be  the  case,  there  is  no  way  to  satisfy  the  right  side  of  (3.1-4) 
except  by  requiring  G  to  be  perpendicular  to  s  when  this  points  in  a  direction  in 
which  4»  is  constant.  Therefore,  the  vector  G,  characterizing  the  space  rate  of  change 
of  cj),  is  always  in  a  direction  normal  to  surfaces  along  which  cj)  is  constant.  The 
maximum  value  of  dtyds  is  in  a  direction  that  makes  the  cosine  of  the  angle  between 
s  and  G  equal  to  unity.  That  is, 

=  |G|  =  G  (3.1-5) 

max 


Hence  the  vector  G  defines  both  the  magnitude  and  the  direction  of  the  maximum 
space  rate  of  increase  of  cj).  It  is  directed  perpendicular  to  the  surfaces  cj)  =  constant. 
The  vector  point  function  G  which  defines  the  direction  and  magnitude  of  the 
maximum  space  rate  of  increase  of  a  scalar  point  function  is  called  the  gradient  of 
the  scalar  point  function.  The  operation  of  taking  the  derivative  of  a  scalar  function 
in  the  direction  in  which  the  derivative  is  a  maximum  is  assigned  the  symbol  V: 

| JpJ  in  the  direction  of  the  maximum  =  V  (3.1-6) 


Accordingly, 


d<\> 

ds 


=  |v<t>|  =  G 

max 


(3.1-7) 


G  =  Vcj) 


(3.1-8) 


The  symbol  V  is  a  differential  operator  that  specifies  differentiation  with  respect 
to  the  space  coordinates  in  the  direction  in  which  the  derivative  has  its  maximum 
value.  More  precisely,  the  operator  V  operating  on  a  scalar  point  function  cj)  pro¬ 
duces  a  vector  point  function  Vcj),  the  direction  of  which  at  every  point  is  that  of 
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the  greatest  space  rate  of  increase  of  cj>  and  the  magnitude  of  which  measures  the 
maximum  rate  of  increase  (d$/ds)max  of  that  function.  Alternatively,  Vcj)  is  a  vector 
which  has  for  a  component  in  any  direction  the  rate  of  change  dfyds  in  that  direction. 

The  gradient  of  a  scalar  field  may  be  defined  in  a  way  that  is  analogous  to 
the  definition  of  the  divergence  and  the  curl  of  a  vector  field.  Thus 


lim 

At— >0 


(3.1-9) 


Here  n  is  an  external  normal  to  the  surface  X  enclosing  the  volume  At.  It  is  easily 
shown  that  this  definition  is  equivalent  to  that  given  above.  Let  the  volume  At  be 
chosen  so  that  two  sides  always  lie  along  surfaces  on  which  cj>  is  constant,  while 
the  other  four  sides  are  perpendicular  to  these  surfaces  as  in  Fig.  3.1-1.  Everywhere 
on  the  top  surface  A Sl5  4>  =  everywhere  on  the  bottom  surface  A S2,  <j>  =  <j>2 
with  4>x  >  <j>2;  on  the  four  sides  A Sh  <J>  varies  continuously  from  cjjj  to  <j>2.  Let  the 
mean  value  of  <J>  on  each  side  be  <J>.  With  this  notation  and  assuming  At  to  be 
sufficiently  small,  (3.1-9)  becomes 

6  _  8 
fii^iASi  +  h2<^2iS.S2  +  ^  AAAS, 

Vcj)  =  lim  - - - ^ -  (3.1-10) 

At— >0  At 


As  the  volume  is  made  smaller  and  smaller,  A Sx  — »  A S2  and  the  opposite  pairs  of 
surfaces  AS)  become  equal.  The  average  values  cj>  on  opposite  side  surfaces  AS) 
also  become  equal,  so  that  n^AS,-  for  opposite  sides  are  alike  in  magnitude  and 
opposite  in  sign.  Hence  the  sum  in  (3.1-10)  vanishes  in  the  limit,  leaving 


lim 

At— >0 


ftiASi(4>i  4>2) 

At 


AjAS^cJ) 
=  lim  - — 

At— >0  AiSjAs 


(3.1-11) 


Figure  3.1-1  Parallelepiped  in  a  scalar 
field. 
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In  (3.1-11),  As  is  the  distance  between  the  parallel  upper  and  lower  surfaces. 
Finally, 

Vcj)  =  nx  lim  ^  =  n,  ^  (3.1-12) 

As— >o  As  ds 

Here  nx  points  in  a  direction  perpendicular  to  a  surface  of  constant  cj)  at  the  point 
where  dfy/ds  is  defined  and  in  the  direction  of  increasing  cj).  The  form  (3.1-9)  is 
convenient  for  expressing  the  gradient  in  various  systems  of  orthogonal  coordinates. 

As  an  example  of  the  gradient,  let  cj)  =  h  measure  the  height  above  sea  level 
at  every  point  on  a  mountain  range.  Let  s  -  (x2  +  y2)y2  measure  the  distance  in 
the  horizontal  plane.  The  lines  cj)  =  h  =  const,  or  dfy/ds  =  0  are  level  contours 
that  neither  rise  nor  descend.  The  direction  specified  by  Vcj)  at  any  point  gives  the 
direction  of  steepest  ascent  from  that  point,  and  the  magnitude  of  Vcj)  is  the  nu¬ 
merical  value  of  the  steepest  upward  slope,  or  the  tangent  of  the  largest  angle  of 
upward  inclination.  On  the  other  hand,  —Vcj)  is  directed  opposite  to  Vcj)  at  every 
point  so  that  it  gives  the  direction  and  magnitude  of  steepest  downward  slope.  If 
Vcj)  =  0  at  a  point,  there  is  no  direction  of  steepest  rise,  the  slope  in  all  directions 
is  zero.  This  is  true  on  a  level  plateau  or  on  the  uppermost  part  of  a  rounded 
mountain  peak.  If  water  is  poured  out  at  any  point,  it  starts  to  flow  in  the  direction 
of  —Vcj). 


3.2  GREEN'S  THEOREM 

Green’s  theorem  is  an  integral  theorem  involving  the  gradient.  It  may  be  obtained 
directly  from  the  divergence  theorem  by  setting 


A  -  uVv 

(3.2-1) 

with  u  and  v  arbitrary  scalar  point  functions.  Thus 

j  V  •  (uVv)  dV  =  Js  (A  •  uVv)  dS 

(3.2-2) 

With  the  vector  relation 

V  •  (cj>A)  =  cj>V  •  A  +  A  •  Vcj) 

(3.2-3) 

the  integral  on  the  left  may  be  transformed  into  two  integrals.  The  integral  on  the 
right  may  be  changed  in  form  by  noting  that 


n  •  Vv  =  Vnv  =  —  (3.2-4) 

dn  v  ' 


With  (3.2-3)  and  (3.2-4),  (3.2-2)  becomes 


uV  •  Vv  dV  + 


(Vu  •  Vv)  dV  = 

v 


dV 
U  — 

s  dn 


(3.2-5) 


Sec.  3.3  Potential  Functions 


153 


By  definition  of  the  operator  V2, 

V2v  =  V  •  Vv  (3.2-6) 

Hence 

jv  uV2v  dV  =  fs  u^-n  dS  -  fv  (Vu  •  Vv)  dV  (3.2-7) 

This  is  one  form  of  Green’s  theorem.  A  second  form,  called  Green’s  symmetrical 
theorem,  may  be  obtained  from  (3.2-7)  by  interchanging  u  and  v  and  subtracting 
the  expression  so  obtained  from  (3.2-7).  The  result  is 

j ^  (uV2v  -  vV2u)  dV  =  ~~  —  v  ^ j  dS  (3.2-8) 

3.3  POTENTIAL  FUNCTIONS 

Definition.  A  scalar  potential  is  a  scalar  point  function  the  negative  gradient 
of  which  is  a  vector  point  function.  In  other  words,  any  scalar  point  function  <J>  is 
a  scalar  potential  if  —  Vcj>  defines  a  vector  point  function  K.  A  surface  on  which 
4»  is  constant  is  called  an  equipotential  surface. 

A  vector  point  function  is  not  necessarily  the  gradient  of  a  scalar  potential. 
The  class  of  vector  functions  that  can  be  derived  as  the  negative  gradients  of  scalar 
potentials  is  limited  by  the  following  theorem: 

Theorem.  A  necessary  and  sufficient  condition  that  a  vector  field  K  possess 
a  scalar  potential  cj>  is  that 

V  x  K  =  0  (3.3-1) 

If  this  is  true,  the  vector  K  is  called  a  potential  vector  and  its  field  is  irrotational . 
It  may  be  derived  from  its  associated  scalar  potential  by  setting 

K  =  -Vcj)  (3.3-2) 

Definition.  A  vector  potential  is  a  vector  point  function  the  curl  of  which  is 
also  a  vector  point  function.  In  other  words,  a  vector  point  function  A  is  a  vector 
potential  if  V  x  A  defines  a  second  vector  point  function  C. 

The  class  of  vector  functions  that  can  be  derived  from  vector  potentials  is 
limited  by  the  following  theorem. 

Theorem.  A  necessary  and  sufficient  condition  that  a  vector  field  C  possess 
a  vector  potential  A  is  that 


V-C  =  0 


(3.3-3) 
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If  (3.3-3)  is  true,  C  is  a  solenoidal  vector;  its  field  is  rotational.  It  may  be  derived 
from  a  vector  potential  by  setting 

C  =  V  x  A  (3.3-4) 

Any  single-valued  vector  point  function  S  that  together  with  its  derivatives 
is  finite  and  continuous  and  vanishes  at  infinity  can  be  derived  from  a  scalar  potential 
cj)  and  a  vector  potential  A  in  a  form  known  as  the  Helmholtz  theorem: 

S  =  -Vcj)  +  V  x  A  (3.3-5) 

3.4  EQUATIONS  OF  D'ALEMBERT POISSON ,  AND  LAPLACE 

The  direct  determination  of  E  and  B  by  solving  the  Maxwell- Lorentz  equations  is 
usually  difficult.  The  solution  is  often  facilitated  by  defining  potential  functions  in 
terms  of  the  field  vectors,  because  it  is  possible  to  transform  the  four  first-order 
field  equations  into  two  second-order  equations  in  the  potential  functions  that  are 
formally  integrable  in  a  general  way.  From  the  integrals  so  obtained,  and  the 
definitions  of  potential  functions,  it  is  possible  to  calculate  E  and  B  and,  from  these 
and  the  boundary  conditions,  the  distributions  of  current  and  charge.  Frequently, 
current  and  charge  are  more  conveniently  determined  directly  from  the  potential 
functions  than  from  the  field  vectors. 

An  examination  of  the  four  field  equations  discloses  that  the  magnetic  vector 
B  is  solenoidal  because  its  divergence  vanishes.  Hence  B  can  be  derived  from  a 
vector  potential  A  defined  by 

V  x  A  =  B  (3.4-1) 

The  vector  point  function  A  defined  (incompletely)  in  (3.4-1)  is  of  fundamental 
importance  especially  in  the  theory  of  antennas.  It  is  called  the  magnetic  vector 
potential. 

To  define  a  scalar  potential  it  is  necessary  to  find  a  vector  with  vanishing  curl. 
From  the  symmetry  of  electric  and  magnetic  quantities,  the  second  field  equation 
should  be  used  for  this  purpose,  since  this  is  the  electric  analogue  of  the  magnetic 
fourth  equation.  The  second  equation  is 

V  x  E  =  -B  (3.4-2) 

This  is  easily  transformed  with  (3.4-1)  to  read 

V  x  (E  +  A)  =  0  (3.4-3) 

The  vector  (E  +  A)  is  a  potential  vector  because  its  curl  vanishes.  It  can  be  derived 
from  a  scalar  potential  cj>  defined  by 

-Vcj)  =  E  +  A 


(3.4-4) 
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This  is  also  a  fundamentally  important  relation.  The  scalar  potential  defined  by 
(3.4-4)  is  called  the  electric  scalar  potential.  It  is  evident  that  if  the  scalar  and 
vector  potentials  cj)  and  A  are  known,  the  electromagnetic  vectors  E  and  B  may  be 
calculated  directly  from 


E  =  — Vcj>  -  A  (3.4-5) 

B  =  V  x  A  (3.4-6) 

With  the  scalar  and  vector  potentials  defined,  the  next  step  is  to  eliminate  E 
and  B  from  the  field  equations.  It  is  to  be  noted  that  whereas  the  scalar  cj>  is  defined 
completely  (except  for  an  additive  constant)  by  (3.4-4),  the  vector  A  is  not  defined 
completely  by  (3.4-1).  To  define  a  vector,  both  its  curl  and  divergence  must  be 
specified.  Nothing  has  been  said  so  far  about  the  divergence  of  A,  and  to  this 
extent  at  least  the  vector  A  is  still  arbitrary. 

Since  the  potential  functions  cj>  and  A  are  defined  in  terms  of  two  of  the  field 
equations,  they  must  still  be  made  to  satisfy  the  other  two,  namely, 

e0V  •  E  =  p  (3.4-7) 

IXq-'V  x  B  —  pOTv  +  e0E  (3.4-8) 

Direct  substitution  of  (3.4-5)  and  (3.4-6)  in  (3.4-7)  and  (3.4-8)  gives 

V  •  Vcj)  +  V  •  A  =  — ^  (3.4-9) 

eo 

V  x  V  x  A  =  M-o(p^v  -  e0V<j>  -  e0A)  (3.4-10) 

The  symbol  V2  stands  for  two  different  operations,  depending  on  whether  it  op¬ 
erates  on  a  scalar  cj>  or  a  vector  A.  It  is  called  the  Laplacian  operator  and  with 
(3.2-6)  it  is  defined  in  the  two  cases  as  follows: 

V2cJ)  =  V  •  Vcj)  (3.4-11) 

V2A  ss  VV  •  A  -  V  x  V  x  A  (3.4-12) 

With  this  symbolism  (3.4-9)  and  (3.4-10)  become 

V2cj>  +  V-  A  =  ^  (3.4-13) 

e0 

V2A  -  VV  •  A  =  |x0(-p^v  +  e0V<|>  +  e0A)  (3.4-14) 

Since  the  vector  potential  A  is  still  not  completely  defined,  it  is  possible  to  assign 
any  convenient  value  to  V  •  A.  The  value  that  is  chosen  is  that  which  separates  the 
variables  A  and  cj>  in  (3.4-13)  and  (3.4-14).  Let  the  definition  of  A  be  completed 
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(except  for  an  additive  constant  vector)  by  writing 

V  x  A  =  B  (3.4-15) 

* 

V-  A  =  —  e0|x0  —  =  (3.4-16) 

u  dt  c2  dt  v  J 

where  c  =  (e0|x0)~1/2-  Equation  (3.4-16)  is  known  as  the  Lorentz  condition  when 
written  in  the  form 

V  •  A  +  e0Po  =  0  (3.4-17) 

ot 

It  closely  resembles  the  generalized  equation  of  continuity  of  electric  charge 

(3.4-18) 


Pmv  + 


3p 

dt 


0 


As  will  be  seen  and  subject  to  (3.4-17),  A  is  defined  in  terms  of  and  <J>  in 
terms  of  p.  The  resemblance  between  (3.4-17)  and  (3.4-18)  is  evidently  more  than 
formal.  Equation  (3.4-17)  corresponds  to  an  equation  of  continuity  for  potentials. 
If  it  is  satisfied,  (3.4-13)  and  (3.4-14)  reduce  to 

V2<t>  -  |W>  =  (3.4-19) 

e0 

V2A  -  fx0e0A  =  -poP^v  (3.4-20) 

These  are  the  fundamental  d’Alembert  equations  governing  the  potential  fields  <j> 
and  A. 

In  the  stationary  states  (3.4-19)  and  (3.4-20)  reduce  to  a  form  known  as 
Poisson’s  equation. 


V2cj>  =  — ^  (3.4-21) 

e0 

V2A  =  —  poJ  (3.4-22) 

The  definitions  for  the  potential  functions  in  the  stationary  states  are 

-Vcj)  =  E  (3.4-23) 

V  x  A  =  B 

V  •  A  =  0  (3.4-24) 

Since  (3.4-21)  involves  only  the  essential  volume  density  of  charge  p  =  p-V-P 
and  the  electric  constant  e0,  it  is  a  static-state  equation.  It  is  analogous  to  the 
steady-state  equation  (3.4-22)  that  involves  the  essential  volume  density  of  moving 
charge  J  =  J  +  V  x  M  and  the  magnetic  constant  p0-  The  formal  analogy  between 
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the  static  and  steady  states  may  be  extended  as  follows: 


Quantity 


Static  state 


Steady  state 


Potential  function  Electric  scalar  potential,  <)>  Magnetic  vector  potential,  A 

Operation  V2  (operating  on  a  scalar)  V2  (operating  on  a  vector) 


A  special  form  of  Poisson’s  equation  called  Laplace's  equation  is 

V2<j>  =  0 
V2A  =  0 


(3.4-25) 

(3.4-26) 


3.5  BOUNDARY  CONDITIONS  FOR  POTENTIAL  FUNCTIONS 

The  general  boundary  conditions  for  the  electromagnetic  field  vectors  are  given  in 
Chapter  2.  They  may  be  written  as  follows  at  the  boundary  between  two  media  1 
and  2: 


ni  •  E1 

i  A 

+  n2  • 

x 

e2 

-T1 

e0 

(3.5-la) 

A 

ni 

x  + 

Ay  ^ 

n2  x 

e2 

=  0 

(3.5-lb) 

A 

ni 

x  Bj  + 

n2  x 

b2 

=  -hV 

(3.5-lc) 

hi  •  B1 

1  A 

+  n2  • 

b2 

=  0 

(3.5-ld) 

The  shorthand  notation  t) 

=  %  + 

^2;  V  = 

:  TlmVl  +  T)my2  is  used. 

Normals  are 

external  to  the  region  indicated  by  the  subscript.  The  electromagnetic  vectors  in 
(3.5-la-d)  can  be  replaced  by  the  potential  functions  using  (3.4-5)  and  (3.4-6), 
that  is, 


E  =  -V<j>  -  A 
B  =  V  x  A 


With 


n  •  V<()  = 


ckj> 

dn 


(3.5-2) 

(3.5-3) 


(3.5-4) 


and  the  substitution  of  (3.5-2)  in  (3.5- la),  the  following  equation  results: 


+  nx  •  Ax  +  n2  *  A2 


21 

e0 


d<t>i  |  d<t>2 

dn1  dn2 


(3.5-5) 
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Before  the  potential  functions  are  substituted  for  the  electric  field  in  (3.5-lb),  let 
(3.5- lb)  be  multiplied  vectorially  by  a  unit  vector  s  tangent  to  the  surface  of 
discontinuity  as  illustrated  in  Fig.  3.5-1.  Then 

s  x  nx  x  Ex  +  s  x  n2  x  E2  =  0  (3.5-6) 

With  the  use  of  the  general  vector  formula 

A  x  B  x  C  =  B(A  •  C)  -  C(A  •  B)  (3.5-7a) 

and  since  s  and  n  are  mutually  perpendicular,  it  follows  that  s  •  n  =  0  and 

s  x  n  x  E  =  n(s  •  E)  (3.5-7b) 

Hence  (3.5 -lb)  is  equivalent  to 

nx(s  •  Ex)  +  n2(s  •  E2)  =  0  (3.5-8) 

Since  nx  =  -n2,  (3.5-8)  becomes 

s  •  Ex  -  s  •  E2  =  0  (3.5-9) 

The  substitution  of  (3.5-2)  in  (3.5-9)  and  the  use  of  (3.5-4)  with  s  written  for  n 
yield 


34>i 

ds 


(3.5-10) 


Equations  (3.5-5)  and  (3.5-10)  are  satisfied  if,  at  the  boundary, 

Ax  —  A2  =  0 


d<}) 

dn1 


\  =  21 

dn2)  2  eo 


ds 


ck}> 

ds 


(3.5-11) 

(3.5-12) 

(3.5-13) 


These  boundary  conditions,  although  not  as  general  as  possible,  are  consistent  with 
(3.5- la,  b).  For  all  boundaries  characterized  only  by  ti  and  r\m\  it  is  possible  to 
write 


4>i  —  4>2  =  o  (3.5-14) 

Equations  (3.5-11)  and  (3.5-14)  are  not  correct  if  surface  densities  of  magneti¬ 
zation  and  polarization  are  defined.  However,  most  practical  problems  do  not 
involve  these  densities. 

In  order  to  determine  the  boundary  conditions  for  the  normal  and  tangential 
derivatives  of  the  vector  potential  by  substituting  (3.5-3)  in  (3.5-lc,d),  it  is  nec¬ 
essary  to  express  V  x  A  in  terms  of  its  components  parallel  and  perpendicular  to 
the  boundary  surface.  This  may  be  done  in  terms  of  a  set  of  rectangular  axes 
defined  by  the  unit  vectors  n,  s,  p  arranged  to  form  a  right-handed  system.  As 
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A 


Region  2 

Figure  3.5-1  Rectangular  coordinates  at  a  boundary. 


shown  in  Fig.  3.5-1,  n  =  n2  =  -nx  is  perpendicular  to  the  boundary,  s  is  parallel 
to  the  surface  and  in  the  direction  of  t^v,  and  p  is  parallel  to  the  surface  and 
perpendicular  to  s.  The  curl  may  be  expressed  in  the  form 

AAA 

n  s  p 

v  x  A  =  —  -  —  (3.5-15) 

dn  ds  dp 

An  As  Ap 

Equation  (3.5-15)  is  now  substituted  for  B  in  (3.5— lc): 


+  fl2  X  fj  -  T"8)  1  -  sffy2  -  y2)  1  +  -  T2)  1} 

I  V  ds  dp/ 2  \dn  dp) 2  \dn  ds/2  I 


=  "MJ  (3.5-16a) 

The  terms  n  x  n  =  0  for  both  regions;  the  terms  n  x  s  are  perpendicular  to  s, 
which  is  by  definition  in  the  direction  of  rj^v,  so  they  must  vanish;  the  terms 
n  x  p  =  —  s  are  parallel  to  r^v.  Consequently,  (3. 5- 16a)  reduces  to 


BA,  _  BA, 
dn  ds 


-  s 


dAs  dA 
dn  ds 


=  -MJ 


(3. 5- 16b) 


It  will  be  seen  that  A  is  always  parallel  to  the  moving  charge  from  which  it  is 
calculated.  Since  t^v  in  (3.5-16a,b)  is  by  definition  in  the  direction  of  s,  it  can 
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contribute  nothing  to  An  or  Ap,  so  that 


dA 


n 


dA 


n 


dS 


dS 


=  o 


(3.5-17) 


dA, 

w 

bn 


-  s 


dAt 

u 

bn 


-  -Mo r\mv 


(3.5-18) 


In  terms  of  nx  =  —  n  =  -n2, 


dAs 

dnx 


+ 


bA 


dn 


Mo 


2  2 


(3.5-19) 


with  As  parallel  to  T]mv.  The  terms  n  x  s  result  in 


bA 


n 


dA 


n 


bp 


bp 


'bAp 

bnx 


+ 


bA 


dn 


=  0 


2/2 


(3.5-20) 


with  Ap  perpendicular  to  r|mv  but  tangent  to  the  boundary. 

The  substitution  of  (3.5-15)  in  (3.5- Id)  results  in  terms  involving  n  •  n, 
n  •  s,  and  n  •  p.  Since  n  •  s  and  n  •  p  are  zero,  (3.5-ld)  yields 


bAn  dA 


dA„  bA 


dS 


dp 


dS 


dp 


=  0 


(3.5-21) 


Since  As  and  Ap  are  independent,  (3.5-21)  may  be  separated  to  give 


bAf 

dS 


dAt 

dS 


-  0 


(3.5-22) 


M, 

dp 


dA s 
dp 


=  0 


(3.5-23) 


In  summary,  the  following  boundary  conditions  obtain  for  the  scalar  potential: 


4>i  ^2  —  o 


(3.5-24) 


3cJ) 


3cJ) 


eol  T~  I  +  e0 

dnl /  1  \^n2/  2 


=  T,  =  T)l  +  T,2 


(3.5-25) 


3^ 
ds  /  ! 


ds 


-  0 


(3.5-26) 


That  is,  4>  and  its  tangential  derivative  are  continuous  across  a  boundary;  its  normal 
derivative  is  discontinuous  by  rj/e0. 
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The  boundary  conditions  for  the  vector  potential  are 

0  (3.5-27) 

bP  =  (3.5-28) 


(3.5-29) 

(3.5-30) 


(3.5-31) 

The  vector  potential  and  the  tangential  derivative  of  its  tangential  component  are 
continuous  across  a  boundary;  the  normal  derivative  of  its  tangential  component 
in  the  direction  of  is  discontinuous  by  |x0rj^y;  the  normal  derivative  of  its 
tangential  component  at  right  angles  to  rj^v  is  continuous.  More  briefly,  only  the 
normal  derivative  of  the  component  of  the  vector  potential  parallel  to  the  surface 
current  is  discontinuous. 


3.6  EQUATIONS  OF  D'ALEMBERT,  POISSON ,  AND  LAPLACE 
IN  SIMPLE  MEDIA 

The  potential  equations  that  were  obtained  in  Sec  3.4  involve  the  essential  densities 
p  =  p  -  V  •  P  and  p^v  =  J  +  VxM  +  P.  The  solution  of  these  equations  for 
4»  and  A  thus  assumes  a  knowledge  of  all  the  volume  densities  p,  P,  J,  and  M.  In 
media  in  which  the  constitutive  parameters  er,  |xr,  and  a  may  be  used,  considerable 
simplification  is  achieved  by  reducing  the  number  of  density  functions  that  must 
be  known.  In  writing  equations  for  simple  media  it  is  advantageous  to  consider 
two  cases  separately.  The  first  of  these  involves  linearly  polarizing  and  magnetizing 
media  so  that  the  parameters  er  and  |xr  appear  and  the  densities  P  and  -M  do  not. 
However,  no  specific  assumptions  are  made  regarding  the  volume  density  of  con¬ 
vection  current  Jf  so  that  it  appears  explicitly.  The  second  formulation  is  like  the 
first  in  assuming  simply  polarizing  and  magnetizing  media,  but  it  assumes  simply 
conducting  media  as  well,  so  that  all  three  parameters  en  |xr,  and  a  appear  and  P, 
-M,  and  do  not. 

In  simply  polarizing  and  magnetizing  media,  the  first  and  third  field  equations 
have  the  following  form: 

eV  •  E  =  pf  (3.6-1) 


|x-1V  X  B  =  Jf  +  eE 


(3.6-2) 
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If  these  equations  are  compared  with  (3.4-7)  and  (3.4-8),  they  are  found  to  be 
formally  exactly  like  the  more  general  ones.  It  is  only  necessary  to  write 


e 

for 

e0 

for 

M-o 

P/ 

for 

P 

J/ 

ft  «  -a  ^ 

for 

P  rriS 

By  defining  the  scalar  and  vector  potentials  according  to 


(3.6-3) 


—  Vcj> 
V  x  A 


E  +  A 


=  B 


V  •  A  = 


ep 


dcj) 

dt 


equations  corresponding  to  (3.4-19)  and  (3.4-20)  are  obtained: 


(3.6-4) 

(3.6-5a) 

(3.6-5b) 


V2cJ)  —  e|x<J> 


R f 
e 


V2A  —  epA  =  —  pJ/ 

The  corresponding  steady-state  equations  are 


(3.6-6) 

(3.6-7) 


Pj 

e 


V2A  =  -  pJ 


f 


(3.6-8) 

(3.6-9) 


The  second  form  of  the  field  equations  in  simple  media  is  derived  from 


eV  •  E  = 


P/ 


p  x  B  =  aE  +  eE 

The  following  definitions  of  the  scalar  and  vector  potentials 


(3.6-10) 

(3.6-11) 


—  Vcj)  =  E  +  A 

V  x  A  =  B 


(3.6-12) 
(3.6- 13a) 


V  •  A  =  —  p(acj)  +  e<j>) 


(3.6-13b) 
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lead  to  the  relations 


V2cJ)  -  cr|x<}>  -  e|xcj)  = -  (3.6-14) 

e 

V2A  -  cr|xA  -  e|xA  =  0  (3.6-15) 

•  • 

These  equations  differ  from  the  previous  ones  in  that  terms  in  cj)  and  A  appear 
together  with  the  conductivity  a.  Since  it  has  been  shown  that  p/  vanishes  in  con¬ 
ductors  and  is  a  constant  which  may  be  set  equal  to  zero  in  nonconductors,  the 
following  symmetrical  equations  are  usually  valid: 

V2cJ)  -  cr|x4>  e|xcjt>  =  0  (3.6-16) 

V2A  -  cr|xA  -  e|xA  =  0  (3.6-17) 

The  Lorentz  condition  that  must  be  satisfied  is 


V  •  A  +  cr|xcj)  +  e|x4>  =  0 


(3.6-18) 


Depending  on  the  particular  problem  to  be  investigated,  one  of  the  three  forms 
of  the  potential  equations  may  be  selected.  It  is  to  be  noted  that  the  last  form 
involves  no  volume  densities  and  only  the  three  constitutive  parameters. 

The  boundary  conditions  for  the  potential  functions  at  a  boundary  between 
two  simple  media  are  obtained  as  in  Sec.  3.5: 

=  0  (3.6-19) 


,  d4n  ,  /&!> 

6l  W 1  %  Wh/2 


—  'hi /  +  h2 f 


dcj) 

dS 


d(J) 

dS  /  2 


0 


^4  is  Ats  —  0;  p,!  1Aln  (x2  1A2n  —  0 


.  -i  I  dA*\  _i_  -i  I  dA* 

Mq  1  _  )  T  (x2  I 

dn1/l  \dn: 


—  KXf  +  K2f 


(3.6-20) 

(3.6-21) 

(3.6-22) 

(3.6-23) 


(3.6-24) 


dA 


n,s,p 


dp 


~  M-2  1 


dA 


n,s 


dS 


(3.6-25) 

(3.6-26) 
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The  field  equations  defining  the  vectors  E  and  B  have  been  replaced  by  two  mutually 
independent  potential  equations  written  both  in  the  general  form  and  in  the  special 
forms  suited  to  simple  media.  The  advantage  of  the  potential  formulation  is  a 
mathematical  one. 


3.7  THE  POTENTIAL  EQUATIONS  WITH  PERIODIC  TIME 
DEPENDENCE  IN  FREE  SPACE  AND  IN  SIMPLE  MEDIA 


When  the  density  functions  vary  periodically  in  time  according  to  p(Y)  =  pejwt, 
pmv(r)  =  p^ve;W,  where  now  p  and  pmv  are  complex,  the  potential  functions  also 
have  this  form,  namely,  cj>(r)  =  A  (?)  =  Ae;W.  In  this  case  the  complex  potential 

functions  satisfy  the  following  equations  in  free  space: 


V2cj>  +  % j>  =  -- 

e0 

V2A  +  fcgA  =  -fi0M 

where  k0  =  (o(|x0eo)1/2  =  to/c.  The  Lorentz  condition  becomes 

V*  A  =  0 

(0 


(3.7-la) 

(3.7-lb) 


(3.7-lc) 


The  electromagnetic  field  vectors  are  related  to  the  potential  functions  as  follows: 


E  =  -Vcj>  -  ;<o A  =  -7^  (VV  •  A  +  k20 A) 

k0 

B  =  V  x  A 


In  simple  media,  the  equations  for  the  potential  functions  are 

V2cJ)  +  k2  cj>  =  0 
V2A  +  A:2A  =  0 

where  k  =  (o(|xe)1/2.  The  Lorentz  condition  is 

k2 

V*A  +  j  —  cj)  =  0 

(0 

The  relations  for  the  electromagnetic  vectors  are  given  by 


E  =  —  Vcj>  -  ;<o A  =  (VV  •  A  +  k2 A) 


(3.7-2a) 

(3.7-2b) 


(3.7-3a) 

(3.7-3b) 


(3.7-3c) 


B  =  V  x  A 


(3.7-4a) 

(3.7-4b) 
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3.8  THE  SOLUTIONS  OF  THE  POTENTIAL  EQUATIONS: 
HELMHOLTZ'S  INTEGRALS 


The  solutions  of  equations  (3. 7-la, b)  may  be  written  in  different  forms,  but  it  is 
generally  advantageous  to  select  those  which  satisfy  (3.7-lc).  The  form  of  solution 
that  is  particularly  useful  in  solving  transmission-line  and  antenna  problems  is  a 
particular  integral  called  the  Helmholtz  integral.  The  Helmholtz  integrals  for  (3.7- 
la,b)  are  derived  as  follows.  First  consider  the  equation 

V2v  +  klv  =  0  (3.8-1) 

where  v  is  the  scalar  point  function.  Let  this  equation  be  written  in  spherical 
coordinates  ( R ,  0,  d>)  (see  Fig.  3.8-1)  under  the  assumption  that  v  is  independent 
of  0  and  d>.  Then  (3.8-1)  reduces  to 


J __d_ 
R2  dR 


+  k qV  =  0 


(3.8-2) 


which  is  equivalent  to 


(3.8-3) 


Figure  3.8-1  Spherical  coordinate  system. 
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A  particular  integral  of  (3.8-3)  and  hence  of  (3.8-1)  is 


v 


g  -jkoR 


(3.8-4) 


as  may  be  verified  by  direct  substitution. 

Now  let  cj)  and  v  be  two  scalar  point  functions  that  are  finite  and  continuous 
with  their  first  and  second  derivatives  in  a  volume  t  enclosed  in  a  surface  XT. 
According  to  Green’s  symmetrical  theorem  (3.2-8), 

(cj)V2v  —  vV2$)dT  =  (^J)  —  v  dcr  (3.8-5) 


Let  v  in  (3.8-5)  be  identified  with  v  in  (3.8-4)  noting  that  R  is  the  distance  from 
a  fixed  point  P(x,  y,  z)  where  cj>  is  to  be  determined,  to  a  variable  point  of  integration 
P'(x' ,  y' ,  z').  Both  points  are  within  t.  If  (3.8-4)  is  to  be  substituted  in  (3.8-5), 
it  is  necessary  to  exclude  temporarily  the  point  P,  because  as  P'  is  moved  throughout 
t,  1/R  becomes  infinite  at  R  =  0.  Therefore,  let  the  point  P  be  enclosed  in  a  small 
sphere  of  radius  a,  and  let  (3.8-5)  be  formed  for  the  region  Ta  which  is  the  same 
as  t  excluding  the  volume  of  the  small  sphere.  The  surface  of  this  sphere  is  %a  = 
4tt a2.  The  surface  integrals  in  (3.8-5)  must  be  evaluated  over  the  complete  bound¬ 
ary  XT  of  Ta  and  hence  over  its  outer  surface  S0  and  inner  boundary  %a.  Thus,  using 
(3.8-4)  with  (3.8-1)  and  denoting  by  a  prime  quantities  that  are  functions  only 
of  the  point  P'{x',y',  z ')  which  locates  the  element  of  integration  as  this  is  moved 
throughout  Ta  and  on  its  boundaries,  (3.8-5)  becomes 


^  -jkoR 


(V2cj)'  +  kfa'W  = 


So 


e  -jkoR 


e-jkoRd§' 
R  dn 


e  -  jkoR 


e~ikoRd<\>' 
R  dn 


(3.8-6) 


The  distance  R  =  [(x  —  x')2  +  (y  —  y')2  +  (z  -  z')2]1/2  is  a  function  of  both 
primed  and  unprimed  coordinates.  On  the  surface  Xa  =  4ir a2,  the  external  normal 
to  the  volume  Ta  is  directed  inward  along  the  radius.  Hence,  on  this  surface  d/dn 
=  —d/dR  and  dcr  =  a2  dCl,  where  dPl  is  an  element  of  solid  angle.  The  integral 
over  Xa  in  (3.8-6)  becomes 


g-jkoR 


e~jkoRd<\)' 
R  dn 


4>' 


l 


R 


+ 


^  —jkoR  _|_ 


jkoR 


dcj)' 


R  dR 


a2dCl' 


J  R  =  a 


(3.8-7) 
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Since  dcj >'/dR  is  finite  in  t,  (3.8-7)  reduces  to  the  following  simple  form  in  the  limit 
as  a  is  allowed  to  approach  zero: 


lim 

a— >0 


e~ih)R  dc})' 
R  dn 


=  lim  <$>'  dil' 

a— >0 

=  4ircJ)  (3.8-8) 


In  (3.8-8)  dPl'  is  an  element  of  solid  angle.  The  function  cj>  depends  only  on  the 
coordinates  (x,  y,  z)  of  the  point  P.  With  (3.8-8)  substituted  in  (3.8-6),  the 
resulting  equation  is 


4itcJ)  =  — 


e~jkoR 

R 


So 


4>' 


(V2cj)'  +  kl  cj>')  dT' 
d  / e-JkoR\  e-JtoRdp 


dn 


R 


R  dn 


da' 


(3.8-9) 


With  the  use  of  (3.7-la)  in  the  volume  integral  in  (3.8-9)  and  after  the  expansion 
of  the  integrand  of  the  surface  integral,  (3.8-9)  becomes 


1 


^  -jkoR 


4tt  Jz o 


dn 


+  ;M>' 


dR 

dn 


(3.8-10) 


This  is  the  complete  expression  for  the  scalar  potential  if,  as  has  been  assumed,  <j> 
and  its  first  derivative  are  continuous  throughout  the  region  t.  The  boundary 
conditions  on  <j>  and  its  derivatives,  (3.5-19)  to  (3.5-21),  require  <j>  to  be  continuous 
but  its  normal  derivative  at  a  boundary  with  a  nonvanishing  surface  charge  to  be 
discontinuous.  If  such  boundaries  exist  within  t,  they  must  be  excluded  in  the 
integration.  This  is  done  by  enclosing  such  a  boundary  between  two  parallel  surfaces 
each  at  a  constant  distance  dc  (atomic  dimension)  from  the  boundary.  The  volume 
integral  in  (3.8-10)  is  then  carried  out  over  all  volumes  excluding  "only  the  narrow 
slices  of  thickness  2 dc  between  parallel  surfaces  2*  enclosing  boundaries  where 
dc{ y/dn  is  discontinuous.  Additional  surface  integrals  appear  on  the  right  in 
(3.8-10).  They  have  the  form 

L 

where  the  subscripts  1  and  2  are  used  to  designate  the  regions  on  each  side  of  the 
boundary;  Ai  and  n2  are  external  normals  to  the  regions  indicated  by  the  subscript 


+ 


g  -jkoR 

R 


dcr' 


(3.8-11) 
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at  the  boundary.  The  normal  derivatives  are  taken  on  each  side  of  the  boundary. 
Equation  (3.5-25)  may  be  written  for  complex  amplitudes 


+ 


21 

e0 


(3.8-12) 


With  (3.8-12)  substituted  in  (3.8-11),  and  (3.8-11)  included  in  (3.8-10),  the 
resulting  expression  for  cj>  is 


e~ikoR  dj' 


u'  da' 

So 


(3.8-13) 


For  convenience  in  writing,  only  a  single  volume  integral  and  a  single  surface 
integral  are  shown.  In  general,  the  volume  integral  is  to  be  evaluated  over  all 
regions  in  which  p  differs  from  zero,  the  surface  integral  over  all  boundaries  where 
rj  is  defined.  The  following  shorthand  is  used: 


dn 


+  ;M>' 


dR 

dn 


(3.8-14) 


Since  each  of  the  Cartesian  components  of  A  satisfies  an  equation  like  (3.7- 
la),  each  must  have  a  solution  of  the  form  (3.8-13).  If  these  are  combined  vec- 
torially  and  use  is  made  of  the  boundary  conditions  (3.5-27)  to  (3.5-31)  for 
complex  amplitudes,  the  integral  solution  of  (3. 7- lb)  is 

A  =  i^o  /  f  Pmll  e-jb*  dT.  +  f  e-iMt 

4tt  \Jt  R  Jx  R  ) 


So 


da' 


(3.8-15) 


with 


BA' 

dn 


+  jk0  A' 


dR 

dn 


e-jkaR 


(3.8-16) 


In  applying  (3.8-13)  and  (3.8-15)  to  the  solution  of  electromagnetic  prob¬ 
lems,  it  is  necessary  to  know  u'  and  on  the  envelope  S0  that  encloses  the  regions 
in  which  periodically  varying  distributions  of  charge  and  current  are  maintained. 
The  location  of  this  envelope  is  quite  arbitrary  and  may  be  chosen  wherever  con¬ 
venient.  If  it  is  possible  to  locate  it  in  such  a  way  that  both  u'  and  vanish 
everywhere  on  its  surface,  the  last  integral  in  (3.8-13)  and  (3.8-15)  vanishes  and 
the  calculation  of  scalar  and  vector  potentials  reduces  to  integrations  over  such 
volumes  and  surfaces  within  S0  in  and  on  which  nonvanishing  densities  of  period¬ 
ically  varying  charge  and  current  exist.  This  is  true  whenever  the  surface  S0  can 
be  chosen  in  such  a  way  that  on  it  both  cj>  and  A  are  zero  at  all  points.  Both  cj>  and 
A  vanish  with  E  and  B,  and  the  amplitude  of  a  periodically  varying  electromagnetic 
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field  reduces  to  negligibly  small  values  in  the  interior  of  a  sufficiently  good  con¬ 
ductor.  Therefore,  if  a  periodically  varying  distribution  of  charge  is  maintained  in 
a  cavity  in  a  good  conductor,  it  may  be  assumed  that  u'  and  are  both  zero  if 
S0  is  entirely  in  the  conductor. 

For  the  general  solution  of  electromagnetic  problems  that  involve  radiating 
sources  in  space,  the  last  integrals  in  (3.8-13)  and  (3.8-15)  are  required  to  vanish 
by  the  imposition  of  a  radiation  condition  in  the  general  form 

lim  R  (m  +  ik»A  =  0  (3.8-17) 

R~>  oc  \Ol\  ] 

and  a  similar  relation  for  the  vector  potential.  This  condition  is  equivalent  to  a 
requirement  that  the  potentials  approach  infinity  as  outward-traveling  waves  of  the 
form  e~ikoR/R.  The  radiation  condition  is  usually  combined  with  the  “condition  for 
regularity  at  infinity” 

lim  (R<&)  is  finite  (3.8-18) 


and  a  similar  condition  for  the  vector  potential. 

The  radiation  condition  can  be  shown  to  be  a  consequence  of  the  principle 
of  causality,  which  states  that  a  signal  cannot  be  observed  before  it  has  been 
generated  and  emitted. 

The  solutions  of  (3.7-la,  b)  can  be  shown  to  be  unique  provided  that  (3.8- 
17)  and  (3.8-18)  are  satisfied.  They  are  given  by 


e-jkoR 


£  -jtcoR 


(3.8-19) 


e-jkoR  dj>  + 


T)mV' 

2  R 


e~ikoR  dcr1 


(3.8-20) 


The  integration  is  to  be  carried  out  over  all  regions  and  surfaces  where  nonvanishing 
density  functions  are  defined.  Since  the  electromagnetic  vectors  and  the  potential 
functions  are  by  definition  computed  only  from  charges  and  moving  charges,  all 
such  solutions  that  are  physically  significant  must  be  due  to  distributions  of  charge 
and  current  somewhere  in  space.  Hence,  if  the  integrations  in  (3.8-19)  and  (3.8- 
20)  are  assumed  to  be  taken  over  all  regions  with  nonvanishing  values  of  the  density 
functions,  (3.8-19)  and  (3.8-20)  are  the  general  solutions.  Equations  (3.8-19) 
and  (3.8-20)  are  used  to  determine  cj>  and  A  due  to  charges  and  currents  in  a 
particular  region  such  as  an  antenna.  This  problem  is  discussed  in  later  sections. 

An  especially  simple  form  of  the  vector  potential  is  that  of  an  idealization 
known  as  an  infinitesimal  dipole .  This  is  essentially  extensionless  and  has  an  electric 
dipole  moment 


p  =  I  P'  di' 


T 


(3.8-21) 
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It  is  obtained  from  (3.8-20)  with  pmv  =  /to P  and  with  R  ~  R0,  the  distance  to  the 
center  of  the  dipole.  Thus 


joy  (jl0P  e  )koRo 


(3.8-22) 


Since  p  =  2  Qh  where  2/z  is  the  length  of  the  dipole  and  Q  the  periodically  varying 
charge  at  one  end,  and  since  ywQ  =  /,  the  current  generated  by  the  moving  charge, 
it  follows  that 


so  that 


(3.8-23) 


|x0 hi  e 
2tt  R0 


(3.8-24) 


3.9  SKIN  EFFECT  AND  INTERNAL  IMPEDANCE 


The  transverse  distribution  of  current  in  rotationally  symmetric  cylindrical  con¬ 
ductors  depends  on  the  field  outside  the  conductor  primarily  in  terms  of  the  field 
on  its  surface.  This  makes  it  possible  to  determine  in  approximate  but  very  general 
terms  the  circuit  properties  per  unit  length  of  such  a  conductor  for  a  simple  geometry 
and  then  use  these  in  the  determination  of  the  complete  characteristics  of  closed 
and  quasi-closed  electric  circuits,  transmission  lines,  and  antennas. 

Consider  a  circular  conducting  cylinder  of  radius  a  that  extends  along  the  z 
axis  of  a  system  of  cylindrical  coordinates  p,  0,  z.  It  is  contained  in  a  cylindrical 
cavity  of  radius  b  surrounded  by  an  infinite  conducting  medium.  A  rotationally 
symmetric  electric  field  with  the  complex  amplitude  Ez(a)  is  maintained  on  its 
surface  p  =  a.  The  transverse  distribution  of  the  axially  directed  field  Ez( p)  and 
of  the  volume  density  of  current  Jz{ p)  for  p  <  a  can  be  determined  from  the  general 
equation  for  the  vector  potential  in  a  simple  medium,  that  is,  from 

V2A  +  A:2A  =  0  (3.9-1) 

with 

k  =  (o(pi)1/2  (3.9-2a) 


(3.9-2b) 


Equation  (3.9-1)  can  be  expressed  in  the  cylindrical  coordinates  (p,  0,  z)  and, 
since  there  is  rotational  symmetry, 


^  =  0;  A,  =  0 
00  6 


(3.9-3) 
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Furthermore,  by  definition, 

V2A  =  VV  •  A  -  V  x  V  x  A  (3.9-4) 

The  expansion  of  (3.9-4)  in  cylindrical  coordinates  and  its  substitution  into  (3.9- 
1)  result  in  the  following  equations: 


d2Ap 

dz2 


d_  1  _d_ 


dp  p  dp 


+  k2Ap  =  0 


d  2AZ  Id  d A 

- —  -)- - Q  - 

dz2  p  dp  dp 


+  k2Az  =  0 


(3.9-5) 

(3.9-6) 


The  solution  of  (3.9-5)  is  obtained  by  the  method  of  separation  of  variables. 
Az( p,  z)  is  written  as  follows: 


A  A  P,  z)  =  fz(z)Fz(  p) 


(3.9-7) 


where  fz{z)  is  a  dimensionless  function  of  z  alone  and  Fz{ p)  is  a  function  of  p  alone. 
The  substitution  of  (3.9-7)  in  (3.9-6)  yields  the  equation 


Jz  p  dp  dp 


+  k2fzFz  =  0 


(3.9-8) 


When  (3.9-8)  is  written  in  the  form 


f2dz 2 


+  k2  = 


J_  1  _d_  BFZ 

Fz  p  dp  P  dp 


(3.9-9) 


it  is  seen  that  the  left  side  is  a  function  of  z  alone  and  the  right  side  is  a  function 
of  p  alone.  Hence  the  two  sides  of  (3.9-9)  can  be  equal  to  each  other  only  if  both 
are  equal  to  a  constant  that  may  be  multivalued.  If  this  constant  is  denoted  by  the 
symbol  k2  and 


"y2  —  k2  k2  (3.9-10) 

then 

%  -  7%  =  0  (3.9-11) 

i|-p^+K^  =  0  (3.9-12) 

p  dp  dp 

Equation  (3.9-12)  is  differentiated  to  get 

^  +  +  =  0  (3.9-13) 

dp  p  dp 

A  further  transformation  may  be  obtained  with  the  new  independent  variable 

(3.9-14a) 


X  =  Kp 
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With  it 


dr 


d  dp  _  1  d 
dp  dx  K  dp 

_d  /l  _d\ 

dX  \K  dp/ 


(3.9-14b) 


K2  dp: 


(3.9-14c) 


Equation  (3.9-13)  is  now  written  in  terms  of  the  new  independent  variable 


d  2F 


1  d  F. 


+  ~ 


X  dX 


+  F  =  0 


(3.9-15) 


Equation  (3.9-15)  is  known  as  the  Fourier  equation. 

Solutions  for  (3.9-5)  may  also  be  written  in  the  form 

Ap(p,  z)  =  /p(z)Fp(p) 

With  the  same  procedure  as  that  used  for  Az( p,  z), 

d2/ 

J  P  O 


(3.9-16) 


-  77 1 


2/P  =  o 


did 


(PFp)  +  k2F  =  0 


(3.9-17a) 


(3.9-17b) 


dp  p  dp  vr  p/  p 

where  k  is  not  necessarily  the  same  constant  as  before.  Differentiation  yields 


d2  1  dFf 

—  F  + - 

dp2  p  p  dp 


=  +  K-I 


Fp  =  0 


(3.9-17c) 


or 


d2  i  dFp  /  1  \ 

— 7  Ep  + - +  (  1  —  —  I  F0  —  0 

dx2  P  X  dX  \  X2/  p 


(3.9-17d) 


Equations  (3.9-15)  and  (3.9- 17d)  are  special  cases  of  the  general  Bessel  equation 


dr 


X  dx 


d2F  1  d F  L  n2\  „  „ 
—  + - +  1  -  —  F  =  0 


(3.9-18) 


Solutions  for  A(p,  z)  may  be  obtained  in  terms  of  solutions  of  the  Bessel  equation. 

Electromagnetic  Field  and  Boundary  Conditions 
for  a  Cylindrical  Conductor 

The  electromagnetic  vectors  in  a  simple  medium  can  be  calculated  from  the  complex 
vector  potential  with  the  formulas 


E  = 


/to 


(VV  •  A  +  k2 A) 


(3.9-19a) 


B  =  V  x  A 


(3.9-19b) 
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With  (3.9-1)  and  (3.9-4), 


~7<o 

k2 


V  x  V  x 


(3.9-20) 


at  points  in  a  simple  medium.  Hence 


k 2 


d_  fdAp  _  dA z 
dz  \  dz  dp 


Bp  =  0  (3.9-21a) 


-/to 

k2 


1  d 

P 

P  dP 


dAp  dAz 
dz  dp 


M, 

dz 


dAz 

dp 


(3.9-21b) 


(3.9-21c) 


Since  all  components  of  the  field  can  be  expressed  in  terms  of  either  Ap  or  Az 
alone,  it  is  usually  possible  and  convenient  to  set  one  or  the  other  of  the  two 
components  equal  to  zero  without  loss  of  generality.  The  preferred  choice  is  likely 
to  be  the  component  most  closely  related  to  the  dominant  component  of  current: 
Az  for  Jz,  Ap  for  Jp.  In  the  long  cylindrical  conductor  only  the  axial  current  is  of 
interest,  so  that  it  is  appropriate  to  choose  Az  and  set  Ap  =  0.  It  then  follows  that 


-/(o  d2Az 
p  k2  dzd  p’ 


Bp  =  0  (3. 9 -22a) 


dAz 

dp 


(3. 9 -22b) 


juld_  (dAz 

k2  p  dp  ^  \  dp 


(3. 9 -22c) 


The  general  boundary  conditions  for  the  tangential  components  of  E  and  B  at  the 
boundary  between  region  1,  a  cylindrical  conductor  with  radius  a,  and  region  2, 
air,  have  the  following  form: 

Elz(a)  =  E2z(a );  Pf^ie^)  =  pT^eO)  (3.9-23) 


They  may  be  expressed  in  terms  of  Az  as  follows: 
2  ..2 


^lz(«)  =  J2A2  z(a)’ 


1 

dAlz(p) 

1 

dAlz{  p) 

P'1 

dP  _ 

p  =  *  P'2 

dp 

(3.9-24) 


-i  p  =  a 


Region  2  (air)  has  a  radius  b\  beyond  it  is  a  conducting  region  3  that  extends  to 
infinity.  At  the  boundary  p  =  b,  between  regions  2  and  3,  relations  corresponding 
to  (3.9-23)  obtain.  These  are  the  equations  from  which  the  separation  constants 
Kj  and  k2  must  be  determined.  Before  this  can  be  done  expressions  for  Az  in  the 
conductor  (p  <  a)  and  outside  the  conductor,  p  >  a,  must  be  obtained. 

Since  the  cylinder,  region  1,  p  <  a,  and  the  outside  infinite  region  3,  p  >  b, 
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are  good  conductors  and  the  medium  between  them,  region  2,  is  air,  the  following 
forms  of  the  wave  numbers  are  applicable: 


k3  =  h  =  pi  -  ;<*!  =  ( opao-i)172 


(1  -  7) 


1/2 


2 


(3.9-25) 


It  is  assumed  that  |x3  =  is  real. 


k0  =  (o(p.0e0)1/2 


(0 

c 


(3.9-26) 


Solutions  for  Az( p,  z)  in  terms  of/z(z)  and  Fz(p)  as  obtained  from  (3.9-11) 
and  (3.9-13)  that  are  appropriate  to  the  three  regions  are 

Alz( p,  z)  =  ZVo(Kip)  exp  (-y^),  p  <  «  (3.9-27) 

-42z(p,  2)  =  [D2J0(k2p)  +  Z>37Vo(k2p)]  exp  (-y2z),  a<p<b  (3.9-28) 

A3z(p,  z)  =  D4H0(k3p)  exp  (-73Z),  p>b  (3.9-29) 

The  indicated  choice  of  Bessel  functions  which  are  solutions  of  (3.9-18)  is  made 
so  that  Az  does  not  become  infinite  either  at  p  =  0  in  the  inner  conductor  or  at 
p  =  00  in  the  outer  conducting  medium.  The  superscript  (1)  or  (2)  must  be  added 
to  770(k3p)  in  (3.9-29)  according  to  which  one  vanishes  at  p  =  00.  Note  that  for  a 
wave  traveling  in  the  positive  z  direction  in  all  three  regions  it  is  necessary  that  yx 
=  72  =  73  or,  since  k3  =  klt 

V  k\  —  k\  =  Vk2  —  k2  (3.9-30) 


When  (3.9-27)  to  (3.9-29)  are  substituted  in  (3.9-24)  and  in  the  corresponding 
expressions  at  p  =  b,  the  following  equations  are  readily  obtained: 


P'jKj  Joi^a)  =  p2K2  A)(K2a)  +  CN0(K2a) 
k\  Joi^a)  k2  J'o(k2o)  +  CNq(k2o) 

p.2K2/o(K2^)  +  CNQ(\<L2b)  =  P1K1  H^b) 
k\  J'0{K2b)  +  CN'Q{K2b)  k\  Hfab) 


(3.9-31) 

(3.9-32) 


where  C  =  DJD3  is  an  arbitrary  constant  and  where  the  primes  denote  differen¬ 
tiation  with  respect  to  the  argument.  The  only  solution  of  these  equations  that  is 
significant  for  an  inner  conductor  of  sufficiently  small  cross  section  so  that  k2a  = 
k(fl  <  1  is  the  one  valid  for  very  good  conductors  for  which  k\  and  k\  are  both 
very  large.  This  solution  is  readily  obtained  from  (3.9-31)  and  (3.9-32)  in  the 
limit  of  very  large  values  of  cr3  =  a1?  so  that  kx  =  V-T^Mo^i  IS  also  very  large. 
Since  yx  =  Vk?  -  k\  must  remain  finite  even  when  kx  —>  <»,  it  is  clear  that  kx  must 
also  be  very  large.  That  is, 

k  1  ~  kx  ~  V-ywixid!  -  \k1\e~i'n/4;  1^1  =  VwpoO^  (3.9-33) 

It  follows  that  the  left  side  of  (3.9-31)  and  the  right  side  of  (3.9-32)  are  very  small 
with  kl  in  the  denominator.  This  requires  k2  to  be  very  small,  approaching  zero  in 
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the  limit  -*  oo.  With  yx  =  Vk?  -  k\  =  V k2  -  k%,  it  is  evident  that 

7i  -  jk2  =  jk0  (3.9-34) 

It  is  readily  verified  with  the  use  of  the  small  argument  approximations  of  the 
Bessel  functions  [J0(x)  ~  1,  Jq(x)  -  -x/2,  N0(x)  ~  (2Air)[ln  (x/2)  +  0.5772],  Nfa) 
=  2/rtx]  that  the  limit  k2  -*•  0  is  consistent  with  (3.9-31)  and  (3.9-32)  in  a  manner 
that  is  independent  of  both  C  and  the  outer  radius  b.  This  means  that  the  solution 
(3.9-27)  for  the  interior  of  the  inner  conductor  is  independent  of  the  presence  of 
the  outer  conductor.  That  is, 

Alz( p,  z)  ~  ZVo(KlP)e-'*“  (3.9-35) 

for  any  cylindrical  conductor  that  is  excited  to  preserve  complete  rotational  sym¬ 
metry.  This  formula  is  readily  expressed  in  the  form 


^iz(p)  =  Alz(a) 


^o(xiP) 

70(ki«) 


(3.9-36) 


If  Ez(a )  is  the  z  component  of  the  electric  field  at  the  surface  p  =  a  of  the  conductor, 
it  follows  from  (3. 9 -22c)  that 


Eu(  P)  =  Elz(a) 


J  o(xiP) 
70(ki«) 


(3.9-37) 


Also,  since  the  volume  density  of  current  is  Jz  =  uEz ,  it  follows  that 


hz(  P)  =  hz{a) 


^o(xiP) 

70(ki«) 


(3.9-38) 


The  solutions  for  the  vector  potential,  electric  field,  and  current  in  the  interior 
of  the  conductor  involve  Bessel  functions  of  the  form  J0(j~1/2y)  with  y  =  l&^p  real 
and  l&J  =  Vtop-xOi .  The  Bessel  functions  can  be  expressed  in  magnitude-angle 
form: 


Ur1/2y)  =  M0(y)e»*»  (3.9-39) 

The  functions  M0(y )  and  0o(>O  are  tabulated  in  Appendix  III.  It  follows  that 


Az(p)  _  ^(P)  —  ^zip)  =  M0(  P)  — y'[e0(|/ci|a)  —  0o(|fci|p)] 

Az(a)  Ez(a )  Jz(a)  Af0(|^i|a) 


(3.9-40) 


These  relations  characterize  completely  the  distribution  of  the  axial  compo¬ 
nents  of  the  vector  potential,  electric  field,  and  current  density  in  any  cross  section 
of  the  conductor  in  terms  of  the  values  at  the  surface,  p  =  a.  When  |&i|p  is  sufficiently 
large, 


M0(y) 


y  >  10 


(3.9-41a) 


IT 


y  >  10 


(3.9-41b) 
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Then 


K(  P)  =  Ez(  p)  =  /z(p) 
Az(a)  Ez(a)  Jz(a) 


a 


e-cL\(a-p)e-j$i(a-p) 


(3.9-42) 


Since  ( a  -  p)  measures  the  distance  s  radially  in  from  the  surface  and 

1 


oti  =  pi  =  Vwp.iOi/2  =  — 

a. 


(3.9-43) 


where  ds  is  the  skin  depth. 


Az(s)  =  Ez(s )  =  J2(s) 

Az(s  =  0)  Ez(s  =  0)  J2(s  =  0) 


(3.9-44) 


The  skin  depth  ds  is  the  radial  distance  from  the  surface  at  which  Jz  is  reduced  to 
He  of  its  value  at  the  surface  provided  that  this  distance  is  negligibly  small  compared 
with  the  radius  a. 

Curves  showing  the  magnitude  of  the  ratio  of  volume  density  of  current  /z(p) 
at  radius  p  to  that  at  radius  a  and  the  relative  phase  are  given  in  Fig.  3.9-1.  For 
the  larger  values  of  \k-^a,  the  phase  reverses  many  times  from  the  surface  of  the 
conductor  to  the  axis  so  that  the  real  current  density  is  characterized  by  concentric 
rings  of  current  alternately  in  opposite  directions.  The  real  instantaneous  current 
density  Jz{ p,  t )  is  given  by 

= SIS  c°s  [«* + <3-9-45> 


The  total  current  Iz  -  Jg  /z(p)2iTp  dp  is  readily  evaluated  and  expressed  in 
terms  of  Ez(a)  —  Jz(a)/cr1.  The  ratio  of  the  axial  electric  field  at  the  surface  of  a 
given  cross  section  of  the  conductor  to  the  total  current  across  that  cross  section, 
that  is,  Ez(a)/Iz(a),  is  a  complex  quantity  called  the  internal  impedance  per  unit 
length  of  the  conductor.  It  is  denoted  by  z'  -  r ‘  +  jx‘;  where  r ‘  is  the  internal  or 
ohmic  resistance  per  unit  length,  x ‘  is  the  internal  reactance  per  unit  length.  Then 


zl  =  rl  +  jx'  = 


EM 

iM 


l 

it  a2ol 


it  a2(Ti 


kxa\  Joi^a) 
2  )  Ji{kxa) 


1  M0(\kM  — y [el(|A:i|g)  —  eo(|/ci|q)  —  3-tt/4] 

2  /  M^kM 


(3. 9 -46a) 


with  fci  =  pi  -  yaj  =  /~1/2|&i|  =  Vwp^. 
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p/a 


Figure  3.9-1  Relative  amplitude  and  phase  angle  of  the  volume  density  of  axial  current  in  a  cylin¬ 
drical  conductor  for  four  values  of  \k-\a. 


The  requirement  that  \kx\a  be  small  is  the  equivalent  in  the  conductor  of  the 
condition  for  the  near  zone.  In  this  case, 

1 

rl  =  ,r0  =  — - — ;  xl  =  0;  (|&i|tf)2  <  4  (3.9-46b) 

'n,drcr1 

r0  is  the  dc  resistance  per  unit  length.  The  complex  frequency  factor  for  the  con¬ 
ductor  is 
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The  internal  impedance  may  therefore  be  written  as  follows: 


z‘  =  r0F 

For  small  values  of  \kx\a  but  not  as  small  as  assumed  in  (3.9-46b), 


rl  =  rn  = 


1 


0  2  9 
mro-i 


*  =  TT’ 

oTT 


(\ki_\a)4  <  192 


If  | | a  is  sufficiently  large, 


zl  =  rl  +  jx‘ 


(3.9-47) 


(3.9-48) 

(3.9-49) 


1+7 

2tt a  \  2cr1  ’ 


ki\a  ^  10 


(3.9-50) 


This  is  known  as  the  Rayleigh  formula.  For  small  arguments,  the  density  of  current 
is  sensibly  constant  and  the  resistance  per  unit  length  is  inversely  proportional  to 
the  area  of  cross  section.  For  large  arguments,  on  the  other  hand,  most  of  the 
current  is  confined  to  a  relatively  thin  layer  near  the  surface  and  the  impedance 
per  unit  length  is  inversely  proportional  to  the  circumference. 

If  the  argument  \k^\a  is  sufficiently  large  to  permit  the  use  of  the  asymptotic 
formulas  for  the  Bessel  functions,  the  total  axial  current  Iz(a)  is  distributed  in  a 
layer  sufficiently  near  the  circumference  to  allow  the  definition  of  a  quasi-surface 
current  K'z  which  is  equal  to  the  magnetic  /7-field  at  the  surface  of  the  cylindrical 
conductor.  Thus 


The  ratio 


=  I'naz1 


is  called  the  surface  impedance.  When  \k-\a  is  large, 


(3.9-51) 


(3.9-52) 


z-  =  R>  +  jX-  =  (1  +  i)  (3.9-53) 

V  2(J1  dS<*l 

The  surface  impedance  depends  only  on  the  material  parameters  1J4  and  and 
the  frequency.  Since  Zs  is  independent  of  the  radius  of  the  conductor,  this  can  be 
allowed  to  approach  infinity  so  that  the  cylinder  becomes  an  infinite  plane  sheet. 
The  surface  impedance  (3.9-53)  is  a  good  approximation  for  metal  sheets  that  are 
thick  compared  with  the  skin  depth  ds.  It  may  be  concluded  that  the  surface  imped¬ 
ance  expresses  a  relation  between  the  tangential  and  mutually  perpendicular  com¬ 
ponents  of  the  electric  and  magnetic  fields  at  the  surface  of  any  highly  conducting 
sheet  with  a  thickness  that  is  great  compared  with  the  skin  depth.  The  relation 
(3.9-52)  is  sometimes  called  the  impedance  boundary  condition. 
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The  current  distribution  and  internal  impedance  per  unit  length  of  a  tubular 
conductor  of  inner  radius  b  and  outer  radius  c  can  be  calculated  in  a  manner  similar 
to  that  for  a  solid  conductor.  If  the  thickness  of  the  wall  is  large  compared  with 
the  skin  depth  [i.e.,  (c  -  b)  >  4 ds],  the  density  at  radial  distances  s  =  c  -  r  from 
the  outer  surface  such  that  ( r  -  b)/ds  >  4  is  given  by 


Jz(s  =  0) 


(3.9-54) 


Equation  (3.9-54)  is  of  the  same  form  as  (3.9-44)  for  a  solid  conductor  of  the 
same  radius.  The  internal  impedance  is  given  by 


Ez(c)  =  kx  l+y 
Iz(c)  2tt coy  a/2 


(3.9-55) 


The  electric  field  Ez(b )  =  Et  in  the  space  inside  a  metal  tube  when  \k-\b  >  10  can 
be  shown  to  be: 


Ez{b)  =  Et  =  ^-—^2  (3.9-56) 

The  field  E0  at  the  outer  surface  is  obtained  with  r  =  c  or  s  -  0, 

EAc)  =  E„  =  Jz(S  =  0)  (3.9-57) 

0-1 

The  ratio  of  the  field  inside  the  tube  to  the  field  in  space  just  outside  the  tube  is 


-( c-b)!d ^ 


j(c-b)/ds 


The  magnitude  of  the  ratio  in  (3.9-58)  is 


(3.9-58) 


=  2  (3.9-59) 

Equation  (3.9-59)  illustrates  the  principle  underlying  one  aspect  of  electromagnetic 
shielding.  By  making  the  ratio  (c  -  b)/ds  sufficiently  large  (or  ds  sufficiently  small) , 
Eh  the  field  in  the  space  enclosed  by  the  metal  tube,  can  be  made  as  small  as 
desired.  At  high  frequencies,  materials  such  as  copper,  brass,  or  aluminum  make 
very  effective  shields.  At  low  frequencies,  very  thick  copper  or  a  ferromagnetic 
alloy  is  required.  Note  that  (3.9-59)  applies  equally  well  (approximately)  to  plane 
sheets  of  metal.  A  second  aspect  of  electromagnetic  shielding  involves  the  reduction 
in  magnitude  of  the  electric  field  on  the  surface  of  the  conductor  by  reflection  or 
scattering.  The  reflection  coefficient  for  a  plane  wave  normally  incident  on  a  half¬ 
space  is  given  by  (2.17-llb).  It  shows  that  as  the  frequency  is  reduced  to  zero, 
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the  reflection  coefficient  approaches  - 1 .  At  zero  frequency  a  metal  surface  is  a 
perfect  shield. 

• 

3.10  APPLICATION  OF  THE  POTENTIAL  FUNCTIONS 

TO  THE  DERIVATION  OF  THE  INTEGRAL  EQUATION 
FOR  THE  CURRENT  IN  A  CYLINDRICAL  ANTENNA 

An  instructive  and  subsequently  useful  application  of  the  potential  functions  is  to 
the  formulation  of  the  equation  that  governs  the  distribution  of  current  along  a 
center-driven,  electrically  thin  tubular  conductor  that  lies  along  the  z  axis  of  a 
system  of  cylindrical  coordinates  (p,  0,  z)  as  shown  in  Fig.  3.10-1.  The  surface  of 
the  cylindrical  antenna  is  at  p  =  a  and  —h  ^  z  <  h.  An  antenna  is  usually  driven 
by  a  voltage  maintained  across  its  terminals  by  a  coaxial  or  two-wire  transmission 
line.  When  the  cross  section  of  the  line  is  electrically  sufficiently  small,  the  driving 
voltage  can  be  approximated  by  an  emf  concentrated  across  a  narrow  slice  of  the 


I 

i 


p 


Figure  3.10-1  Cylindrical  antenna. 
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antenna.  Such  a  generator  can  be  represented  by  a  delta  function  with  active  electric 
field  V§8(z). 

The  antenna  is  approximated  by  a  perfectly  conducting  cylinder;  so  there  are 
only  surface  densities  of  current  K(z,  t )  and  charge  r\{z,t).  The  boundary  condition 
on  the  tangential  component  of  an  electric  field  requires  that  it  vanish  at  the  surface 
of  a  perfect  conductor.  Then 

Ez(r,  t )  -  -Vq (r)8(z),  when  p  =  a,  -h  <  z  <  h  (3.10-1) 

with  r  =  p  +  z  as  shown  in  Fig.  3.10-1.  If  the  generator  is  assumed  to  oscillate 
at  a  single  frequency, 

Ve0(t)  =  Re  (Ve0 e'w);  Ez( r,  t)  =  Re  [Ez( r)e'w]  (3.10-2) 

Equation  (3.7-4a)  gives  the  relationship  between  the  vector  potential  function  A 
and  the  electric  field  vector  E: 


E(r)  = 


;co 


kl 


[VV  •  A(r)  +  kl A(r)] 


(3.10-3a) 


On  the  surface  of  the  antenna  where  p  =  a,  -h  <  z  <  h,  this  reduces  to 


Ez(r)  = 


;co 


kl 


+  klAAr) 


-  vt,m 


(3.10-3b) 


The  z  component  (axial  component)  of  the  vector  potential  on  the  surface  of  the 
cylinder  satisfies  the  equation 


+  klAt(v)  =  V58(z) 


dzd 


CO 


(3.10-4) 


This  is  a  second-order  partial  differential  equation  the  solution  of  which  consists 
of  a  complementary  function  and  a  particular  integral.  The  complementary  function 
is  the  solution  of  the  homogeneous  equation 


and  is  given  by 


d2Az(  r) 
dz 2 


+  k20Az{  r)  =  0 


(C1  cos  k0z  +  C2  sin  k0z) 


(3.10-5) 


(3.10-6a) 


where  C1  and  C2  are  constants  of  integration  that  remain  to  be  evaluated.  A 
particular  integral  is 

A‘p  =  E  k°e~ik*'  (3.10-6b) 


as  can  be  verified  by  substitution  into  (3.10-4). 
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It  follows  that  the  general  solution  of  (3.10-4)  is 

•Az(z)  =  e-Mz |  _  L  (q  cos  £oZ  q  sjn  (3.10-7) 

wCO  c 

Since  the  delta-function  generator  is  at  the  center  of  the  antenna,  the  vector  po¬ 
tential  is  even  in  z,  so  that 

Az(-z)  =  Az(z )  (3.10-8) 

This  requires  that 

C2  =  0  (3.10-9) 

and 


Az(z) 


—  (C  cos  k0z  + 
c 


sin  k0\z\) 


(3.10-10) 


where  C  =  C1  +  j  ( V%!2 )  is  a  new  arbitrary  constant  that  must  be  evaluated  from 
the  boundary  conditions.  The  corresponding  expressions  for  the  scalar  potential 
may  be  obtained  from  the  Lorentz  condition  in  the  one-dimensional  form 


.  /rx  _  /w  dAz(z ) 

<Mz)  -  ki  it- 


Veo 

—  C  sin  k0z  +  —  cos  k^z. 


vs 


4>(zr)  =  C  sin  k0z  — —  cos  k0z , 


Note  that 


c|)(-z)  =  —  <J>(2T) 


and 


0  <  z  <  h  (3.10-11) 
—  h  <  z  <  0  (3.10-12) 

(3.10-13) 


4>(z)  -  c()(  —  z)  =  2c|>(z)  =  2 C  sin  k0z  +  VeQ  cos  k0z,  0  <  z  <  /z 
The  emf  VeQ  of  the  delta-function  generator  is  therefore  defined  by 

Vq  =  lim  [4>(z)  —  4>(  — z )]  -  24>(z) 

>0  2“ >0 


(3.10-14) 

(3.10-15) 


The  axial  (z)  component  of  the  vector  potential  on  the  surface  of  the  perfectly 
conducting  tube  has  been  expressed  in  terms  of  the  source  VeQ  in  (3.10-10).  The 
general  solution  for  the  vector  potential  is  given  in  (3.8-20).  The  antenna  is  a 
nonmagnetic  perfect  conductor,  so  the  current  is  entirely  on  the  surface  and  the 
solution  reduces  to 


A  =  jM  e-ik«R  da<  (3.10-16) 

4tt  Jx  R 

If  the  total  rotationally  symmetric  current  is  Iz(z')  and  the  radius  of  the  antenna 
is  a, 


Iz(z')  =  2TraKz(z') 


(3. 10- 17a) 
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and  the  charge  per  unit  length  is 

q(z')  =  2mnn(z')  =  (3.10-17b) 

With  (3. 10- 17a,  b)  in  (3.10-16),  this  becomes 

ii  ,  fh  f 11  p  —jkoRs  rfa' 

=  p-»  P-10-18) 


r  is  the  vector  drawn  from  the  origin  at  the  center  of  the  antenna  to  a  point 
P(a,  0,  z)  on  the  surface  where  Az  is  calculated.  The  element  of  integration  dcr'  = 
a  <70 '  dz'  is  located  at  the  point  P'(a,  0',  z')  and  the  vector  r'  is  drawn  from  the 
origin  to  this  point.  Then  the  distance  between  r  and  r'  is  given  by 

|r  -  r'|  =  Rs  =  [(*  -  x ')2  +  (y  —  y')2  +  (z  -  z')2]1/2  (3.10-19) 


With  the  transformation  from  rectangular  to  cylindrical  coordinates:  x  =  p  cos  0, 
y  =  p  sin  0,  z  =  z,  (3.10-19)  reduces  to 


(z  -  z')2  + 


o  •  0' 
2a  sin  — 

2 


2-il/2 


(3.10-20) 


If  the  kernel 


3 K,(z,  z')  = 


v  e~  JkoRs 


77  Rs  2tt 


is  introduced  into  (3.10-18),  it  may  be  written  as  follows 


•h 


Az(z)  = 


i^o 

4tt  j -h 


Iz(z')%s(z,  Z')  dz' 


(3.10-21) 


(3.10-22) 


Since  (3.10-10)  and  (3.10-18)  both  represent  the  vector  potential,  the  following 
integral  equation  is  obtained: 


'h 


h 


Az’)%s(z,  z')  dz'  =  — [  C  cos  k0z  +  sin  kQ\z 

M  \  2 


(3.10-23) 


with  £0  =  (|x0e0)1/2  =  120n  ohms.  Here  Iz(z')  is  the  total  current  on  the  cylindrical 
conductor  which  satisfies  the  condition 


kQa  <  1 


(3.10-24) 


An  excellent  approximation  of  the  kernel  %s(z,  z')  is  obtained  when  Rs  is  replaced 
by  its  average  value,  R  =  [(z  —  z')2  +  <z2]1/2.  The  new  approximate  kernel  is 


KS(Z,  Z')  = 


e  jkoR  cos  k0R  .  sin  k0R 


R 


R 


] 


R 


(3.10-25) 


An  important  property  of  this  kernel  when  k0«  1  is  that  its  real  part,  %sRlkQ  = 

(cos  k0R)/k0R,  has  a  very  sharp  and  high  peak  of  magnitude  l/k0  at  z'  =  z.  The 
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imaginary  part,  %sIlkQ  =  -  (sin  k0R)/k0R  has  no  such  peak  and  approaches  the 
value  - 1  at  z'  =  z. 


3.11  THE  INTEGRAL  EQUATION  FOR  THE  CURRENT 
IN  A  THIN  CYLINDRICAL  ANTENNA  IMMERSED 
IN  A  DISSIPATIVE  MEDIUM 


\ 


The  derivation  of  the  integral  equation  (3.10-23)  for  the  current  in  a  tubular 
conductor  in  air  is  readily  extended  to  obtain  the  corresponding  equation  for  the 
same  antenna  when  the  surrounding  medium  is  an  imperfect  dielectric  such  as 
earth,  lake,  or  seawater,  as  shown  in  Fig.  3.11-1.  Such  a  medium  (region  1)  is 
well  approximated  by  the  linear  constitutive  relations  which  involve  the  generally 
complex  permittivity  ex  =  -  ;e complex  conductivity  <r i  =  v[  -  j&[,  and  a 

real  value  of  the  permeability  ~  (ji0.  These  are  conveniently  combined  into  the 
real  effective  values,  ele  =  e[  -  oyV  co,  ale  =  ct[  +  coei',  which  are  contained  in  the 
complex  wave  number 

1/2 

(3.11-1) 


ki  =  Pi  -  M  =  co^ei)172  =  to 


Pal  ele 


J2i 

CO 


and  the  wave  impedance 


(3.11-2) 


* 


h 


Perfect 

conductor 

O  =  oo 


7 


Rx  =  [(r  -  :')2+a2}l>2 

I 

•7 


Delta-function 

generator 


Dissipative 
medium 
( o ,  e,  ju) 


Figure  3.11-1  Dipole  in  a  dissipative 
medium. 
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For  the  antenna  in  a  dissipative  medium,  these  quantities  appear  in  place  of  the 
real  parameters 


k 


o 


w(^0e0)1/2  = 


co 


1/2 


^0 

e0 


(3.11-3) 


The  differential  equation  for  Az(z)  is  like  that  for  the  antenna  in  air  but  with  k0 
replaced  by  Ay  and  £0  by  tsl.  The  boundary  condition  for  Ez(r,  t )  on  the  surface  of 
its  antenna  is  like  (3.10-1)  and  the  integral  equation  is 

f  Iz(z')%s{z,z')dz' 

J  —  h 


& 


Here  the  approximate  kernel  is 


—  h  <  z  <  h 


(3.11-4) 


3 Uz,  z')  = 


e  JkiR  e  <xi R  CQS 


—  ai  R 


R 


R 


J 


sin  firR 


R 


(3.11-5) 


The  presence  of  the  real  exponential  factor  e~aiR  in  the  kernel  makes  a  significant 
difference  in  the  solution  of  (3.11-4),  as  explained  in  a  later  chapter. 

As  for  the  antenna  in  air,  the  total  axial  current  is  Iz(z')  =  2n aKz(z').  But 
the  equation  for  the  charge  per  unit  length  q(z')  =  2mnn(z')  is  related  to  Iz(z')  in 
a  more  complicated  manner,  owing  to  the  presence  of  a  radial  current  Ip(z')  into 
the  surrounding  medium.  The  equation  of  continuity  for  surface  currents  at  the 
surface  of  a  perfect  conductor  (region  2)  bounded  by  a  simple  medium  is 

^  "  K2 f  +  jo)r\2f  —  ih  •  Jy-  =  0  (3.11—6) 

For  the  cylindrical  antenna,  and  with  the  subscript /omitted: 

d-2^  +  ;co[t|2(z)  +  irii(z)]  -  Ai  •  J x(z)  =  0,  p  =  a  (3.11-7) 
dz 


When  multiplied  by  2 na  and  with  I2z(z )  =  2ttciK2z{z),  q{z)  =  2nflTi(z),  and  I\p{z) 
=  2 TraJlp(z),  (3.11-7)  becomes 

(z)  +  ?,(*)]  +  /lp(2)  =  o  (3.11-8) 


This  equation  shows  that  the  rate  of  decrease  of  the  axial  current  I2z(z')  on  the 
conductor  involves  not  only  the  charging  of  the  surface  p  -  a  but  also  a  radial 
current  into  the  surrounding  medium.  The  axial  current  along  the  antenna  oscillates 
by  charging  the  surface;  then  a  part  of  this  charge  leaks  off  radially  in  the  current 
7lp(z').  Specifically,  the  two  equations  contained  in  (3.11-8)  are 

81  2Z^  +  =  0 
dZ 

Mi(z)  +  AP0)  =  0 


(3.11-9) 

(3.11-10) 
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The  relation  between  qi{z)  and  q2{z)  is  readily  established  with  the  general  bound¬ 
ary  condition  on  the  normal  component  of  E,  which  takes  the  following  form  on 
the  surface  of  si  perfect  conductor: 


and 


CiEip  =  %/  +  %/ 


It  follows  that 


7(0Tli/  —  JiP  —  CTi^ip 


qi(z’)  =  %  =  q~i  =  q~i  -  M' 

92(2')  %  cri  +  ycoe!  crle  +  ;coele 


(3.11-11) 

(3.11-12) 

(3.11-13) 


Evidently,  if  the  integral  equation  (3.11-4)  is  solved  for  the  axial  current  «2). 
the  charge  per  unit  length  associated  with  this  current  can  be  obtained  from  (3.11— 
9).  The  charge  per  unit  length  q^z)  can  then  be  calculated  from  (3.11-13)  and 
this  can  be  substituted  in  (3.11-10)  to  determine  the  radial  current  /ip(z')  that 
enters  the  surrounding  medium  from  the  surface  at  p  =  a. 


3.12  THE  INTEGRAL  EQUATION  FOR  THE  CURRENT 
IN  AN  INSULATED  ANTENNA 

When  a  dipole  or  monopole  antenna  made  of  highly  conducting  material  is  coated 
with  a  uniform  layer  of  dielectric  material  and  immersed  in  a  homogeneous  isotropic 
medium  that  may  be  a  dielectric  or  conductor,  the  antenna  is  characterized  by  two 
quite  different  sets  of  properties  that  depend  on  the  relative  magnitudes  of  the 
wave  numbers  that  characterize  the  dielectric  layer  and  the  ambient  medium.  If 
the  wave  number  of  the  dielectric  sheath  has  a  larger  magnitude  than  the  wave 
number  of  the  infinite  medium  (as  for  polystyrene-coated  wire  in  air) ,  total  internal 
reflection  occurs  in  the  dielectric  sheath  and  a  surface  wave  travels  along  it.  If,  on 
the  other  hand,  the  magnitude  of  the  wave  number  of  the  ambient  medium  sig¬ 
nificantly  exceeds  that  of  the  insulating  sleeve  (as  for  a  Styrofoam-coated  wire  in 
seawater),  the  antenna  behaves  like  a  generalized  transmission  line.  Depending  on 
the  thickness  of  the  insulating  sheath,  the  transfer  of  power  to  the  ambient  medium 
per  unit  length — either  to  be  radiated  through  it  if  it  is  a  good  dielectric  such  as 
fresh  water  at  a  high  frequency  or  dissipated  in  it  near  the  antenna  if  it  is  a  good 
conductor  such  as  seawater — can  be  made  large  or  small.  The  wave  number  of 
the  dielectric-coated  surface-wave  antenna  is  quite  different  from  that  of  the  in¬ 
sulated,  transmission-line-type  antenna. 

The  integral  equation  of  interest  here  is  for  an  insulated  antenna  in  an  ambient 
medium  with  a  wave  number  that  is  much  greater  in  magnitude  than  that  of  the 
insulating  sheath.  For  this  a  solution  is  possible  that  has  a  simple  transmission-line 
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Figure  3.12-1  Insulated  antenna 
driven  by  a  delta-function  generator. 


form  which  will  be  discussed  in  a  later  chapter.  The  structure  of  the  insulated 
antenna  is  shown  in  Fig.  3.12-1.  It  consists  of  a  highly  conducting  thin-walled 
tubular  cylinder  of  radius  a  (region  1)  and  wall  thickness  ( a+  -  a_)  enclosed  in 
a  sheath  of  insulating  material' with  outer  radius  b  (region  2)  characterized  by 
p2  =  e2,  ct2;  the  related  wave  number  is  k2  =  co[p(e2  +  io-2/co)]1/2  and  the  wave 

impedance  is  £2  =  cop//:2.  The  same  material  fills  the  interior  (region  0)  of  the  thin- 
walled  open-ended  tube.  If  the  insulating  material  is  a  fluid,  it  may  be  contained 
in  a  thin-walled  glass  or  plastic  tube  with  inner  radius  b  and  outer  radius  c  (region 

3)  with  the  constitutive  parameters  p3  =  p,  e3,  <r3.  The  wave  number  is  k3  = 
co[p(e3  +  icr3/co)]1/2  and  the  wave  impedance  is  £3  =  c op/k3.  Outside  the  insulating 
regions  2  and  3  is  an  infinite  homogeneous  and  isotropic  ambient  medium  (region 

4)  characterized  by  p4  =  p,  e4,  cr4  and  by  k4  =  co[p(e4  +  m4/co)]1/2  and  £4  = 
cop lk4.  It  is  assumed  that  all  materials  are  nonmagnetic,  so  that  with  n  =  1,  2,  3, 
or  4,  p„  =  p  =  p0.  Both  e„  and  <t„  can  be  complex  but  the  real  effective  permit¬ 
tivities  een  and  conductivities  are  defined  so  that  en  +  io-Jot  -  een  +  i<yen! to. 
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The  analysis  that  leads  to  the  simple  transmission-line-like  solution  is  valid  only 
when  the  following  inequalities  are  satisfied: 

\k4\  >  \k2\;  \k}\  >  \k3\  (3.12-la) 

which  may  be  written  quantitatively  as 

\k4\  2:  3|k2|;  \k4\  >  3\k3\  (3.12-lb) 

It  is  also  assumed  that  the  following  inequalities  are  satisfied: 

\k2a\  <  \k2b\  <  1;  \k3b\  <  \k3c\  <  1  (3.12-lc) 


The  axis  of  the  tube  coincides  with  the  z  axis.  At  z  =  0,  a  delta-function 
generator  maintains  the  electric  field  Eez  =  -  Fq8 (z)  with  emf  Vq.  The  axial  current 
Iz  is  related  to  the  rotationally  symmetric  surface  current  density  Kz  by  the  relation 
Iz  =  2,naKz.  Since  there  is  rotational  symmetry,  the  nonvanishing  cylindrical  com¬ 
ponents  of  the  electromagnetic  field  in  each  of  the  several  regions  are  Enp,  Enz, 
and  Ene,  where  n  =  0,  2,  3,  4.  They  satisfy  Maxwell’s  equations,  which  may  be 
solved  by  introducing  Fourier  transforms.  The  algebra  is  formidable  and  is  not 
carried  out  here.  The  integral  equation  for  the  current  in  the  inner  conductor  of 
the  insulated  antenna  is  formally  like  that  for  a  bare  antenna,  that  is, 


/(z')3£(z  -  z')  dz'  =  C  cos  kLz  +  i  ^  sin  kL 


- h 


2k 


(3.12-2) 


Note  that  the  time  dependence  e~iat  instead  of  ejat  has  been  assumed  in  order  to 
agree  with  notation  conventional  in  the  theory  of  the  insulated  antenna.  Conversion 
is  simple  since  /  =  —i.  The  kernel  %{z  -  z')  is  well  approximated  by 

9£(*  -  *')  =  4^7  J_x  W)£o(at) 


x 


I0(aQK0(bQ 

Io(bt)KoH) 


e-iaz-z’) 


(3.12-3) 


where  /0  and  K0  are  the  modified  Bessel  functions.  Although  formally  complicated, 
this  kernel  has  the  important  property  that  it  peaks  sharply  in  both  its  real  and 
imaginary  parts  at  z  =  z\  A  sample  graph  of  %{z)  is  shown  in  Fig.  3.12-2.  An 
approximate  formula  for  the  wave  number  kL  is 


1  + 


k4bH\"(k4b)  In  (bla) J 


1/2 


(3.12-4) 


where  H§\k4b)  and  H^{k4b)  are  the  Hankel  functions  of  the  first  kind  and  orders 
0  and  1.  The  associated  characteristic  impedance  is 


k^ 

I'nkl 


a 


(3.12-5) 
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1.0  2.0  3.0 


k2z 

Figure  3.12-2  Kernel  K(z)  as  a  function  of  k2z.  Relative  permittivity  er4  = 
3.8,  loss  tangent  p4  =  0.08;  er2  =  1.0,  p2  =  0;  frequency  /  =  380  MHz;  k2a  = 
2.53  x  10-2. 
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is  equivalent  to 

A^{/i*'  +  ll<fa'  +  l[r(5)x-M']* 

3.  A  spherical  charge  distribution  has  the  density  p(r)  given  by 

{P of2,  0  <  r  <  j 

Po (R  ~  r )2,  j  <r<R 
0,  r  >  R 

The  charge  distribution  is  in  free  space.  Determine  the  electrostatic  scalar  potential 
everywhere. 

4.  The  Hertzian  dipole  is  equivalent  to  a  pair  of  small  metal  spheres  or  circular  metal  disks 
each  of  radius  b  that  are  connected  by  a  short  wire  of  length  2 h  and  radius  a  such  that 
a  <  b  <  h  <  \  (wavelength).  The  two  spheres  or  disks  are  charged  alternately  with  a 
total  charge  +2  or  —Q  by  a  periodically  varying  current  of  uniform  amplitude  I 
maintained  in  the  wire. 

(a)  Derive  expressions  for  the  scalar  and  vector  potential  functions  using  the  Helmholtz 
integrals. 

(b)  Express  the  potential  functions  in  terms  of  the  polarization  vector  (the  dipole  mo¬ 
ment)  p  =  2hQ. 

(c)  Calculate  the  electromagnetic  field  from  the  scalar  and  vector  potential  functions. 

5.  (a)  Calculate  and  plot  the  cross-sectional  distribution  of  current  in  a  copper  wire  of 
radius  a  =  0.5  mm  at  frequencies  of  60  Hz,  1.5  MHz,  and  3  GHz. 

(b)  Calculate  the  internal  resistance  r‘  and  reactance  x‘  per  unit  length  for  the  above 
wire  at  frequencies  of  60  Hz,  150  MHz,  and  3  GHz. 

6.  Calculate  the  internal  resistance  r‘  and  reactance  x‘  per  unit  length  of  a  coaxial  cable 
consisting  of  a  silvered  copper  inner  conductor  of  radius  0.4  mm  and  a  tinned  copper 
outer  conductor  of  inner  radius  0.265  mm.  a  for  silver  =  6.14  x  107  S/m,  a  for  tin  = 
1.87  x  107  S/m.  The  frequency  is  3  GHz. 

7.  Calculate  the  thickness  of  copper,  aluminum,  and  sheet  steel  at  which  the  amplitude  of 
the  electric  field  tangent  to  a  plane  boundary  is  reduced  to  1  percent  of  the  value  at 
the  boundary  for  1  MHz  and  1  GHz. 

a  for  copper  =  5.8  x  107  S/m 

a  for  aluminum  =  3.54  x  107  S/m 

a  for  sheet  steel  =  1  x  107  S/m 

\xr  for  sheet  steel  =  103 

8.  Determine  the  skin  depth  and  surface  impedance  of: 

(a)  Salt  water  at  60  MHz 


u  =  4.3  S/m; 


er  =  80; 


Mr  =  1 
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(b)  Brass  at  3  GHz 


a  =  1.5  x  107  S/m;  er  =  1;  |xr  =  1 

(c)  Wet  earth  at  10  MHz 

a  =  3  x  10-2  S/m;  er  =  10;  |jl^  =  1 

9.  Calculate  the  ratio  of  the  electric  field  just  outside  and  just  inside  an  infinitely  long 
aluminum  tube  of  wall  thickness  2  mm  and  radius  8  cm  at  1.5  MHz  and  2.25  GHz. 

10.  A  copper  wire  (region  1)  of  radius  a  is  surrounded  by  a  polyfoam  (air)  cylinder  (region 
2)  of  outer  radius  b.  The  infinite  region  3{r>b)  is  an  imperfect  conductor.  A  periodically 
varying  axial  electric  field  with  amplitude  Ez{b )  is  maintained  at  r  =  b  in  the  dielectric 
(Fig.  P3-10). 


Figure  P3-10. 


(a)  Write  down  the  general  formula  for  the  volume  density  of  current  Jz(r,  t)  for  r  > 
b.  Specialize  this  for  &V«| jL3a3  >  10.  With  the  aid  of  a  diagram  illustrate  the 
propagation  of  waves  of  axial  current  radially  outward  from  r  —  b. 

(b)  Determine  the  total  axial  current  Iz  in  region  3  in  terms  of  Ez{b). 

(c)  Obtain  expressions  for  the  impedance  per  unit  length  of  the  outer  conductor  defined 
by 


Ub) 


r‘  +  jx‘ 


in  general,  for  &\Ao| jL3a3  1,  and  for  b\/o)\ x3a3  >  10.  Compare  these  values  with 

the  corresponding  one  of  zl  for  the  inner  conductor. 

(d)  Determine  zl  for  the  inner  and  outer  conductors  if  a  =  0.2  cm,  b  =  0.5  cm,  with 
region  1  copper  (a  =  5.65  x  107  S/m),  region  3  salt  water  (er  =  80,  a  =  5  S/m), 
at  an  angular  frequency  co  =  10s. 

(e)  Determine  z‘  for  the  outer  conductor  if  this  is  copper. 


Electromagnetic  Force 

and  Energy 


Macroscopic  electromagnetic  theory  is  concerned  primarily  with  the  solution  of  the 
Maxwell- Lorentz  equations  subject  to  the  boundary  conditions  associated  with  a 
particular  configuration  of  conductors  and  dielectrics.  Of  interest  are  the  electro¬ 
magnetic  field  and  the  associated  distributions  of  current  and  charge.  Another 
important  aspect  of  electromagnetism  is  its  relation  with  macroscopically  non¬ 
electrical  phenomena  which  occur  in  the  generation  and  observation  of  electric 
fields  and  currents.  Electromechanical  and  electrochemical  devices  are  of  particular 
importance.  The  relations  between  electromagnetic  quantities  and  corresponding 
quantities  in  mechanics  and  chemistry  occur  primarily  through  the  concepts  of  force 
and  energy. 

4. 1  DEFINITION  OF  ELECTROMAGNETIC  FORCE  AND  TORQUE 

The  repulsion- attraction  effect  between  stationary  and  moving  charges  is  one  of 
the  fundamental  postulates  of  the  atomic  model.  In  terms  of  the  physical  model 
of  bodies  and  regions  composed  of  billions  of  widely  separated  charges  in  motion, 
the  problem  of  attraction  and  repulsion  between  the  charges  in  separate  bodies  is 
hardly  different  from  the  problem  of  the  attractions  and  repulsions  between  the 
charges  of  a  single  homogeneous  body.  However,  with  the  physical  model  of  each 
body  replaced  by  a  small  number  of  continuous  density  functions,  the  interaction 
of  charges  in  different  bodies  becomes  specifically  a  problem  of  formulating  the 
interaction  between  the  density  fields  characterizing  these  bodies.  The  density  of 
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mass  is  one  of  the  density  fields  associated  with  every  body.  Relative  motions  and 
conditions  of  equilibrium  of  such  density  fields  are  described  by  the  mathematical 
model  of  mechanics  which  is  entirely  adequate  in  predicting  experimental  analogues 
for  uncharged  bodies.  Since  many  electrical  measurements  involve  experiments 
using  mechanical  elements,  a  connection  between  the  mathematical  models  of 
mechanics  and  electromagnetics  must  be  provided.  The  force  vector  is  defined  in 
mechanics  to  determine  the  conditions  of  motion  or  of  equilibrium  between  the 
density  of  mass  fields  or  simply  between  masses.  This  vector,  together  with  the 
standard  of  mass,  is  defined  in  terms  of  the  equation  of  motion  of  the  center  of 
mass  of  a  body, 

fm  =  |  N  (4-1-1) 

where  m  =  fT  D  dj  and  v  is  the  velocity  of  the  center  of  mass. 

Consider  a  body  characterized  not  only  by  the  mechanical  property  of  mass 
but  also  by  the  electrical  properties  of  charge  and  distribution  of  charge.  Any 
condition  of  equilibrium  or  of  motion  of  the  body  may,  in  general,  be  formulated 
in  terms  of  mechanical  forces  and  electrical  repulsion-attraction  effects.  It  is  con¬ 
venient  to  define  an  electromagnetic  force  to  represent  the  latter  and  so  complete 
the  mathematical  model  of  the  electrical  properties  of  matter  in  space  by  relating 
it  to  the  mathematical  model  of  mechanics.  The  electromagnetic  force  vector  must 
take  account  of  the  attraction-repulsion  effects  of  bodies  containing  stationary  and 
moving  charges  in  terms  of  the  density  functions  of  all  bodies  in  the  electromagnetic 
field. 

The  electromagnetic  force  F  and  torque  T  acting  on  a  body  are  defined  so 
that  the  following  conditions  of  equilibrium  are  satisfied  for  a  body  at  rest: 

Fm  +  Ae¥  =  0  (4.1-2a) 

Tm  +  Ae  T  =  0  (4.1 -2b) 

Here  FM  and  TM  are  the  resultant  mechanical  force  and  torque  acting  on  the  body, 
and  the  factor  Ae  is  a  constant  that  depends  on  the  relation  between  the  electrical 
and  mechanical  units  of  force.  It  may  be  defined  either  as  a  fundamental  constant 
to  be  determined  experimentally  as  the  mechanical  equivalent  of  electricity,  or  it 
may  be  assigned  an  arbitrary  dimensionless  numerical  value.  The  latter  alternative 
is  chosen  in  the  practical  system  of  units  in  which  Ae  is  dimensionless  and  equal 
to  1.  If  there  is  no  mechanical  force  to  balance  the  electrical  force,  the  body  is 
accelerated.  A  mechanical  force  of  inertia  may  then  be  written  in  the  familiar  form 

fm  =  (4.1-3) 

Here  v  is  the  velocity  of  the  center  of  mass  of  the  body  of  mass  m .  With  Ae  =  1 , 
the  force  equation  (4.1-2a)  becomes  the  following  equation  of  motion: 

F  -  -y  (my)  =  0 
dt 


(4.1-4) 
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The  definition  of  the  electromagnetic  force  F  which  is  to  be  used  in  (4.1-2a)  may 
be  looked  upon  as  a  third  fundamental  postulate  of  electrodynamics. 

The  electromagnetic  force  F  and  vector  torque  T  acting  on  a  volume  t  char¬ 
acterized  by  the  densities  p,  rf,  pmv,  r\m\  are  defined  to  be 

r  r 

F  =  (pE  +  pmv  X  B)  dj  +  (rfE  +  r\my  X  B)  dcr  (4.1-5) 


T  =  J  r  X  d¥r  +  r  X  d¥a  (4.1-6) 

In  (4.1-6)  r  is  the  vector  from  an  arbitrary  origin  to  the  element  di  or  dcr\  d¥r  is 
the  integrand  of  the  volume  integral,  and  d¥a  the  integrand  of  the  surface  integral 
in  (4.1-5).  In  (4.1-5)  and  (4.1-6)  E  and  B  are  calculated  from  the  field  equations 
in  terms  of  the  continuous  volume  and  surface  densities  of  all  bodies  and  regions 
exterior  to  t.  If  t  is  at  rest  relative  to  the  observer,  the  densities  p,  rf,  pmv,  and 
rj^v  are  the  essential  characteristics  of  charge  and  moving  charge  already  defined 
as  follows: 


p-p-V-P;  Pmv  =  J  +  VxM  +  P  H.l-T) 

rf  =  T|  +  n  •  P;  rj^v  =  K  -  n  X  M 

Since  these  densities  are  obtained  by  interpolation  from  averages  defined  at  the 
center  of  each  volume  or  surface  cell,  the  values  of  E  and  B,  and  hence  of  F 
calculated  from  them,  have  a  meaning  only  at  points  that  are  far  from  the  density 
fields  contributing  to  E  and  B  as  compared  with  the  dimensions  of  the  volume  cells 
used  in  defining  them.  That  is,  the  electromagnetic  force  acting  on  a  volume 
due  to  charges  and  currents  in  a  second  region  t2  can  be  calculated  from  (4.1-5) 
only  if  each  point  of  j1  is  very  much  farther  from  every  point  in  t2  than  the  dimension 
of  the  typical  volume  cell  in  t2.  In  defining  the  continuous  densities  in  t2  by  inter¬ 
polation,  the  average  electrical  properties  of  each  volume  cell  are,  in  effect,  assumed 
to  be  concentrated  at  its  center.  The  implication  is  that  the  densities  correctly 
represent  the  average  properties  only  if  it  may  be  assumed  without  serious  error 
that  all  charges  in  each  volume  cell  are  at  the  same  distance  from  the  point  where 
E  and  B  are  calculated  as  is  the  center  of  the  cell  in  question.  The  restriction  is 
not  important  insofar  as  the  mutual  interaction  of  bodies  as  a  whole  is  concerned. 


4.2  DYNAMICAL  EQUATION 

The  electromagnetic  force  F  is  defined  by  (4.1-5)  for  use  in  (4.1 -2a).  Since  this 
applies  to  conditions  of  equilibrium  of  bodies  as  a  whole,  the  integrals  in  (4.1-5) 
are  necessarily  evaluated  over  the  entire  volqme  and  surface  of  the  body  which  is 

4 

acted  on  by  the  mechanical  force  FM.  The  resultant  electromagnetic  force  F  acting 
on  a  body  as  a  whole  can  be  considered  to  be  the  vector  sum  of  a  number  of 
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components.  For  example,  the  components  acting  on  different  sections  of  the  body 
may  be  considered  separately.  That  is,  the  component  of  electromagnetic  force 
acting  on  each  of  a  large  number  of  small  volumes  into  which  the  body  is  subdivided 
may  be  calculated.  By  vector  addition,  the  same  resultant  force  is  obtained. 

Since  the  densities  are  by  definition  continuous  functions  in  any  body  or 
region,  it  is  quite  legitimate  to  calculate  the  average  electromagnetic  force  acting 
on  any  volume,  however  small,  provided  only  that  it  is  a  part  of  a  larger  region  in 
which  the  density  functions  are  properly  defined.  Equation  (4.1-5)  cannot  be  used 
to  calculate  the  electromagnetic  force  on  a  region  that  is  not  much  larger  than  a 
typical  volume  cell,  and  which  is  not  a  part  of  a  more  extensive,  homogeneous 
body,  because  statistical  conditions  cannot  be  assumed  to  prevail  and  no  density 
functions  can  be  defined.  However,  if  the  electromagnetic  field  due  to  all  bodies 
surrounding  a  region  in  which  volume  and  surface  densities  are  properly  defined 
is  sufficiently  slowly  varying  so  that  it  may  be  assumed  to  be  sensibly  constant  over 
the  entire  region,  a  simplification  is  possible.  In  this  case  E  and  B  may  be  removed 
from  under  the  sign  of  integration  in  (4.1-5)  and 

F  =  qE  +  qm\  X  B  (4.2-1) 

with 

da 

(4.2-2) 

qmy  =  JT  dj  +  J  iuv  da 

The  integrals  of  vectors  are  shorthand  forms  that  can  be  evaluated  in  any  convenient 
system  of  coordinates  with  the  integrands  expressed  in  component  form.  The  in¬ 
tegrations  are  carried  out  for  each  component  separately  and  the  results  are  com¬ 
bined  into  a  new  vector. 

It  is  immaterial  whether  the  total  charge  q  in  t  is  determined  by  first  con¬ 
structing  continuous  density  functions  and  integrating,  or  by  direct  summation  of 
the  charges.  This  is  also  true  for  qm\.  It  follows  that  (4.2-1)  may  be  used  for  as 
small  a  region  as  desired  if  q  and  qm\  are  calculated  by  direct  summation.  If  q  and 
qm  coincide  so  that  all  charges  are  in  motion  as  in  an  electron  stream,  (4.2-1) 
reduces  to  the  form 


F  =  q(E  +  v  X  B)  (4.2-3) 

This  expression  may  be  used  to  define  the  electromagnetic  force  acting  on  a  small 
group  of  charges  or  even  on  a  single  charge  moving  with  nonrandom  velocity  v,  if 
E  and  B  are  sensibly  constant  over  its  extension,  and  if  it  is  at  a  distance  from  all 
charged  regions  which  is  large  compared  with  the  dimensions  of  the  volume  cells 
used  in  constructing  the  densities  entering  into  the  definitions  of  E  and  B. 

Due  to  the  foregoing  restrictions,  (4.2-3)  cannot  be  used  to  calculate  the 
electromagnetic  force  acting  on  a  charge  in  the  interior  of  a  body  or  region.  It  may 


196 


Electromagnetic  Force  and  Energy  Chap.  4 


be  used  to  calculate  the  component  of  electromagnetic  force  on  an  interior  charge 
due  to  the  entire  charge  distribution  outside  a  sphere  drawn  around  the  charge  and 
with  radius  large  compared  with  a  typical  volume  cell.  The  force  due  to  the  charge 
distribution  within  this  sphere,  the  local  force,  cannot  be  calculated  using  (4.2-3). 
For  certain  symmetrical  distributions,  it  can  be  shown  to  be  zero.  In  other  cases, 
well-founded  assumptions  have  to  be  made. 

If  the  entire  electromagnetic  force  F  acting  on  a  charge  moving  with  mean 
velocity  v  is  given  by  (4.2-3)  and  no  other  forces  are  involved,  the  charge  is 
accelerated.  If  its  mass  is  m,  the  mechanical  force  resisting  acceleration  is 

fm  =  ~Jt  N  (4.2-4) 


so  that  the  equation  of  motion  is 

q{E  +  v  x  B) 


(4.2-5) 


When  the  charge  is  an  electron,  q  =  e 
equation  of  the  electron. 


and  (4.2-5)  is  called  the  dynamical 


4.3  CONCEPT  OF  ENERGY 

The  force  equation  of  Sec.  4.2  may  be  expressed  in  a  different  and  frequently 
useful  form  by  defining  two  energy  functions.  The  basis  for  the  definition  is  the 
law  of  conservation  of  energy.  The  concept  of  energy  follows  from  the  definition 
of  mechanical  force: 


F 


M 


(4.3-1) 


A  study  of  the  line  integral  of  force,  called  work,  together  with  the  relation 

ds  d\  ds 
dt  ds  dt 


ds 

ds 


v 


(4.3-2) 


leads  to  the  concept  of  energy: 

I  Fm  •  ds  =  \mv2  -  \  mv\  (4.3-3) 

The  left  side  in  (4.3-3)  defines  the  work  done  by  the  force  FM  in  the  motion  of 
the  mass  m  from  s0  to  s;  the  right  side  is  a  change  in  the  kinetic  energy.  The  left 
side  of  (4.3-3)  can  be  integrated  directly  when  FM  *  z/s  is  a  perfect  differential. 
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This  is  true  when  FM  is  a  potential  vector  so  that  it  can  be  derived  from  a  scalar 
potential  function  V.  Thus,  provided  that  V  x  FM  =  0, 

¥M'ds  =  -dV  (4.3-4) 

where  V  is  a  scalar  function.  The  integration  yields 

V  +  imv2  =  V0  +  imv\  (4.3-5) 

The  left-  and  right-hand  sides  are  constant  for  any  motion  of  m  and  (4.3-5)  becomes 
a  statement  of  the  law  of  conservation  of  energy.  The  mathematical  quantity  V  + 
imv2  is  fundamentally  involved  in  any  motion  of  the  mass  m  in  a  “conservative 
mechanical  system”  and  is  invariant  in  time.  This  constant  is  the  total  energy  of 
the  system  and  is  denoted  by  W.  The  scalar  potential  function  V  is  the  potential 
energy,  imv2  is  the  kinetic  energy. 

4.4  DEFINITION  OF  THE  ELECTROMAGNETIC  ENERGY 
FUNCTION  AND  THE  ENERGY-TRANSFER  FUNCTION 

A  function  U,  the  electromagnetic  energy,  must  satisfy  the  equation 

dW  A  dQ  A  dU  A  „  A  „  n 

dt  +  Aq  dt  +  dt  +  AqTq  +  AeT  ~  °  (4-4-1) 

in  a  closed  region  involving  a  representation  in  terms  of  the  mathematical  models 
of  macroscopic  mechanics,  thermodynamics,  and  electromagnetism.  W  is  the  me¬ 
chanical  energy  (or  the  mechanical  equivalent  of  any  other  energy  function);  Q  is 
the  thermal  energy;  Tq  is  the  thermal  transfer  function  of  the  enclosing  surface; 
Aq  is  the  mechanical  equivalent  of  heat.  It  is  presumed  that  a  function  U,  the 
electromagnetic  energy,  and  a  function  T,  the  electromagnetic  energy -transfer  func¬ 
tion  of  the  enclosing  boundary,  can  be  found  to  satisfy  this  equation  in  such  a  way 
that  Ae  is  a  numerical  constant.  It  may  be  called  the  mechanical  equivalent  of 
electromagnetic  energy.  In  the  practical  system  of  units,  the  energy  functions  are 
so  defined  that  Ae  is  dimensionless  and  equal  to  1.  It  is  assumed  in  writing  (4.4- 
1)  that  each  energy-transfer  function  and  the  time  rate  of  change  of  each  energy 
function  carries  its  own  sign  according  as  the  forces  contributing  to  it  do  active 
(positive)  work  or  resist  its  performance  (do  negative  work).  The  interconnection 
between  electromagnetism  and  mechanics  might  be  established  in  terms  of  the 
power  equation  (4.4-1)  by  suitably  defining  the  electromagnetic  energy  function 
U.  Actually,  a  connection  has  already  been  established  by  constructing  the  elec¬ 
tromagnetic  force  vector  F  to  satisfy  the  vector  force  equation 

Fm  +  F  =  0  (4.4-2) 

where  FM  is  the  resultant  mechanical  force  and  F  was  defined  in  Sec.  4.1.  The 
definition  of  electromagnetic  energy  and  energy-transfer  functions  must  be  con¬ 
sistent  with  this  equation  and  with  the  definition  of  electromagnetic  force  on  which 
it  depends. 
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The  equilibrium  between  electrical  and  mechanical  forces  acting  on  the  charges 
in  an  element  of  volume  dj  is  expressed  in 

dFM  +  d¥  =  0  (4.4-3) 

Let  (4.4-3)  be  multiplied  scalarly  by  the  mean  nonrandom  velocity  u  of  the  free 
charges  in  dj  that  are  actually  engaged  in  nonrandom  motion  and  integrated  over 
the  volume  t, 


J  d Fm  •  u  +  J  d F  •  u  =  0  (4.4-4) 

The  first  integral  on  the  left  may  be  interpreted  to  be  the  sum  of  two  terms  by 
resolving  dFM  into  an  active,  charge-separating  force  dF'M  and  an  oppositely  di¬ 
rected  “frictional”  or  resisting  force  dF"M.  The  active  force  dF'M  is  nonvanishing 
only  in  charge-separating  regions,  of  which  at  least  one  is  assumed  to  be  present 
within  t.  The  frictional  force  dF"M  resists  the  acceleration  of  the  nonrandom  motion 
and  leads  to  an  increase  in  random  or  heat  motion.  Accordingly,  all  positive  work 
is  done  on  the  charges  by  dF'M  in  the  charge-separating  region  against  the  “thermal” 
forces  d  F'^and  the  electromagnetic  force  dF  which  acts  wherever  there  are  charges. 

f  dW 

L  4Fm  • u  =  *■  (4-4_5) 

[rfFVu  =  -.4,^2  (4.4-6) 


W  is  the  total  mechanical,  chemical,  or  other  energy  function  associated  with  the 
charge-separating  region.  It  has  a  positive  time  rate  of  change  because  it  is  asso¬ 
ciated  with  forces  that  do  work  on  the  moving  free  charges  in  t.  Accordingly,  W 
decreases  in  time.  Q  is  the  thermal  energy  function  associated  with  the  moving 
free  charges  in  the  region  t,  which  is  assumed  to  be  thermally  isolated  for  simplicity, 
so  that  Tq  =  0  and  Q  increases  in  time.  The  time  rate  of  change  of  Q  is  negative 
because  it  is  associated  with  forces  against  which  work  is  done.  With  Tq  =  0,  the 
sum  of  (4.4-5)  and  (4.4-6)  is  equal  to  the  first  integral  in  (4.4-4).  Now  (4.4-4) 
becomes 


dW 

dt 


d  F  •  u  =  0 

T 


(4.4-7) 


It  is  desired  to  define  an  energy  function  U  within  t  and,  if  necessary,  an  energy- 
transfer  function  T  on  its  boundary  surface  XT  such  that 


dF  •  u 


dU  „ 

— - T 

dt 


(4.4-8) 


with  dUldt  and  T  positive.  If  this  can  be  done,  (4.4-7)  and  (4.4-1)  will  have  the 
same  form. 
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If  surfaces  of  discontinuity  that  are  characterized  by  surface  densities  of  cur¬ 
rent  are  excluded  by  enclosing  them  in  surfaces  so  that  the  volume  t  is  divided 
into  several  volumes  t,  such  that  t  =  E,  jh  the  electromagnetic  force  acting  on  free 
charges  engaged  in  nonrandom  motion  in  an  element  djt  is 

d¥ i  =  (p;E  +  J/XB)  dj;  (4.4-9) 

The  force  acting  on  free  charges  engaged  in  nonrandom  motion  in  an  element  dvj 
of  a  boundary  surface  S,  within  XT  is 

dFj  =  (y]}E  +  Kf  X  B)  dcr,  (4.4-10) 

Furthermore, 

J f  =  P/U;  Kf  =  r\fU  (4.4-11) 

with  p f  and  r{f,  respectively,  volume  and  surface  densities  of  free  charge  moving 
with  mean  nonrandom  velocity  u. 

The  substitution  of  (4.4-9)  and  (4.4-10)  in  the  integral  in  (4.4-8)  gives 

f  dF  •  u  =  2  f  [p/(E  '  “)  +  (J/  x  B)  •  u]  dT, 

J  T  I  J  T  i 

+  2  hXE  •  u)  +  (Kf  x  B)  •  u]  d<T:  (4.4-12) 

j  JSj 

with 

(Jy,  x  B)  •  u  =  p^(u  x  B)  •  u  =  pfB  •  (u  x  u)  =  0  (4.4-13) 

since  u  x  u  =  0.  A  similar  product  involving  also  vanishes.  With  (4.4-11), 
(4.4-12)  becomes 

f  dF  •  u  =  2  f  (J,  ■  E)  dT,  +  2  f  (K/ '  E)  <to.  (4.4-14) 

Jt  l  Jt  i  j  J  Sj 

The  integrals  on  the  right  in  (4.4-14)  may  be  transformed  by  expressing  and 
in  terms  of  the  electromagnetic  vectors  using  their  fundamental  definitions.  They 
must  be  expressed  either  in  terms  of  E,  B,  P,  and  M  or  in  terms  of  E,  B,  D,  and 
H.  The  latter  representation  is  more  commonly  used.  Furthermore,  since  J f  is 
involved  explicitly,  a  mode  of  subdivision  in  interpreting  P  and  M  or  D  and  H  is 
implied  that  cuts  through  no  bound  groups.  The  following  equations  are  used: 

V  x  H  =  Jf  +  D 


n  X  H  =  -Kf 


(4.4-15) 

(4.4-16) 
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Then 


Jf  •  E  =  (V  X  H)  •  E  -  D  •  E 
Kf  •  E  =  -  (n  X  H)  •  E 


Substitution  in  (4.4-14)  gives 


-  (H  x  E)  •  n 
(E  x  H)  •  n 


d  F  •  u 


D  •  E]  dTi 


x  H)]  d(jj 


(4.4-17) 


(4.4-18) 


(4.4-19) 


The  right  sides  of  (4.4-14)  and  (4.4-19)  are  mathematically  equivalent,  but 
they  differ  in  a  fundamental  way.  Whereas  (4.4-14)  involves  integration  only  over 
those  parts  of  the  volume  t  which  contain  moving  free  charges  (i.e.,  conductors), 
(4.4-19)  involves  integration  over  the  entire  volume  t.  This  is  a  consequence  of 
the  fact  that  the  electromagnetic  vectors  are  defined  throughout  space  and,  as  long 
as  only  mathematical  significance  is  attached  to  energy  and  to  the  electromagnetic 
field,  no  other  comment  is  required.  On  the  other  hand,  if  energy  is  to  be  regarded 
as  a  material  substance,  the  change  from  (4.4-14)  to  (4.4-19)  is  of  fundamental 
significance  because  the  “energy  substance”  apparently  confined  to  conductors 
within  2t  in  (4.4-14)  may  be  interpreted  as  distributed  throughout  space  in  (4.4- 
19).  It  is  in  passing  from  (4.4-14)  to  (4.4-19)  that  the  idea  of  localizing  and  “storing” 
energy  in  space  is  made  abruptly  possible. 

The  first  term  on  the  right  in  (4.4-19)  may  be  transformed  with  the  aid  of 
the  vector  identity 

V  •  (E  x  H)  =  H  •  (V  x  E)  -  E  •  (V  x  H)  (4.4-20a) 

which  gives 

E  •  (V  x  H)  =  -V  •  (E  x  H)  +  H  •  (V  x  E)  (4.4-20b) 

With  the  Maxwell  equation 


V  x  E  =  -B  (4.4-21) 

the  volume  integral  in  (4.4-19)  becomes 

-  [V  •  (E  x  H)  +  (H  •  B)  +  (D  •  E)]  dii  (4.4-22) 

Let  it  be  assumed  that  the  boundary  ST  enclosing  the  region  t  is  not  a  surface  of 
discontinuity.  The  divergence  theorem  can  then  be  applied  to  the  volume  t  or  the 
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volumes  t,  within  2T  after  properly  enclosing  boundaries  where  discontinuities  exist 
within  surfaces  Sy: 

2  I  V  •  (E  x  H)  chi  =  2  I  n  •  (E  x  H)  dcx  (4.4-23) 

/  •'Ti  j  J  Sj~\~  ST 


After  the  formation  of  (4.4-19)  it  is  noted  that  all  integrals  over  surfaces  of  dis¬ 
continuity  Sj  cancel  to  leave 


d  F  •  u 


[(H  •  B)  +  (D  •  E)]  - 


n  •  (E  X  H)  dcx 

St 


(4.4-24) 


If  the  expression  on  the  right  side  of  (4.4-24)  is  compared  with  the  right  side  of 
(4.4-8),  it  is  clear  that  energy  functions  U  and  T  may  be  defined  to  satisfy  the 
following  relations.  The  sum  of  integrals  over  the  volumes  t,  is  written  as  a  single 
integral  over  t  =  X,  t,  for  simplicity  and  because  surface  currents  are  not  required 
for  practically  available  conductors,  so  that  no  discontinuities  can  occur.  The  anal¬ 
ysis  was  carried  out  including  possible  surface  currents  because  the  idealized  case 
of  perfect  conductors  where  all  currents  are  surface  currents  is  often  assumed  in 
engineering  problems.  In  such  cases,  the  sum  of  integrals  must  be  written  for  the 
single  integral,  but  no  change  in  interpretation  is  required. 


dU 

dt 


[(H  •  B)  +  (D  •  E)]  dx 


(4.4-25) 


T  =  [n  •  (E  x  H)]  da  (4.4-26) 

J  St 

These  are  the  conventional  definitions  for  the  time  rate  of  change  of  an  electro¬ 
magnetic  energy  function  U  and  for  an  electromagnetic  energy-transfer  function 
T.  Because  (4.4-25)  includes  a  term  involving  only  the  vectors  E  and  D  associated 
with  electric  phenomena  and  another  involving  only  the  vectors  B  and  H  associated 
with  magnetic  phenomena,  separate  time  rates  of  change  of  electric  and  magnetic 
'  energies  UE  and  UM  are  defined: 

^  -  l  (D  •  E)  dr,  ^  =  Jt  (H  ■  B)  d-r  (4.4-27) 

A  vector  S  called  the  Poynting  vector  is  defined  as  follows: 

S  =  E  x  H 

so  that  T  is  the  total  outward  normal  flux  of  the  Poynting  vector: 

T  =  J  (A  •  S)  dcx 

From  the  point  of  view  of  general  electromagnetic  theory,  the  electromagnetic 
energy  functions  defined  in  (4.4-25)  and  (4.4-26)  are  not  attractive  because  it  is 


(4.4-28) 

(4.4-29) 
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not  possible  to  express  them  entirely  in  terms  of  the  fundamental  vectors  E  and 
B.  The  appearance  of  D  and  H  in  the  energy  functions,  as  well  as  the  original 
assumption  that  only  free  charges  are  involved  in  the  force  equation,  not  only 
implies  a  definite  mode  of  subdivision  but  presupposes  that  time  variations  in 
polarization  and  magnetization  lead  to  no  increase  in  thermal  energy.  If  the  forces 
that  oppose  periodic  variations  in  polarization  and  magnetization  lead  to  an  increase 
in  the  random  motions  of  charges  and  groups  of  charges  so  that  a  rise  in  the  thermal 
energy  associated  with  t  occurs,  this  is  not  included  in  dQ/dt  in  (4.4-7).  It  is  actually 
contained  in  dU/dt,  so  the  electromagnetic  function  U  as  defined  includes  what  is 
recognized  as  thermal  energy  unless  there  is  no  increase  in  heat  associated  with 
changes  in  time  of  polarization  and  magnetization.  It  is  only  in  the  special  case  in 
which  thermal  energy  is  increased  exclusively  as  a  result  of  free  charges  moving  in 
imperfect  conductors  that  U  is  strictly  an  electromagnetic  energy  function. 

If  the  auxiliary  vectors  D  and  H  are  expanded  in  accordance  with  their  def¬ 
initions, 

D  =  e0E  +  P;  H  =  p0_1»  -  M  (4.4-30) 

equations  (4.4-25)  and  (4.4-29)  have  a  more  complicated  but  also  a  more  fun¬ 
damental  form: 


dU 

dt 


d_ 

dt 


(2M<0 _1fl2  +  Ho E2)  -  (M  •  B)  +  (P  •  E) 


dr  (4.4-31) 


S  =  p0_1(E  x  B)  -  (E  x  M) 


(4.4-32) 


The  dimensions  of  the  energy  functions  determined  from  (4.4-25)  and  (4.4-26) 
are  as  follows: 


Q  VT 


LT  L2 


V 


L  LTL  T 


coulomb-volts  or  joules 


volt-amperes  or  watts 


(4.4-33) 

(4.4-34) 


The  coulomb-volt  has  the  name  joule;  the  joule  per  second  is  the  watt.  U  is 
measured  in  joules,  T  in  watts.  Since  the  factor  Ae  in  (4.4-1)  is  by  definition 
dimensionless  and  equal  to  unity,  the  mechanical  joule  and  watt  and  the  electrical 
joule  and  watt  are  the  same.  The  auxiliary  dimension  V  in  volts  can  be  expressed 
directly  in  terms  of  Q,  L,  M,  and  T.  Since  mechanical  energy  W  has  the  dimensions 


it  follows  that 


joules 


ML2  joules 

T*Q 


(4.4-35) 


V 


coulombs 


or  volts 


(4.4-36) 
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In  electrical  problems  it  is  usually  more  convenient  to  retain  the  auxiliary  dimension 
V  than  to  introduce  its  equivalent  in  terms  of  Q,  L,  M,  and  T. 


4.5  ENERGY  FUNCTIONS  IN  SPACE  AND  IN  SIMPLE  MEDIA 

If  the  region  enclosed  by  the  boundary  ST  consists  exclusively  of  space  and  simple 
media,  the  energy  functions  have  a  more  attractive  form.  In  space  where  all  densities 
vanish,  D  =  e0E  and  H  =  p^B: 

dU  d  f  1  , 

*=  'B>  +  e0E2)Jr  (4.5-1) 

T  =  I  (A-S)d<j;  S  =  x  B  (4.5-2) 

Explicit  definition  of  the  electromagnetic  energy  functions  is  suggested  by  (4.5- 

1): 


U  =  UM  +  Ur  = 


J  2P0  1B2  dj  +  J  i Cq E2  dj 


(4.5-3) 


In  simply  polarizing  and  magnetizing  media  the  relations 

P  =  (er  -  l)e0E;  -M  =  ~ 


(4.5-4) 


are  valid.  This  implies  an  instantaneous  response  in  polarization  and  magnetization 
to  changes  in  E  and  B  and  no  associated  increase  in  random  or  heat  motion.  The 
relations  (4.5-4)  give 

D  =  ere0E  =  eE; 

The  energy  functions  in  simple  media  are 


T 


n  •  S  dcr, 


h  =  Gvm)-^  =  li-’B 

(4.5-5) 

are 

Ip  1B2  dj  +  f  heE2  dj 

r  J  t 

(4.5-6) 

S  =  p-a(E  x  B) 

(4.5-7) 

nition 

=  crE 

(4.5-8) 

In  a  simply  conducting  region,  by  definition 

J/ 

or,  if  a  charge-separating  region  characterized  by  an  impressed  or  intrinsic  electric 
field  Ee  (which  by  definition  is  equal  in  magnitude  and  opposite  in  direction  to  the 
electric  field  required  to  prevent  the  separation)  is  involved, 

Jf  =  ct(E  +  Ee )  (4.5-9) 

Since  surface  densities  of  moving  free  charge  are  not  needed  to  describe  simple 
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conductors  with  finite  conductivity, 

(4.5-10) 

(4.5-11) 

This  may  be  expanded  into 


Kf  =  0 


If  (4.5-9)  and  (4.5-10)  are  used  in  (4.4-14),  it  follows  that 


d  F  •  u  = 


ct[(E  +  Ee)  •  E]  dr 


r 


J  T 


d  F  •  u 


ct[(E  +  Ee )  •  (E  +  Ee )]  dr  - 

T 


a[(E  +  Ee)  •  Ee]  dj 

T 


(4.5-12) 


With  (4.5-9)  this  gives 


d¥  •  u  = 


n 


t  a 


dj 


( if  •  Ee)  di 

T 


Substitution  in  (4.4-7)  leads  to 


r 


J  T 


dW  dQ 
dt  q  dt 


(4.5-13) 


=  J  (J/  •  Ee)  di  - 

The  first  term  on  the  right  can  now  be  identified  with  the  power  supplied  to  the 
region  t  by  nonelectrical  forces  in  a  charge-separating  region;  the  second  term  is 
the  power  dissipated  as  heat.  The  first  integral  on  the  right  in  (4.5-14)  vanishes 
except  in  a  charge-separating  region  where  Ee  differs  from  zero.  With  (4.5-14), 
(4.5-6),  and  (4.5-7),  the  general  power  equation  for  simple  media  may  be  written 
in  the  alternative  form 


j 


f 


di 


rr 


(4.5-14) 


r 


J  T 


(J/  •  Ee)  dj 


+  e£2)  dj 

T 


** 

p^n  •  (E  x  B)  dv  =  0  (4.5-15) 

J  St 

The  power  equation  (4.5-15)  and  the  associated  energy  functions  (4.5-6)  and 
(4.5-7)  as  written  for  simple  media  are  useful  in  the  solution  of  problems  of  many 
types,  such  as  radiation  from  antennas  and  dissipation  in  wave  guides.  The  first 
integral  in  (4.5-15)  measures  the  time  rate  of  decrease  of  the  mechanical  (or  other 
nonelectrical)  energy  function  W  associated  with  t.  The  second  integral  is  the  time 
rate  of  increase  of  the  thermal  energy  function  Q  associated  with  moving  free 
charges  in  t.  The  third  integral  defines  the  time  rate  of  increase  of  the  electro¬ 
magnetic  energy  function  U  associated  with  t.  The  surface  integral  measures  the 
time  rate  of  increase  of  energy  functions  associated  with  all  regions  outside  t  due 
to  the  action  of  electromagnetic  forces  on  charges  outside  XT.  If  the  first  inteeral 
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is  zero  in  a  particular  case,  it  follows  that  a  nonvanishing  and  nontransient  current 
J f  can  exist  in  t  only  if  the  surface  integral  is  negative  or  the  external  normal  n  is 
reversed.  This  means  that  the  electromagnetic  forces  due  to  moving  charges  outside 
t  are  doing  work  on  the  charges  in  t  to  maintain  the  current. 

If  energy  is  assumed  to  be  a  physical  substance  endowed  with  properties  that 

admit  of  its  localization  and  distribution  in  charge-filled  or  empty  regions  and  of 

_  ^ 

its  flow  from  one  region  to  another,  the  foregoing  interpretation  of  the  power 
equation  is  not  only  modified  but  also  greatly  specialized  in  its  meaning.  Thus,  if 
the  integral  (4.5-6)  defines  the  electromagnetic  energy  “stored”  in  t,  the  integrand 
when  written  for  simple  media  or  for  space  as 

Iijl,1^2  +  k£2;  iixo lB2  +  U0  E2  (4.5-16) 

must  specify  its  spatially  distributed  density.  (The  quantities  ip,-1/?2  and  \  p^1# 2 
are  magnetic  energy  densities ;  {eE2  and  je0E2  electric  energy  densities .) 

With  the  energy  substance  assumed  distributed  throughout  space  with  the 
density  specified  by  (4.5-16),  the  energy-transfer  function  T  is  interpreted  to  meas¬ 
ure  the  flow  of  energy  across  the  enclosing  boundary  XT.  If  the  flow  is  outward, 
as  indicated  by  an  outwardly  directed  normal,  the  energy  density  outside  t  is 
increasing,  that  inside  is  decreasing.  If  the  flow  is  inward,  as  indicated  by  an  inwardly 
directed  normal,  the  reverse  is  true.  Furthermore,  since  T  measures  the  total  flow 
of  energy  across  XT,  it  is  concluded  that  the  integrand  in  (4.5-7)  must  measure  the 
flow  of  energy  across  each  element  dcr  of  the  surface.  Accordingly,  the  Poynting 
vector  S  is  interpreted  to  define  the  direction  and  magnitude  of  the  actual  flow  of 
energy  across  a  unit  area  at  every  point.  This  conclusion  is  not  mathematically 
justified.  The  surface  integral  in  (4.5-7)  was  originally  obtained  by  the  application 
of  the  divergence  theorem  to  the  volume  integral;  thus 


V  •  S  dj  =  (n  •  S)  dcr  (4.5-17) 

Jt  JXt 

This  theorem  has  a  meaning  only  if  the  integration  is  extended  over  a  completely 
closed  surface.  It  does  not  admit  of  an  integration  over  only  part  of  a  closed  surface. 
It  follows  that  from  the  mathematical  point  of  view  no  meaning  can  be  attached 
to  an  integral  like  that  on  the  right  in  (4.5-17)  if  the  integration  is  carried  out  over 
a  surface  that  is  not  closed,  or  to  the  integrand  itself.  This  is  made  especially  clear 
by  the  fact  that  any  integration  over  a  specified  part  of  a  closed  surface  can  be 
made  to  have  any  desired  value  by  merely  adding  to  S  a  suitably  defined  solenoidal 
vector  C.  By  definition,  a  solenoidal  vector  satisfies  the  condition  V  •  C  =  0,  so 
that 


V  •  (S  +  C)  dj  =  I  (n  •  S)  dcr 

J  T  St 


(4.5-18) 


There  is  no  change  in  the  surface  integral  over  the  closed  surface  XT  and  there  is 
no  reason,  either  mathematical  or  physical,  that  makes  it  necessary  or  even  rea¬ 
sonable  to  prefer  the  vector  S  to  the  vector  S  +  C  because  both  lead  to  the  same 
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power  equation.  The  “amount  of  energy”  that  is  assumed  to  “flow”  across  a  surface 
which  is  only  a  part  of  the  closed  surface  XT  is  arbitrary  and  not  at  all  uniquely 
specified  by  /2  (n  •  S)  dcr.  All  values  of  /2  n  •  (S  +  C)  da  are  equally  reasonable 
with  C  any  solenoidal  vector  whatsoever. 


4.6  COMPLEX  ENERGY  FUNCTIONS 


The  specialization  of  the  energy  formulation  to  complex  harmonic  functions  of 
time  must  begin  with  the  power  equation 


dW  _  A  dQ  _  dU  _ 
dt  q  dt  dt 


(4.6-1) 


It  is  assumed  in  writing  (4.6-1)  that  the  forces  contributing  to  W  in  a  closed  but 
not  isolated  region  t  do  positive  work  and  so  supply  energy  to  the  region,  while 
all  other  forces  within  and  outside  the  region  do  negative  work  (i.e.,  receive  en¬ 
ergy).  In  (4.6-1),  all  derivative  and  transfer  functions  are  positive.  Equation  (4.6- 
1)  expresses  the  relation  between  the  instantaneous  time  rates  of  change  of  me¬ 
chanical,  thermal,  and  electromagnetic  energy  functions  and  the  instantaneous 
electromagnetic  energy-transfer  function  T  defined  for  a  thermally  isolated  region 
t  and  its  closed  boundary  ST.  If  the  field  vectors  E  and  B  and  the  auxiliary  vectors 
D  and  H  vary  harmonically  in  time,  the  energy  functions  and  the  transfer  function, 
which  are  defined  in  terms  of  E,  B,  D,  and  H,  must  also  have  periodic  time 
variations.  The  instantaneous  time  rates  of  change  of  the  energy  functions  are  not 
of  primary  interest.  Their  average  values  over  a  longer  interval  are  of  practical 
importance.  Such  an  interval  includes  many  periods  Tp  and,  since  each  period  is 
like  every  other  one,  a  time  average  over  a  single  period  is  the  same  as  the  time 
average  over  a  great  many  whole  periods.  A  fraction  of  a  period  in  a  sufficiently 
long  time  contributes  only  a  negligible  amount  to  the  average. 

The  time  average  of  any  function  X{t)  over  a  period  Tp  is  given  by 

{X(t))  =  ^  f  X(t )  dt  (4.6-2) 

1 P  JO 

The  time-average  value  is  indicated  by  the  symbol  <•).  Thus  for 


X(t)  = 

(X(t))  = 

{X\t))  = 


X  cos  (cor  +  0*) 


Tp  Jo 


X  cos  (cor  +  0J  dt  =  0 


TeJo 


X2  cos2(c or  +  0J  dt 


‘2tt 


o) Tp  Jo 


X2  cos2(x  +  0J  dx 


X2 


(4.6-3) 


(4.6-4) 


i  <*2«>  = 0 


2 


(4.6-5) 
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If  Y(t )  =  Y  cos (co?  +  0y),  the  time-average  product  (X(t)Y(t))  becomes 

1  fTp 

(X(t)Y(t))  =  —  I  XY  cos  (cor  +  0y)  cos  (cor  +  0J  dt 

1  p  Jo 

=  iXYcos(Ox  -  ey)  (4.6-6) 

In  the  complex  notation  the  instantaneous  values  of  the  desired  real  functions  are 
given  by  the  real  parts  of  the  following  complex  instantaneous  functions: 


X(t)  =  Xe^  =  \X\e^e^ 

(4.6-7) 

Y(t)  =  Ye^  =  \Y\e’Q>eiMt 

(4.6-8) 

The  complex  conjugates  of  the  functions  are 

X*(t)  =  X*e~j'»t  =  \X\e-^e~iMt 

(4.6-9a) 

Y*(t)  =  Y*e~j‘»t  =  \Y\e~iQye-jMt 

(4.6-9b) 

It  follows  that 

(X2(t))  =  i\x\2  =  {X{t)X’{t)  =  J [XX • 

(4.6-10) 

(X(t)Y(t))  =  \\XY\  cos(6,  -  e  )  =  Recm7*) 

(4.6-11) 

A  time-average  power  equation  may  be  derived  from 


(J/(r)  •  E(r)>  dr  + 


(Kf(t)  •  E(r)>  da- 

2  J 


E)  dj  + 


(k; 


E)  da 


(4.6-12) 


To  expand  the  right  side  of  (4.6-12),  it  is  necessary  to  substitute  for  J*  and 
from  the  equations 

V  x  H*  =  J/  -  /coD*  (4.6-13) 

n  x  H*  =  -K;  (4.6-14) 

to  obtain 


1 

2 


[E  •  (V  X  H*)  +  /co(E  •  D*)]  dj  - 


2  2  (n  X  H*)  •  E  da( 


(4.6-15) 


Since 

V  •  (E  x  H*)  =  H*  •  (V  X  E)  -  E  •  (V  X  H*)  (4.6-16) 

and 


V  X  E  =  —j coB 


(4.6-17) 
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(4.6-15)  can  be  written  as  follows: 


j  1 1  [(E  •  D*) 


(B  •  H*)]  dr  -  \ 


V  •  (E  X  H*)  dr 


n  •  (E  X  H*)  du i 


(4.6-18) 


After  the  application  of  the  divergence  theorem  to  the  second  integral  (expanded, 
if  necessary,  into  a  sum  over  separate  regions  where  the  functions  E  and  H  are 
continuous),  the  integrals  over  surfaces  of  discontinuity  cancel  the  corresponding 
integrals  from  the  last  term  in  (4.6-18)  and  only  the  integral  over  the  enclosing 
surface  ST  remains.  Thus 


1 

2 


(j;  •  E)  dr  + 

T 


(k;  •  E)  d(j 


=  -i/co  [(B  •  H*)  -  (E  •  D*)]  dr 


1 

2 


n  •  (E  x  H*)  d(j  (4.6-19) 


This  is  a  complex  power  equation  that  can  be  separated  into  two  real  equations. 
The  equation  given  by  the  real  parts  in  (4.6-19)  is  the  desired  time-average  power 
equation;  that  given  by  the  imaginary  parts  is  an  additional  true  equation. 

As  in  the  general  case  of  unrestricted  time  dependence,  the  complex  power 
equation  assumes  an  attractive  form  particularly  in  space  and  in  simple  media  with 
no  time  lags  in  polarization,  magnetization,  or  current  responses.  In  such  media, 
by  definition 


J,  -  cr(E  +  Ee);  D  =  eE;  H  =  p  XB 


'/ 


with  cr,  e,  and  p  real.  Also, 


j;  •  e  = 


K/  = 

0 

Pf 

+  Ee*) 

•  E  = 

-  -  J?  •  E 

cr  J 

B  • 

H*  = 

p  ~lB2 

E  • 

D*  = 

eE2 

The  complex  Poynting  vector  is 


(4. 6 -20a) 

(4. 6- 20b) 

(4.6-21a) 

(4.6-21b) 

(4.6-21c) 


S  =  |(E  x  H*)  =  S\S\e^  =  S|S|(cos  0,  +  j  sin  0,)  (4.6-21d) 


The  substitution  from  (4.6-21a-c)  into  (4.6-19),  with  Jf  assumed  to  be  in  phase 
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with  Ee,  leads  to: 


1 

2 


t  a 


dj  -  \  I  if  •  Ee  dr 


2  |  Of 

T 


=  ^  f  (ijl1^2  -  e£2)  -  f  ft  •  S|5|e^  do-  (4.6-22) 

2  Jst 

The  separation  into  real  and  imaginary  parts  yields  two  equations.  The  real  power 
equation  is 


if  (if  ■  E«)  dx  - 


1 

2 


—  di 


t  a 


-  £  A  •  S|5|  cos  0,  da  =  0  (4.6-23) 


An  auxiliary  equation,  which  may  be  called  the  reactive  power  equation,  is 


%  I  (iji-1#2  -  e£2)  dj  +  A  •  S|5|  sin  0,  da  =  0 
2  Jst 


(4.6-24) 


It  is  now  possible  to  define  time-average  electric  and  magnetic  energy  functions 
< UE(t )>  and  < UM(t ))  and  a  complex  energy-transfer  function  T  -  Tr  +  jTh  the  real 
part  of  which  is  the  time-average  energy-transfer  function.  Thus 


-1 


B2  dr. 


(UE(t))  =  ^  l  E2  dj 


(4.6-25) 


Tr  =  <T(0>  =  Re^ n  •  S  da^ 


2x 


ft  •  §|S|  cos  05  dcr  (4.6-26) 


T;  =  Iml  |  A-Sdal  =  I  A  •  S|5|  sin  0,  da  (4.6-27) 

St  /  St 

Since  the  power  equation  (4.6-23)  does  not  involve  the  time-average  electric  and 
magnetic  energy  functions,  it  must  be  concluded  that 


Whenever 


(U(t))  =  (UM(  t)>  +  (UE(t))  =  constant 


Tt  =  0 


(4.6-28) 


(4.6-29) 


which  is  certainly  true  when  one  or  both  of  the  following  conditions  are  satisfied 
at  all  points  on  the  surface  XT, 


0.  =  0H  -  0P  =  0 


ft  •  S  =  0 


(4.6-30) 

(4.6-31) 


it  follows  from  (4.6-24)  that 


<£/„(()>  =  <£4(0> 


(4.6-32) 


210 


Electromagnetic  Force  and  Energy  Chap.  4 


and 


(U(t))  =  2  (UM(t))  =  2  (UE(t))  (4.6-33) 


It  is  found  that  (4.6-29)  is  true  in  many  practically  important  problems. 

It  is  possible  to  take  account  of  time  lags  in  polarization  and  current  response 
in  sufficiently  specialized  physical  models  by  noting  that  if  the  conductivity  and  the 
dielectric  constant  are  complex,  (4.6-13)  may  be  written  as  follows  using  (2.14- 
17a)  and  (2. 14 -24a): 


V  X  H*  =  (a*  -  ;coe*)E* 

=  (?e  ~  j(**e)  E* 


(4.6-34) 


The  expression  on  the  right-hand  side  of  (4.6-34)  is  identically  the  same  as  that 
for  no  time  lags  except  that  the  real  effective  conductivity  and  dielectric  constant 
replace  a  and  e.  If  it  is  assumed  that  the  forces  required  to  maintain  a  periodically 
varying  complex  polarization  current  ju>PeJMt  are  the  same  as  those  required  to 
maintain  an  equivalent  complex  current  of  free  charge  JeyW,  so  that  aeE*  is  assumed 
to  be  equivalent  in  all  respects  involving  the  equilibrium  of  forces  to  aE*  with  cre 
=  a,  then  (4.6-23),  (4.6-24),  and  (4.6-25)  may  be  modified  by  writing  a  subscript 
e  on  both  a  and  e.  Since  ae  =  a'  +  toe",  it  follows,  if  E  +  Ee  is  maintained  constant 
with  Ee  directed  opposite  to  E  in  charge-separating  regions,  that  the  rate  of  change 
of  the  average  heat-energy  function  Q  given  by 


^  I  <e«>  =  \  j 


—  dj  =  \ 


t  a 


2  J 


a(E  +  Eef  dj 


(4.6-35) 


is  increased  by  i/T  coe"(£'  +  Ee )2  dj  owing  to  polarization  lag  when  cre  =  cr'  +  cue" 
is  written  for  a.  The  time-average  electric  energy  function 


<^)>  =  4  j 


E2di 


(4.6-36) 


is  decreased  when  ee  =  e'  -  a'Vco  is  written  for  e. 


4.7  A  POWER  EQUATION  IN  TERMS  OF  SCALAR 
AND  VECTOR  POTENTIALS 

A  simple  and  useful  alternative  power  equation  may  be  formulated  using  the  scalar 
and  vector  potentials.  The  combination  of  the  relations 

E  =  -V4>  -  A  (4.7-1) 

and 


Jf  —  cr(E  +  Ee) 


(4.7-2) 
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leads  to  the  following  equation: 


Ee  =  —  +  VcJ>  +  A 

a 


(4.7-3) 


When  (4.7-3)  is  multiplied  scalarly  by  Jf  and  integrated  over  an  arbitrary  volume 
t,  the  result  is 


if '  Ee  dj  =  J  d t  +  J  if  ’  V4>  dj  +  I  Jf-  A  dr 


(4.7-4a) 


which  may  also  be  written  as  follows: 


Jf  -  Ee  dj  = 


3) 


t  a 


di  —  j  •  E  dj 


(4.7-4b) 


With  the  vector  identity 


v  •  =  <kv  •  Jf)  +  Jf  ■  (V(t>) 

and  the  divergence  theorem 


(4.7-5) 


J  V  •  (tjjjf)  dr  =  J  4>(n  •  J/)  dX 


(4.7-6) 


(4.7-4a)  can  be  transformed  into 

J  (Jf  •  Ee)  dj  =  J  dj  -  J  4>(V  •  Jf)  dr 


+  J  (if  -  A)  dr  +  |  c|>(n  •  if)  dX  (4.7-7) 


It  is  to  be  noted  that  X  includes  XT,  a  surface  completely  enclosing  t,  and  all 
additional  surfaces  within  t  across  which  Jf  (or  4>)  is  discontinuous.  If  the  equation 
of  continuity  for  free  charge 

V  •  Jf  +  pf  =  0  (4.7-8) 

is  substituted  into  (4.7-7),  it  becomes 

J  (Jf  -  Ee)  dj  -  J  dj  -  J  pf<t>  dT  -  J  (Jf  •  A)  dr 


4>(n  •  if)  dX  =  0  (4.7-9) 


This  equation  resembles  (4.5-15),  that  is, 

[  (Jf-  Ee)  dr  -  [  —  dj  -  —  [  2(1 x~1B2  +  eE2)  di 
J t  Jt  a  dt  J t 


-  |x_1n  •  (E  x  B)  dX  (4.7-10) 
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The  first  two  terms  in  (4.7-9)  and  (4.7-10)  are  exactly  the  same.  The  next  two  in 
each  equation  are  one  electric  and  one  magnetic  volume  integral.  The  last  term  is 
a  surface  integral  including  the  enclosing  boundary.  There  is,  however,  a  funda¬ 
mental  difference  between  (4.7-9)  and  (4.7-10).  Whereas  (4.7-10)  involves  in¬ 
tegration  over  all  space  where  E  and  B  are  nonvanishing,  (4.7-9)  involves  inte¬ 
gration  only  over  that  part  of  space  where  electric  currents  and  charges  differ  from 
zero.  All  the  terms  in  (4.7-9)  vanish  in  free  space.  Thus  an  interpretation  of  (4.7- 
9)  in  terms  of  “energy”  distributed  in  completely  evacuated  space  is  impossible. 
In  particular,  the  surface  integral  certainly  does  not  suggest  or  permit  an  interpre¬ 
tation  in  terms  of  a  “flow  of  energy  in  space ”  across  ST.  Actually,  the  surface 
integral  vanishes  everywhere  except  in  conductors. 

A  further  transformation  of  (4.7-9)  is  possible  with  the  surface  equation  of 
continuity, 

V  •  Kf  +  ^  -  n  •  Jf  =  0  (4.7-11) 

When  perfect  conductors  are  excluded,  Kf need  not  be  defined  since  is  adequate. 
Hence  (4.7-11)  reduces  to 


and  (4.7-9)  becomes 


Of '  Ee)  di 


t  a 


n  '  J/  =  % 


(4.7-12) 


-  J  (Jf  •  A)  di 


T|f4>  dX  =  0 


(4.7-13) 


This  is  the  general  equation. 

As  shown  in  Sec.  2.13,  pf  vanishes  in  nonconductors  and  conductors  if  the 
time  dependence  is  periodic.  In  this  important  case,  (4.7-13)  reduces  to 

J  ( Jf  •  Ee)  dj  —  J  —  dj  —  J  (Jf  -  A)  dj  —  j ^  T|f4>  da  =  0  (4.7-14) 

This  is  a  power  equation  expressed  in  terms  of  scalar  and  vector  potentials. 


4.8  ENERGY-TRANSFER  FUNCTION  FOR  THE  SURFACE 
OF  A  CYLINDRICAL  ANTENNA 

The  complex  transfer  function  T  =  Tr  +  jTt  is  defined  by 

T  =  f  n  •  S  da  (4.8-1) 

JX  T 

/ 

where  da  is  an  element  of  any  completely  closed  surface  XT  on  which  n  is  an 
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external  unit  normal.  S  is  the  complex  Poynting  vector  defined  in  space  by 

S  =  i|Xc r1^  X  B*  (4.8-2) 

The  real  part  Tr  of  the  integral  (4.8-1)  is  a  measure  of  the  total  transfer  of  power 
from  within  XT.  It  is  necessarily  independent  of  the  shape  and  size  of  the  envelope 
2t  provided  that  the  energy  functions  defined  within  XT  are  unchanged.  In  partic¬ 
ular,  Tr  has  the  same  value  if  XT  is  a  great  sphere  enclosing  an  antenna  completely 
in  its  far  zone,  or  if  XT  is  a  cylindrical  envelope  only  an  infinitesimal  amount  larger 
than  the  actual  surface  of  the  antenna.  Th  on  the  other  hand,  is  not  necessarily 
independent  of  the  shape  and  location  of  XT,  so  that  it  may  not  be  concluded  that 
because  7)  vanishes  when  XT  is  a  sphere  in  the  far  zone,  it  will  also  vanish  when 
XT  is  the  cylindrical  surface  of  the  antenna  itself. 

On  the  cylindrical  envelope  p  —  a,  and  in  terms  of  the  cylindrical  coordinates 
p,  0,  z  with  the  z  axis  along  the  antenna, 

n  •  S  =  Sp  =  ijio-HE  x  B*)p  =  -  EzBf)  (4.8-3) 

On  the  end  surfaces  at  z  =  ±h , 

\ 

AS  =  ±SZ  =  ±W(E  x  B*),  =  ±W(Epfie*  -  EeB*)  (4.8-4) 

The  upper  sign  is  for  the  top  of  the  antenna,  the  lower  sign  is  for  the  bottom. 
For  a  cylindrical  antenna,  with  a  rotationally  symmetric  emf, 

£e  =  0;  Bp  =  0  (4.8-5) 

so  that 

Sr  =  -\volEzB*  (4.8-6) 

Sz  =  ±WEp*e*  (4-8-7) 

It  follows  that 

T  =  -iixq1  f  (EzB%)p=a2Txa  dz  +  ip0_1  f  (EpB$)z=h2irp  dp 

J  —h  JO 

-iPo-1  I  (EpB$)z=_h2Trp  dp  (4.8-8) 

J  0 

If  the  area  of  the  end  surfaces  is  sufficiently  small  compared  with  the  cylindrical 
surface  so  that  it  is  correct  to  write 

2 Txa2  <  2 Trah  (4.8-9) 

or 

a  <  h  (4.8-10) 

the  contribution  to  Tby  the  last  two  integrals  in  (4.8-8)  is  negligible.  This  follows 
because  the  very  small  radial  currents  on  the  ends  cannot  lead  to  an  average 
tangential  electromagnetic  field  at  the  ends  that  equals  the  average  tangential  field 
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on  the  cylindrical  sides  due  to  the  axial  current.  Accordingly,  a  good  approximation 
subject  to  (4.8-10)  is 

7'=-lno"1|  (£A*)P-.2ira  dz  (4.8-11) 

J  —h 

It  is  possible  to  express  Be  in  terms  of  the  total  current  using  the  Ampere - 
Maxwell  theorem  of  circuitation  (2.10-3).  For  a  single  surface  this  is 

Po-1  <£  B  •  ds  =  7  +  ;coe0  f  (N  •  E)  dS  (4.8-12) 

J  JS(cap) 

with 


/  =  (N  •  p^v)  dS  +  (N  •  ij^y)  ds  (4.8-13) 

JS(cap)  Js 

Let  S(cap)  be  the  cross  section  of  the  cylindrical  conductor  at  any  point  along  its 
length,  and  s  the  circumference.  In  the  conductor  (not  perfect) 

(N  •  p^y)  =  Jz/,  N  •  =  Kzf  =  0;  7  =  Iz  (4.8-14) 

By  definition  of  a  good  conductor, 

J zf  —  ctEz  >  c oe0Ez  (4.8-15) 

Since  the  antenna  is  rotationally  symmetrical,  (4.8-12)  becomes 


Fo 


Bea  d&  =  p0  12,rrflBe  -  L 


(4.8-16) 


With  (4.8-16),  (4.8-11)  becomes 


T  = 


-h 


(■ Ez)P=aI z  dz 


(4.8-17) 


If  the  antenna  is  symmetrical  and  center-driven  so  that 

7(z)  =  /( -  z) 


T  =  -i  I  (Ez)p=J*(z)  dz  +  l\  {Ez\aIt{-z)  dz 


(4.8-18) 

(4.8-19) 


With  z  substituted  for  —  z  in  the  second  integral,  this  becomes  like  the  first  integral. 
Then 


T  =  -  I  (Ez)p=aI*(z)  dz 

J  U 


(4.8-20) 


The  real  part  of  (4.8-20)  gives  the  total  power  transferred  from  a  cylindrical 
region  of  length  2 h  and  radius  a  carrying  a  total  current  Iz.  ( Ez)p=a  is  the  tangential 
component  of  the  electric  field  at  the  surface  of  the  cylinder.  At  all  points  along 
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Figure  4.8-1  Electric  field  and 
Poynting  vector  on  the  cylindrical  sur¬ 
face  of  a  good  but  not  perfect  conductor 
with  a  generator  between  A  and  B. 

the  part  of  the  conducting  surface  that  contains  no  charge-separating  agency  ( A  to 
h  and  B  to  —h  in  Fig.  4.8-1),  ( Ez)p=a  and  Iz  are  in  the  same  direction.  [The  phase 
difference  between  ( Ezinst)p=a  and  Izinst  is  in  no  case  greater  than  45°.]  At  points 
along  the  conducting  surface  of  the  charge-separating  region,  ( Ez)p=a  and  Iz  are 
oppositely  directed.  It  follows  from  (4.8-20)  that  integration  over  the  length  of 
the  conductor  not  including  the  length  A B  contributes  a  negative  value  to  T,  while 
the  integral  over  the  cylindrical  surface  oiAB  gives  a  positive  value.  It  is  interesting 
to  note  that  that  part  of  the  integration  which  is  carried  out  over  the  surface  of 
the  antenna  proper,  not  including  the  surface  of  the  generating  region,  yields  only 
the  rate  of  increase  of  heat  energy  in  the  conductor,  not  at  all  the  rate  at  which 
energy  functions  outside  the  conductor  increase  due  to  radiation.  This  is  given 
entirely  by  that  part  of  the  integration  which  is  carried  out  over  the  surface  enclosing 
the  charge-separating  region.  Since  no  particular  significance  can  be  attached  to 
integration  of  the  normal  component  of  the  Poynting  vector  over  a  part  of  a  closed 
surface,  it  is  not  legitimate  to  attempt  to  localize  the  “flow  of  energy”  on  the  basis 
of  the  meaningless  parts  of  a  meaningful  integral. 

An  erroneous  and  peculiarily  inconsistent  analysis  based  on  (4.8-20)  proceeds 
as  follows. 

1.  The  conductor  is  assumed  to  be  perfect. 

2.  A  sinusoidal  distribution  of  current  is  assumed  along  the  antenna.  (This 
is  an  incorrect  assumption  except  for  an  infinitely  thin,  perfect  conduc¬ 
tor.) 

3.  The  electric  field  (Ez)p=a  is  calculated  from  the  assumed  current.  A 
nonvanishing  value  is  obtained  in  direct  contradiction  to  postulate  1, 
which  requires  a  vanishing  field. 

4.  The  field  so  obtained  is  substituted  in  (4.8-20)  to  determine  T  and 
ultimately  the  input  impedance  of  the  antenna. 
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It  is  obvious  that  the  impedance  of  an  antenna  cannot  be  obtained  by  this  sequence 
of  errors  and  contradictions. 


The  Poynting  vector  on  the  cylindrical  surface  of  the  conductor  is  given  by 
(4.8-6).  If  the  conductor  is  perfect,  Ez  is  zero  and  hence  Sr  vanishes  at  all  points 
along  the  antenna.  If  the  conductor  is  not  perfect,  Ez  has  a  small  value  and  Sr  is 
negative  (i.e.,  S  points  radially  into  the  conductor).  Between  the  circumferences 
at  A  and  B  of  the  antenna  near  z  =  0  (Fig.  4.8-1),  an  impressed  field  Ee  is 
maintained;  it  is  in  the  direction  of  the  current,  while  the  electric  field  E  (which 
does  not  include  Ee)  is  in  the  opposite  direction.  It  follows  that  Sr  is  positive  between 
A  and  B  so  that  S  is  outwardly  directed.  An  interpretation  based  on  the  assumption 
that  the  Poynting  vector  specifies  the  magnitude  and  direction  of  flow  of  “spatially 
distributed  energy”  leads  to  the  following  conclusions.  No  “energy”  leaves  the 
antenna  or  enters  it  if  the  conductor  is  perfect.  “Energy”  flows  radially  into  the 
antenna  from  the  “stored  energy”  in  space  if  the  conductor  is  imperfect  to  account 
for  the  increase  in  thermal  energy  in  the  conductor.  “Energy”  is  “radiated”  outward 
into  space  from  the  charge-separating  region  AB  (Fig.  4.8-1). 

If  the  antenna  is  driven  from  a  two-conductor  line  which  is  in  turn  driven 


from  a  generator  or  charge-separating  region  AB  (Fig.  4.8-2)  and  the  Poynting 
vector  is  determined  at  the  surface  of  the  conductors  including  those  of  the  line, 
the  following  is  learned.  If  the  conductors  are  perfect,  the  tangential  electric  field 
vanishes  everywhere  along  all  conductors  so  that  there  is  no  outwardly  directed  com¬ 
ponent.  If  the  conductors  are  imperfect,  the  Poynting  vector  has  a  small  inward 


Figure  4.8-2  Poynting  vector  at  the 
surfaces  of  antenna  and  transmission 
line.  A  generator  is  between  A  and  B. 
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component,  as  shown  in  Fig.  4.8-2.  The  Poynting  vector  has  a  large  outward 
component  only  between  the  terminals  A  and  B. 

It  might  be  concluded  from  this  discussion  that  since  no  “energy”  leaves  the 
antenna  in  either  case  the  moving  charges  in  the  antenna  can  play  no  part  what¬ 
soever  in  maintaining  currents  in  neighboring  or  distant  conductors.  This  conclusion 
is  in  direct  contradiction  to  the  postulate  that  all  moving  charges  exert  forces  and 
hence  do  work  on  one  another.  Since  no  “energy”  leaves  the  antenna  if  the  Poynting 
vector  correctly  localizes  its  flow ,  the  antenna  is  apparently  quite  unnecessary  as 
long  as  the  same  potential  difference  is  maintained  between  the  surfaces  A  and  B. 
In  fact,  if  the  antenna  in  Fig  4.8-2  is  replaced  by  a  lumped  impedance  consisting 
of  a  suitable  resistance  and  reactance  that  constitute  an  identical  load  at  the  end 
of  the  line,  the  Poynting  vector  is  unchanged,  and  directed  outward  between  A 
and  B,  indicating  that  the  same  “energy  flow  into  space”  is  maintained  by  the 
generating  region  in  both  cases.  On  the  other  hand,  the  long  antenna  is  capable 
of  “receiving”  only  a  very  small  inward  “flow  of  energy  from  space,”  whereas  the 
lumped  impedance  “receives  from  space”  practically  all  the  energy  that  is  “trans¬ 
ferred  to  space”  from  the  generator.  It  is  to  be  noted  that  the  long  transmission 
line  seems  to  have  nothing  to  do  with  the  outward  “flow  of  energy”  from  the 
charge-separating  region  AB  nor  with  the  inward  “flow  of  energy  from  space”  to 
either  the  antenna  or  the  lumped  impedance.  According  to  the  Poynting  vector, 
energy  does  not  travel  in  the  conductors  of  the  line,  but  in  the  surrounding  space. 

The  discussion  above  further  emphasizes  that  nothing  of  value  is  gained  by 
attaching  arbitrary  physical  significance  to  the  Poynting  vector  or  to  electromagnetic 
or  other  energy  functions. 


PROBLEMS 


1.  Show  that  the  electromagnetic  force  defined  by  (4.1-5)  may  be  expanded  into 
F  =  j  (pE  +  J  X  B)  di  +  f  CnE  +  K  X  B)  da  +  f  (P  •  V)E  dj 

+  j  (M  •  V)B  di  +  f  (P  x  B)  dj 

2.  The  general  definition  of  the  electromagnetic  vector  torque  acting  on  a  body  is 


T  =  r  x  d¥T  +  r  x  d¥ir 


where 


dFT  =  (pE  +  pmv  x  B)  dr. 


d¥a  =  (rfE  +  T|mv  X  B)  da 
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Show  that  this  is  equivalent  to 


T  =  -j  (r  X  pE)  dr  +  J  (r  X  ^E)  da  +  j  [r  X  (J  X  B)]  dr 


+  J  [r  X  (K  X  B)]  dcr  +  J  [r  X  (P  x  B)]  dr 

+  |  [r  X  (P  •  V)E]  dr  +  |  [r  X  (M  •  V)B]  dr 

+  |  {r  X  [M  X  (V  X  B)]}  dr  +  J  (P  X  E)  dr  +  J  (M  X  B)  dr 

The  first  five  terms  are  known  as  body  torques,  the  sixth  term  is  the  torque  on  an  electric 

dipole  in  a  nonuniform  field,  the  seventh  and  eighth  are  torques  on  a  magnetic  dipole 
in  a  nonuniform  field,  the  ninth  term  is  the  torque  on  an  electric  dipole  in  a  uniform 
field,  and  the  tenth  is  the  torque  on  a  magnetic  dipole  in  a  uniform  field. 

3.  A  group  of  n  charged  conducting  bodies  and  a  surrounding  space-charge  density  p  is 
confined  to  a  finite  domain  in  free  space.  Show  that  the  electrostatic  energy  of  the  system 


Ue  =  ^  l  \E\2  dr 


may  be  written  as 


i  2  $jQj  +  5  cj)p  dr 

where  <J>;  is  the  potential  of  the  yth  conductor  and  Qs  is  its  total  charge.  Use  Green’s 
theorem, 


4.  Show  that  the  pressure  on  an  infinite  conducting  plane  with  a  uniform  surface  charge 
density  iq  is  ri2/2e0  by  equating  the  work  done  per  unit  area  in  moving  the  plane  to  the 
change  in  energy  of  the  electrostatic  field. 

5.  An  uncharged  conducting  sphere  of  small  radius  is  connected  to  a  fine  wire  which  extends 
to  infinity.  At  time  t  =  0  a  uniform  and  constant  current  /  begins  to  flow  in  the  wire 
and  to  charge  the  sphere.  Calculate  the  scalar  potential  (j)  at  a  distance  R  from  the  sphere 
as  a  function  of  time  for  all  times.  Plot  (j)  as 

(a)  A  function  of  R  at  a  given  time. 

(b)  A  function  of  time  for  a  given  R. 

Could  the  electric  field  for  this  problem  be  obtained  by  merely  taking  the  gradient  of  <J>? 
Explain. 

6.  Two  thin,  straight  parallel  wires  are  separated  by  a  distance  a  and  each  carries  a  current 
I  in  the  same  direction.  Compute  the  force  per  unit  length  on  one  of  the  wires,  using 
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the  integral  form  ofV  xH  =  J  +  D  and  the  force  equation 


F  =  jv  (pE  +  p my  x  B)  dj 


Is  the  force  attractive  or  repulsive? 

7.  (a)  Two  electrodes  lie  in  the  yz  plane  at  x  =  0  and  x  =  b.  qx  is  the  charge  per  unit  area 
in  a  slice  of  unit  thickness  at  x,  Mx  the  mass  of  this  charge,  ux  its  nonrandom  velocity, 
and  ax  its  nonrandom  acceleration.  Use  the  field  and  force  equations  to  obtain  the 
following  relations: 

dJx  .  j  dEx 

—  =  0;  /,  =  <?A  +  eo_ 

~  ^  ~  M*a* 


(b)  Use  the  results  of  part  (a)  to  show  that 


dE, 

dt 


dax  eJx 
dt  me0 


where  e  is  the  charge  on  the  electron  and  m  is  the  mass  of  the  electron. 


Electromagnetic  Waves 
in  Unbounded  Regions 


5. 1  THE  GENERAL  ELECTROMAGNETIC  FIELD 

The  Helmholtz  integrals  that  define  the  potential  field  in  terms  of  the  essential 
densities  of  charge  and  moving  charge  are 

i  /  r  '  r  '  \ 

4>  =  - - (  7:  e~ikoR  dr'  +  7-  e~}koR  dX'  1  (5.1-la) 

4tt€0  \Jt  R  Jz  R  )  ' 

A  =  ^  ^  e-i**  dr'  +  ^  dX' )  (5.1-lb) 

4tt  R  Js  R  / 

The  relationships  between  the  potential  functions  and  the  electric  and  magnetic 
vectors  for  periodic  time  dependence  are 

E  =  -V<J>  -  /coA  (5.1 -2a) 

B  =  V  x  A  (5.1 -2b) 

The  substitution  of  (5.1-la,b)  in  (5.1-2a,b)  leads  to  explicit  formulas  for  E  and 
B  that  are  integral  solutions  of  the  Maxwell  equations  that  define  these  vectors. 

It  is  important  to  note  that  the  potentials  and  the  field  vectors  are  functions 
of  the  unprimed  coordinates  of  the  point  P  (the  field  point).  The  gradient  (V)  and 
curl  (V  x )  operations  in  (5.1-2a,b)  involve  the  unprimed  coordinates  and  not  the 
primed  variables  of  integration  that  locate  the  volume  element  dr'  and  the  surface 
element  dX'  at  P'  (the  source  point).  (When  the  operators  V,  V  %  and  V  x  apply 
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to  the  primed  variables,  they  are  written  with  a  prime:  V',  V'  •,  and  V'  x .  R  is 
the  distance  between  P  and  P'  and  is  therefore  a  function  of  both  the  primed  and 
unprimed  coordinates.)  The  density  functions  characterizing  the  region  of  integra¬ 
tion  are  functions  of  the  primed  variables  only,  as  seen  in  (5.1-la,b).  It  follows 
that 


Vp'  =  0;  V-n'  =  0  (5.1— 3a) 

V  x  pmv'  =  0;  V  x  r[m\'  =  0  (5.1-3b) 


The  V  and  (V  x )  operators  may  be  applied  under  the  sign  of  integration  in  (5.1- 
la,b)  whenever  the  integrals  are  regular  and  this  is  the  case  when  the  point  P  is 
not  in  the  region  of  integration  t.  If  the  point  P  is  in  t,  the  potentials  usually  cannot 
be  evaluated  because  the  density  functions  are  not  known  everywhere  in  an  ex¬ 
tended  region.  Therefore,  P  is  assumed  to  be  outside  t. 

Before  the  evaluation  of  V4>  and  V  x  A  is  carried  out,  some  vector  relations 
must  be  discussed.  If  i|/  is  a  scalar  function  of  R , 


(5.1-4) 


where  R  is  a  unit  vector.  It  follows  from  the  definition  of  the  gradient  that 


dR 

dR 


=  1 


max 


(5.1-5) 


The  direction  of  the  maximum  rate  of  increase  of  R  is  outward  and  is  specified  by 
the  unit  vector  R.  If  i|/  is  a  scalar  and  C  a  vector,  the  following  vector  relation  is 
readily  proved: 

V  x  (i|/C)  =  i|/V  x  C  +  V*|i  x  C  (5.1-6) 


It  is  now  convenient  to  apply  (5.1-4)  or  (5.1-6)  to  (5.1-la,b)  with 


e  —jkoR 


(5.1-7a) 


and 


C  =  pmv 


Then 


Vi|i  = 


Re-"»R  I  4  +  4° 


With  (5.1-3b)  and  (5.1-8) 


V  x  (i|/C)  =  (V*|i)  x  C 


R  x  pmv'e  *oR  ( ^ 


(5.1 -7b) 


(5.1-8) 


(5.1-9) 
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With  (5.1-3)  to  (5.1-9)  the  volume  integrals  in  (5.1-2a,b)  are 


With 


-V<|>  = 


4tT€0  J 


V(p»  dr' 


4tT€0  J 


p'Vi|/  di' 


=  7“ —  f  Rp'e-/toR  (4 

4tT€0  Jt  \R 


R*  +  R  1  dT 


V  X  A  = 


J4o 

4tt  J 


V  x  (i|/C)  dr' 


=  I  x  (i 


,  1‘ko  ,  .  , 
i  +  -J  '  dr 


1 

lLoeo 


0) 

c 


it  follows  that 


(5.1-10) 


(5.1-11) 


(5.1-12) 


(5.1-13) 


When  (5.1-10),  (5.1-11),  and  (5.1-13)  are  substituted  into  the  expressions  (5.1- 
2a, b)  for  E  and  B,  the  general  integrals  for  the  electromagnetic  field  are  obtained. 
They  are 


di'  +  SE 


(5.1 -14a) 


(ft  X  p„v') 


d^'  +  SE 


(5.1- 14b) 


SE  and  SB  are  the  surface  integrals  which  are  obtained  from  the  volume  integrals 
in  each  case  by  writing  r\  for  p  and  S  for  t. 

The  electromagnetic  field  at  points  in  space  due  to  the  currents  and  charges 
on  a  cylindrical  conductor  with  small  cross  sections  and  with  its  axis  along  the  z 
axis  of  a  coordinate  system  may  be  obtained  from  (5.1-14a,b).  This  is  accomplished 
by  carrying  out  the  integrations  over  the  small  cross  section  and  circumference  of 
the  conductor  with  R  taken  to  be  the  constant  distance  to  the  axis.  The  conductor 
is  assumed  to  extend  from  z  =  —h  to  z  =  +h  along  the  z  axis  and  to  have  a 
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radius  a.  Then 


E  = 

B  = 


(R  x  z )/; 


J_  ,  )K 

R2  R 


where 


(5.1-15a) 


(5.1  —  15b) 


q'  =  p'  dS'  + 

J  s 


■n'  ds' 

s 


(5.1 -16a) 


pmv'z  dS'  +  y\mv'z  ds' 


(5.1- 16b) 


The  first  integral  in  (5.1-16a,b)  is  taken  over  the  cross  section  S  =  tt a2  of  the 
conductor,  the  second  integral  around  its  circumference  s  -  2tt a;  q'  and  I'z  are  the 
amplitudes,  respectively,  of  the  total  charge  per  unit  length  and  the  total  axial 
conduction  current.  Contributions  due  to  currents  directed  radially  in  the  conductor 
are  negligible. 

The  instantaneous  values  of  E  and  B  are  obtained  by  introducing  the  time 
factor  ejmt  and  selecting  the  real  part.  It  is  therefore  necessary  to  refer  all  phases 
to  a  single  quantity  which  may  be  conveniently  chosen  to  be  the  current.  The 
complex  amplitude  q'  may  be  expressed  in  terms  of  l'z  with  the  aid  of  the  equation 
of  continuity  written  for  the  cylindrical  conductor  in  the  one-dimensional  form 

%  +  m'  =  0  (5.1-17) 


or 


ldT_  =  J_dl[ 
co  dz'  k0c  dz' 


(5.1-18) 


In  order  to  obtain  the  instantaneous  or  time-dependent  electric  and  magnetic  fields 
it  is  necessary  to  multiply  (5.1-15a,b)  by  e'w  on  both  sides  and  to  select  the  real 
parts  as  the  desired  solutions.  These  are  generated  by  the  following  time-dependent 
currents  and  charges  per  unit  length 

I'z{t)  =  Re(/ywf)  =  I'z  cosoit  (5.1-19) 

1  dl' 

q'(t )  =  Kt{q'eimt)  =  —  —  sinco/ 

co  dz 


(5.1-20) 
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The  electric  and  magnetic  fields  at  all  points  outside  the  cylindrical  conductor  are 


m  =  - 


i 


'h 


4tT€0  J-h 


R  dll 


Rc  dz 


7  cos  (c at  —  k0R) 


+ 


R  dll 


k{)cR2  dz' 


k  V 

—  z  -^zr  I  sin  (cor  —  k0R) 


cR 


dz' 


(5.1-21a) 


■h 


B(0  =  - 


j^O 

4tt  J-a 


(R  x  z)I'z 


1  k 

cos  (cor  —  kaR)  — —  sin  (cor  —  kuR) 

R 


R2 


dz'  (5.1-21b) 


The  vector  E  has  a  component  along  R  and  a  second  component  parallel  to  z  and, 
hence,  parallel  to  the  current  in  the  conductor.  B  is  everywhere  perpendicular  to 
both  R  and  i  and  so  is  directed  along  tangents  to  circles  drawn  with  the  conductor 
as  the  common  axis.  Therefore,  E  and  B  are  everywhere  mutually  perpendicular 
and  the  equiphase  surfaces  of  E  and  of  B  due  to  the  periodically  varying  charge 
and  current  in  an  element  dz  of  the  conductor  are  spherical  shells.  This  follows 
from  the  fact  that  at  a  given  instant  the  integrals  in  (5.1-21a,b)  are  constant  if  R 
is  constant. 

The  general  electromagnetic  field  is  too  complicated  to  allow  a  simple  geo¬ 
metrical  interpretation.  However,  component  parts  of  the  field  can  be  considered 
and  described  in  simple  form. 


5.2  INDUCTION  AND  RADIATION  FIELDS 


It  is  convenient  to  study  the  general  electromagnetic  field  defined  by  (5.1-14a,b) 
in  two  parts.  Let  each  of  the  vectors  E  and  B  be  expressed  as  the  sum  of  two 
components  as  follows: 

E  =  E'  +  Er;  B  =  B‘  +  Br  (5.2-1) 


The  components  with  the  superscript  i  define  what  is  called  the  induction  field. 
This  is  given  by 


e-jk»R  dl> 


+  S'E 


(5.2-2a) 


fk) 
4t r 


e~ik l)R  dr' 


(5.2-2b) 


The  surface  integrals  S'E  and  S‘B  are  obtained  by  writing  r\  for  p  and  X  for  t  in  the 
volume  integrals.  The  components  in  (5.2-1)  with  the  superscript  r  define  the 
radiation  field.  It  is  given  by 

Er  =  — f  e-Jk"Ri—  (p7  R  -  —  J  dj'  +  SrE  (5.2-3a) 

47T€n  A  R  \  C 


M'O 


e~jkoR 


ijf o 
R 


x  Pmv')  di'  +  SrE 


4tt 
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(5.2-3b) 
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The  induction  field  is  proportional  to  1A R2,  the  radiation  field  to  kJR.  The  ratio 
of  these  two  factors  is  k0R.  It  follows  that  with  any  given  k0  and  with  sufficiently 
small  values  of  R  (i.e. ,  E  and  B  calculated  at  points  sufficiently  near  the  periodically 
varying  charge  distribution),  the  induction  field  is  so  large  compared  with  the 
radiation  field  that  the  latter  may  be  neglected.  On  the  other  hand,  for  R  very 
large,  the  reverse  is  true;  the  radiation  field  predominates  and  the  induction  field 
may  be  disregarded  because  it  is  insignificant. 


5.3  INDUCTION  OR  NEAR  ZONE:  COULOMB'S  LAIN 
AND  BIOT-SAVART  FORMULA 


Let  the  induction  or  near  zone  be  defined  to  be  that  region  in  the  immediate  vicinity 
of  the  volume  on  and  in  which  charge  and  current  densities  are  nonvanishing  which 
satisfies  the  inequality  defining  the  quasi-stationary  state: 


k0R  <  1 

(5.3-1) 

Consequently, 

B  >  Er\  Bl  >  Br 

(5.3-2) 

and 

E  =  E';  .  B  =  B‘ 

(5.3-3) 

As  a  consequence  of  (5.3-1), 

e~J'koR  =  1  -  jkoR  -  •  •  •  =  1 

(5.3-4) 

This  is  equivalent  to  assuming  quasi-instantaneous  action  at  a  sufficiently  short 
distance.  With  (5.3-4),  the  induction  field  is  identified  with  the  field  of  the  quasi- 
stationary  state.  It  is 


R  <  1 


jki 

4tt 


dr'  + 
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dV 


R  X  PmV' 

T  R2 


dr'  + 


In  the  stationary  state,  with  all  densities  constant  in  time, 


dr'  + 


SR  R2 


dV 


R  x  J' 


T  R2 


dr'  + 


'  R  x  K' 

2  R2 


(5.3-5a) 


(5.3— 5b) 


(5.3-6a) 


(5. 3 -6b) 
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The  electric  field  of  the  stationary  state  is  the  electrostatic  field ;  the  magnetic  field 
of  the  stationary  state  is  the  magnetostatic  field.  Since  co  =  0  in  the  stationary 
states,  the  radiation  fields  vanish  and  the  entire  stationary  field  is  the  induction 
field.  At  low  frequencies  and  for  all  significant  distances,  c oR/c  is  so  small  that  the 
quasi-stationary  or  near-zone  field  is  the  entire  field. 

A  fundamentally  important  static-state  relation  is  obtained  by  specializing 
(5.3-6a).  Let  the  distance  from  any  point  P  where  E  is  calculated  to  the  center  of 
a  volume  t  be  R0,  a  distance  that  is  large  compared  with  the  maximum  dimension 
of  t.  Then 


1 


4tt€0 


R 


0 


R^rfT'  + 


2  R 2 


P’  dT'  +  L )  =  iS/a 


(5.3-7) 


where  q  is  the  total  charge  within  and  on  the  surface  of  t.  The  electrostatic  force 
acting  on  a  second  volume  V  characterized  by  essential  densities  p  and  q  is  obtained 
from  the  general  definition  of  the  electromagnetic  force  F  (4.1-5). 


pE  dV  + 

v 
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qE  dS 
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(5.3-8) 


If  the  dimensions  of  V  are  small  compared  with  R,  E  is  constant  over  V,  so  that 
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p  dV  + 

v 


q  dS 

s 


(5.3-9) 


where  Q  is  the  total  charge  within  and  on  V.  Upon  combining  (5.3-7)  and  (5.3- 
9),  we  obtain 


(5.3-10) 


In  this  expression  RQ  is  the  distance  between  the  centers  of  the  two  volumes  t  and 
V.  ¥e  is  the  electrostatic  force  acting  on  V  due  to  t  provided  that  all  parts  of  the 
two  volumes  are  separated  by  distances  that  are  large  compared  with  the  dimensions 
of  the  volumes  V  and  t.  If  the  two  volumes  are  symmetrically  charged  spheres, 
(5.3-10)  is  valid  without  such  a  restriction,  so  that  V  need  not  be  small  in  terms 
of  R0.  The  relation  (5.3-10)  is  Coulomb’s  law.  It  is  an  important  special  form  of 
the  electromathematical  model  that  is  actually  contained  in  the  field  and  force 
equations  as  a  particular  case.  Coulomb’s  law  is  a  fundamental  postulate  in  a  more 
conventional  formulation  of  electrodynamics. 

If  the  near-zone  relations  (5.3-5a,b)  are  written  for  a  cylindrical  conductor 
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in  space,  they  assume  the  following  form: 


E  =  E'  =  -i-  f  ^  R  dz' 

4tt <L0)-h  R 2 


(5.3-1  la) 


k0R  <  1 


-LB/  — 


j2  [  (R  x  z)  4  dz' 

4'nJ-hK  '  R2 


(5.3—  1  lb) 


Equation  (5.3- lib)  may  be  written  in  the  equivalent  form 

jni  M-o is  ds  X  R 


dW  = 


4tt  fl2 


(5.3-12) 


The  relation  (5.3-12)  is  the  Biot- Savart  formula.  The  direction  of  the  magnetic 
field  due  to  the  current  Is  in  the  element  ds  of  a  wire  is  perpendicular  to  the  plane 
containing  R  and  ds.  R  is  a  vector  drawn  from  ds  to  the  point  where  the  field  is 
computed.  The  magnitude  of  the  field  is 


=  ^  sin^) 
4tt  R2 


where  (R,  5)  is  the  angle  between  s  and  R. 


5.4  RADIATION  OR  FAR  ZONE 


(5.3-13) 


The  radiation  or  far  zone  is  defined  by 


k0R  >  1 


As  a  consequence  of  (5.4-1), 


Er  >  E‘  ;  Br  >  B‘ 


and 


E  =  E7; 


The  radiation-zone  field  is  given  by 


-jk0 

E  =  E7  =  -^-2 


knR  >  1 


—  Ur 


—  ur  — 


(5.4-1) 


(5.4-2) 


(5.4-3) 


-jk 0  [  ( AT  PmV'\  e  ^  ,  ,  .  cv  (c  a  ^ 

^URp  Hr dJ  +  Sb  (5-4~4) 


l  (R  *  p™'")  +  S'B  (5-4_5) 
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The  corresponding  equations  for  a  cylindrical  conductor  in  space  are 


E  =  Er  = 


jk o  fh  (  a  I'  \  e  jkuR 

Rtf'  -  z  -  — —  dz' 
4tt€0  J -h  \  c )  R 


(5.4-6) 


k0R  >  1 


B  =  B 


=  r  (*  x  tyz 

4 TT  J  ~h 


e  -  jkoR 

R 


dz' 


(5.4-7) 


The  electromagnetic  field  in  the  radiation  zone  has  the  same  simple  form 
as  the  potential  field.  A  wave  picture  of  spherical  equiphase  surfaces  expanding 
with  the  constant  velocity  c  is  appropriate  to  describe  the  electromagnetic  radiation 
field  due  to  the  periodically  varying  charges  and  currents  in  an  element  dz' .  The 
magnetic  waves  are  transverse;  the  electric  waves  may  be  both  transverse  and 
longitudinal. 

It  is  seen  that  the  general  electromagnetic  field  may  be  divided  into  a  near 
or  induction-zone  field,  and  a  far  or  radiation-zone  field.  All  points  in  the  former 
are  by  definition  sufficiently  near  to  the  moving  charges  so  that  an  instantaneous 
action  at  a  distance  is  a  good  approximation  to  the  fundamentally  correct  retarded 
action  at  a  distance.  In  the  near  zone  it  is  not  convenient  or  illuminating  to  use  a 
wave  picture  because  in  the  vicinity  of  the  periodically  varying  charges  and  currents 
the  equiphase  surfaces  of  B  and  the  components  of  E  do  not  move  with  a  constant 
velocity.  The  phase  velocity  is  very  high  near  the  moving  charges  and  the  approx¬ 
imation  (5.3-4)  is  equivalent  to  assuming  an  infinite  phase  velocity.  The  integrals 
that  define  the  approximate  electromagnetic  field  in  the  induction  or  near  zone  are 
usually  interpreted  using  geometrical  pictures  that  correctly  describe  exactly  only 
the  stationary  states  in  which  all  densities  are  constant  in  time.  The  equivalence 
between  quantities  in  the  stationary  states  and  the  corresponding  complex  ampli¬ 
tudes  in  the  quasi-stationary  state  makes  it  possible  to  use  the  same  geometrical 
pictures  for  amplitudes  of  periodic  phenomena  as  for  stationary  magnitudes,  and 
this  is  equivalent  to  assuming  an  instantaneous  action  at  a  distance. 

In  the  radiation  zone,  the  simplest  form  of  retarded  action  at  a  distance 
is  valid.  The  equiphase  surfaces  expand  with  a  constant  velocity  and  the  electric 
and  magnetic  fields  can  be  described  in  terms  of  a  simple  wave  picture.  The  radi¬ 
ation  zone  is  therefore  frequently  called  the  wave  zone.  The  induction  zone  and 
the  radiation  zone  do  not  overlap  and  an  intermediate  zone  exists  between  them. 
This  is  the  region  between  k0R  <1  1  and  k0R  >  1 .  The  electromagnetic  field  in  the 
intermediate  zone  has  neither  the  stationary-state  properties  of  the  near-zone  field 
nor  the  wave  properties  of  the  far-zone  field.  The  field  in  this  region  can  only 
be  represented  by  the  integrals  (5.1-14a,b)  of  the  general  electromagnetic 
field. 
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5.5  SPHERICAL  AND  PLANE  ELECTROMAGNETIC  WAVES 


The  field  in  the  radiation  zone  of  a  cylindrical  conductor  of  length  2 h  in  space  as 
given  in  (5.4-6)  and  (5.4-7)  is 


and 


(5.5-1) 


h  p~jki)R 

_h  (R  x  dz' 


(5.5-2) 


If  the  conductor  is  oriented  in  space  along  an  arbitrarily  directed  5  axis,  (5.5- 
1)  and  (5.5-2)  describe  the  radiation  field  with  z  replaced  by  5  as  shown  in  Fig. 
5.5-1.  In  the  radiation  zone,  the  distance  R0  from  the  origin  at  the  center  of  the 
antenna  to  the  point  where  the  field  is  to  be  calculated  satisfies  the  inequality 

R0>  h  (5.5-3a) 

and 

k0R0  >  1  (5.5-3b) 

Therefore,  the  vector  R  drawn  from  the  point  P'  locating  the  element  of  integration 
ds'  in  the  conductor  to  the  point  P  where  the  field  is  to  be  calculated  (Fig.  5.5- 
1)  may  be  written  as  follows: 


R  =  R0  -  s 

(5.5-4a) 

*  =  [*§  +  s'2  -  2(R0  •  s')]1/2 

(5.5-4b) 

As  a  result  of  (5. 5 -3a),  it  follows  that 

R  =  Ro 

(5.5-5) 

in  all  factors  that  cannot  vanish  as  R  increases.  These  include  all  quantities  except 
the  arguments  of  the  exponential  functions.  In  these  the  first-order  small  terms 


o 


Figure  5.5-1  Section  of  antenna  with 
the  origin  of  coordinates  at  O. 
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must  be  retained.  That  is, 

R  =  R0  -  (R0  •  s')  =  R0  -  s'  cos(R0,  s')  (5.5-6) 

A 

where  R0  is  a  unit  vector  pointing  from  O  to  P  and  (RQ9  sf )  is  the  angle  between 

A 

s'  and  R0. 

With  (5.5-5)  in  amplitude  factors  and  (5.5-6)  in  arguments,  the  relations 
(5.5-1)  and  (5.5-2)  become 


ik  P  -JkoRo  fh  /  fi/7 

W  =  -P-  R0g'  -  ^  I  ^o(Ro-s')  ds> 

4tT€0  Rq  j -h  \  c 


(5.5-7a) 


Br  = 


e  ikoRo  (h 


4tt 
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(R0  x  s)/'c;7co(fto's,)  ds' 


(5.5-7b) 


where  s  is  a  unit  vector  along  the  axis  of  the  antenna.  Equation  (5.5-7b)  can  be 
written  in  the  same  form  as  the  potential  functions  if  e~jkoRo  is  moved  under  the 
sign  of  integration  and  recombined  with  e^°(*o-s')  to  gjve  e-jk0R. 
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r  — 


M(Kq  x  s) 
4tt 


‘h  jt 

—  e ~JkoR  ds' 
-h  R 


(5.5-8) 


Each  element  of  current  I's  ds'  may  be  associated  with  a  radially  expanding  spherical 
train  of  equiphase  surfaces  or  waves  moving  with  the  constant  velocity  c.  Since  the 
vector  potential  A  may  be  written  in  the  form 


A  =  Eos  p  |  g_jkoR  ds, 

4tt  J  -h  R 


(5.5-9) 


and  it  has  been  shown  that 


it  follows  with  (3.7-3b)  and  (3.4-12)  that 


jh 

4tT€0C 


g  -jkoRo 


‘h 

(Ro  X  r0  X  S )/;e^o(Ro-s')  ds> 

—  h 


=  c{ W  x  Ro)  (5.5-10) 

If  a  system  of  polar  coordinates  R0,  0,  O  is  introduced  with  its  origin  at  the 
center  of  the  antenna  and  with  0  measured  from  its  axis  which  lies  along  the  z 
axis  of  a  Cartesian  system,  as  shown  in  Fig.  5.5-2,  it  follows  that  in  (5. 5 -7b),  z 
may  be  written  for  5  and 

(R0  •  s')  =  z'  cos0  (5.5-11) 

Also, 

-(R0  x  s)  =  (s  x  R0)  =  4>  sin0  (5.5-12) 
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Z 


Figure  5.5-2  Polar  coordinates. 


and 

R0  x  R0  x  s  =  -  (R0  x  4>)  sin  0  =  0  sin  0 

(5.5-13) 

Then 

B'  =  Er  =  &Ere 

(5.5-14) 

The  components  of  the  far-zone  field  of  an  antenna  oriented  along  the  z  axis  may 
be  written  as  follows: 
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p-jkoRo 

Ere  =  f(h,  0)  — —  =  F(Q,  R 0); 

*M) 


with 


f(h,  0)  e-*™  F(e,  R0) 
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(5.5-15) 
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F(Q,  R0)  =  f(h ,  0) 


£  —jkoRo 


0 


(5.5- 16a) 
(5.5- 16b) 


Equations  (5.5-15)  and  (5.5- 16a, b)  define  the  radiation-zone  field  of  an  antenna 
of  half-length  h  in  space.  The  function  F(Q,  R0 )  satisfies  the  spherical  wave  equation 

d2 

—  ( R0F )  +  kl(R0F)  =  0  (5.5-17) 

The  function  F  describes  the  transverse  spherical  waves  expanding  radially  with  a 
constant  velocity  c.  The  equiphase  surfaces  are  separated  by  a  constant  distance 
Xq  —  2tt/X:0. 


232 


Electromagnetic  Waves  in  Unbounded  Regions  Chap.  5 


In  most  of  the  problems  involving  the  radiation-zone  field  of  an  antenna, 
interest  lies  primarily  in  the  field  in  a  relatively  small  part  of  space.  That  is,  it  is 
frequently  necessary  to  deal  only  with  E  and  B  in  a  region  that  is  small  compared 
with  the  distance  R0  from  a  point  P0  at  its  origin  in  the  distant  antenna.  If  the 
region  is  identified  with  a  volume  with  a  radial  thickness  R'  R0,  the  distance  R 
=  OP  to  any  point  P  in  V  is  approximately  given  by 

R  =  R0  (5.5-18) 

♦ 

in  amplitude  factors.  In  arguments  of  periodic  functions,  (5.5-18)  may  not  be  used. 
Let  the  direction  cosines  of  the  radial  line  R0  =  OP0  be  expressed  in  terms  of  the 
rectangular  coordinates  x,  y,  z  with  origin  also  at  O.  The  direction  cosines  of  R0 
are 


/0  =  cos  (R0,  x);  m0  =  cos  ( R0 ,  y);  n0  =  cos  ( R0 ,  z)  (5.5- 19a) 

The  components  of  R0  along  the  coordinate  axes  are  (x0,  y0,  z0)  given  by 

*o  =  Rok\  z0  =  R0n0  (5.5- 19b) 

It  follows  that 

Ro  =  +  yotn0  +  z0n0  (5.5-20) 

Any  line  s  lying  parallel  to  OP0  has  the  same  direction  cosines  as  R0.  If  the  co¬ 
ordinates  of  its  end  point  are  x,  y,  z, 

s  =  xl0  +  ym0  +  zn0  (5.5-21) 

Therefore,  the  direction  of  any  radial  vector  R  =  OP  terminating  at  P  in  V  is  the 
same  as  that  of  R0  =  OP0.  If  the  coordinates  of  P  are  x,  y,  z, 

R  =  s  =  xl0  +  ym0  +  zn0  (5.5-22) 

With  (5.5-18)  in  amplitude  factors  and  (5.5-21)  in  arguments,  it  follows  that 

F  =  Ke-*os  (5.5-23) 

where 

/(e)  .  /(©)  (  (  _ 

K  =  — —  =  — —  =  constant  (5.5-24) 

R  Rq 

If  the  time  factor  is  included, 

FeSo>t  =  Ke’^-^  (5.5-25) 

This  expression  characterizes  the  approximate  distribution  of  E  and  B  in  any  volume 
V  at  a  large  distance  from  the  antenna.  It  is  readily  interpreted  in  terms  of  a  simple 
wave  picture.  The  relation  (5.5-21)  defines  a  plane  at  right  angles  to  s  and  at  a 
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distance  5  from  the  origin.  Equation  (5.5-25)  may  be  described  using  a  picture  of 
plane  equiphase  surfaces  at  right  angles  to  5  and  traveling  along  5  with  a  constant 
velocity  c.  That  is,  the  arcs  of  radially  expanding  spherical  equiphase  surfaces 
defined  by  (5.5 -16b)  which  pass  through  the  volume  V  may  be  assumed  to  be 
approximately  plane  and  of  constant  amplitude  provided  that  the  distance  to  V 
from  the  source  is  sufficiently  great  and  the  solid  angle  subtended  by  it  is  small. 
Equation  (5.5-25)  satisfies  the  plane-wave  equation 

d2F 

+  k%F  =  0  (5.5-26) 

which  is  derived  from  (5.5-17)  with  the  conditions  (5.5-18)  and  (5.5-22). 

In  problems  involving  specifically  the  field  in  a  volume  V  in  the  wave  zone 
and  not  directly  the  antenna  or  its  location,  it  is  convenient  to  use  a  set  of  rectangular 
coordinates  as  shown  in  Fig.  5.5-3.  The  x  axis  lies  along  the  line  OP0  so  that  it 
coincides  with  the  spherical  coordinate  R0;  the  y  axis  is  tangent  to  and  in  the 
direction  of  the  coordinate  O0  at  P0;  the  z  axis  is  tangent  to  and  in  the  direction 
—  0O  at  P0.  With  this  choice,  x,  y,  z  are  a  right-handed  system  and  it  follows  that 
the  electromagnetic  field  at  P0  and  approximately  throughout  V  is  given  by 

Ere  =  ~Erz;  B%  =  Bry  (5.5-27) 

Also,  5  =  x.  With  this  notation,  the  radiation-zone  field  in  a  volume  V  is 

-Erz{t)  =  cBry{t)  =  Ke^~k  0*)  (5.5-28) 

This  expression  may  be  interpreted  in  terms  of  plane  transverse  waves  normal  to 
the  x  axis  and  traveling  along  this  with  a  constant  velocity  c. 


Figure  5.5-3  Rectangular  coordinates 
related  to  spherical  coordinates. 
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5.6  POLARIZED  ELECTROMAGNETIC  WAVES 

The  electromagnetic  field  in  a  sufficiently  small  region  V  in  the  radiation  zone  of 
the  antenna  is  defined  approximately  by  the  following  relations: 

E(r)  =  -z  ErzeiM  =  -z  Ke*'*t-kax)  (5. 6- la) 

K 

B(0  =  Wye'*1  =  y  —  ei(M~kfVc)  (5.6- lb) 

c 

The  positive  jc  axis  lies  along  the  radial  vector  R0  =  OP0  locating  the  center  P0  of 
the  region  V.  From  the  real  part  of  (5.6-la,b),  it  can  be  concluded  that  E(?)  and 
B (t)  at  every  point  change  continuously  and  periodically  in  length  as  time  passes, 
but  that  they  are  directed  parallel,  respectively,  to  the  z  and  y  axes  at  the  point 
PQ  and  approximately  parallel  to  these  axes  throughout  the  volume  V.  The  E  field 
is  therefore  linearly  polarized  along  the  z  axis,  the  B  field  is  linearly  polarized 
along  the  y  axis.  Both  fields  are  polarized  in  the  plane  at  right  angles  to  the  direction 
of  propagation  of  the  equiphase  surfaces  or  wave  fronts.  All  the  statements  made 
so  far  are  valid  regardless  of  the  location  of  V  relative  to  the  antenna,  provided 
only  that  it  is  in  the  radiation  zone.  The  amplitude  factor  K  in  (5. 6-1  a, b)  depends 
both  on  the  spherical  angle  0O  locating  the  vector  R0  =  OP0  and  on  the  length  of 
R0.  But  for  all  values  of  0O  and  of  R0  (such  that  k0R0  >  1),  the  electromagnetic 
field  at  P0  and  approximately  throughout  V  always  lies  in  a  plane  at  right  angles 
to  OP0.  Consequently,  a  change  in  the  orientation  of  the  antenna  at  O  can  at  most 
alter  the  amplitude  K  or  rotate  the  axes  of  polarization  of  E  and  B  in  this  plane. 
Therefore,  the  electric  and  magnetic  fields  in  the  neighborhood  of  any  point  in  the 
radiation  zone  of  a  dipole  antenna  are  always  linearly  polarized  along  mutually 
perpendicular  axes  that  lie  in  a  plane  at  right  angles  to  the  line  joining  the  point 
with  the  center  of  the  antenna. 

If  the  electromagnetic  field  in  V  is  not  that  of  a  single  antenna  but  of  a 
combination  of  antennas  grouped  at  O  and  oriented  relative  to  one  another  in  any 
way  whatsoever  (e.g.,  two  antennas  at  right  angles  to  each  other),  the  resultant 
electromagnetic  field  in  V  due  to  the  entire  array  is  still  in  a  plane  at  right  angles 
to  OP0.  If  the  jc  axis  is  along  OP0  as  before  and  the  y  and  z  axes  are  fixed  in  any 
positions  that  make  a  right-handed  system,  then,  in  the  most  general  case,  E(f) 
and  B (t)  may  have  components  with  different  complex  amplitudes  along  the  y  and 
z  axes.  Assuming  that  only  a  single  frequency  is  involved,  E(f)  and  B (t)  may  be 
expressed  as  follows: 


E(0  =  —  (z  Erz  +  y  Ery)eloit 

(5.6-2a) 

B(0  =  (y  Bry  +  z  Brz)e*“ 

(5.6-2b) 

-Erz  =  cBry  =  Ke~ikox 

(5.6-3a) 

-Ery  =  cBrz  =  Ne~ikox 

(5.6-3b) 

where 
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The  complex  amplitudes  K  and  N  may  be  written  in  terms  of  the  real  amplitudes 
(a  and  b )  and  phase  angles  (g  and  p ).  Thus 


K  =  ae  jg;  N  =  be  ip 


With  (5.6-3a,b)  and  (5.6-4),  the  real  parts  of  (5.6-2a,b)  become 

-  Erz{t)  -  cBry(t)  =  a  cos  (c at  —  k0x  —  g)  =  a  cos  t|f 

- Ery(t )  =  cBrz{t)  -  b  cos  (c ot  -  k0x  -  p)  =  b  cos  (t|f  -  8) 
where  i|/  and  8  are  given  by 

iff  =  co/  —  k0x  —  g 


It  can  be  verified  that  the  following  expressions  are  true: 


Ej(t)  ^(0 

a2  b2 


2 Ey(t)Ez(t)  cos  8 
ab 


=  sin2  8 


(5.6-4) 


(5.6-5a) 

(5.6-5b) 

(5.6-6) 

(5.6-7) 


(5. 6- 8a) 


a 


2 


2By(t)Bz(t)  cos  8 
ab 


sin2  8 


(5.6-8b) 


These  equations  define  the  loci  of  the  ends  of  the  vectors  E(f)  and  B(f)  as  i|f  varies. 
At  a  given  distance  x  from  the  source,  the  argument  i|/  can  change  only  in  time. 
Hence  (5.6-8a,b)  give  the  time  variation  in  length  and  orientation  of  E(f)  and  B(f) 
at  all  points  in  V  that  lie  in  the  yz  plane.  The  relations  (5.6-8a,b)  are  the  equations 
of  ellipses  in  the  general  case  in  which  the  major  and  minor  axes  do  not  lie  along 
the  coordinate  axes  as  shown  in  Fig.  5.6-1.  The  major  axis  of  the  ellipse  charac¬ 
terizing  E(f)  is  along  the  minor  axis  of  the  ellipse  belonging  to  B(f).  Under  all 
conditions,  the  ellipses  lie  in  the  yz  plane  if  the  x  axis  is  chosen  to  pass  through 
the  origin  of  the  periodically  varying  charge  in  the  antennas  and  through  the  center 


i 


y 


Figure  5.6-1  Instantaneous  radiation 
fields. 
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of  the  volume  V  in  which  the  field  is  calculated.  The  orientation  of  the  ellipses  in 
the  yz  plane  and  their  eccentricity  depend  on  the  magnitudes  of  the  amplitudes  a 
and  b  of  the  components  of  E (t)  and  B (t)  along  the  coordinate  axes  and  on  the 
phase  difference  8  between  these  components.  The  most  general  electromagnetic 
field  in  a  small  region  in  the  radiation  zone  of  a  group  of  antennas  operating  at  a 
single  frequency  is  elliptically  polarized  in  a  plane  at  right  angles  to  the  line  joining 
the  source  with  the  region. 

Since  (5.6-8a,b)  gives  the  locus  of  the  ends  of  E (t)  and  B (t)  in  general,  it 
must  include  the  case  of  linear  polarization,  which  has  been  shown  to  characterize 
the  radiation-zone  field  of  a  single  antenna.  When  the  components  of  E (t)  [or  B (t)] 
are  mutually  in  phase  with  8  =  0,  or  exactly  opposite  in  phase  with  8  =  tt,  (5.6- 
8a)  becomes 


a 


(5.6-9) 


This  is  a  linear  relation  between  Ey{t)  and  Ez(t )  so  that  the  ellipse  is  degenerate 
and  a  straight  line  with  an  orientation  that  depends  on  the  amplitudes  a  and  b  of 
the  components.  If  b  —  0,  Ey(t )  =  0  and  the  axis  of  polarization  is  the  z  axis.  If 
a  =  b,  the  axis  of  polarization  is  the  45°  line. 

As  a  result  of  the  fact  that  E (t)  and  B (t)  are  elliptically  polarized  in  general, 
there  is  always  a  preferred  direction  for  E (t)  and  one  at  right  angles  to  this  for  B (t) 
unless  the  ellipse  degenerates  into  a  circle.  This  is  true  when  the  components  of 
E (t)  [or  those  of  B (t)]  have  the  same  amplitudes  and  differ  in  phase  by  tt/2.  Thus, 
if  a  =  b  and  8  =  ±tt/2,  (5.6-8a,b)  reduce  to 

E2(t)  +  E2z{t)  =  b2  (5.6-10a) 

b2 

B2(t )  +  B2z(t)  =  -  (5.6-10b) 

c 

These  are  the  equations  of  circles  in  the  yz  plane. 

In  summary,  the  electric  and  magnetic  fields  in  a  sufficiently  small  volume  V 
in  the  radiation  zone  of  a  monochromatic  source  are  in  general  elliptically  polarized. 
The  ellipse,  the  circle,  or  the  straight  line  always  lies  in  the  plane  at  right  angles 
to  the  direction  of  propagation  of  the  approximately  plane  waves  that  pass  through 
V. 


5.7  RADIATION  FUNCTIONS  IN  THE  FAR  ZONE 
OF  AN  ANTENNA 


The  vector  potential  in  the  radiation  zone  of  an  antenna  was  shown  in  (5.5-9)  to 
be 

p-JkoRo  Ch 

^0  £ -  rejko(Ros')  ds 

4tt  Rq  j  -h 


Ar  = 


(5.7-1) 
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where  R0  is  the  vector  distance  from  the  center  of  the  antenna  (O)  to 
where  the  field  is  to  be  calculated  and  s  is  the  unit  vector  along  the 
antenna.  A  comparison  of  (5.7-1)  and  (5.5-7a,b)  shows  that 

the  point  P 
axis  of  the 

< 

X 

o 

<o^ 

o 

II 

(5.7-2) 

Er  —  c(Br  X  R0)  —  /co[(R0  X  Ar)  X  R0] 

< 

X 

o 

<P£ 

X 

o 

<P4 

.3 

(5.7-3) 

The  entire  electromagnetic  field  in  the  far  zone  is  computed  from  the  vector  potential. 

If  the  origin  of  the  spherical  coordinate  system  is  located  at  the  center  of  the 
antenna, 

Ar  =  R0Ak  +  0 Are  +  4>Ak 

(5.7-4) 

Since 

A  A  A  A  A  A  A  A 

R0  X  R0  =  0;  R0  X  0  =  $;  Ro  X  O  =  -0 

(5.7-5) 

it  follows  that 

Br  =  —jk0(4>ArQ  -  OA^) 

(5.7-6) 

Er  =  -MeAre  +  4>Ak) 

(5.7-7) 

If  the  axis  of  the  antenna  lies  along  the  z  axis  so  that 

AT  =  zArz 

(5.7-8) 

A^  =  0;  Are  =  —Arz  sin  0 

(5.7-9) 

In  this  case, 

Br  -  -jk0Are4> 

(5.7-10) 

w  =  -juA^e 

(5.7-11) 

The  general  expression  (5.7-1)  for  the  vector  potential  in  the  radiation  zone 
of  a  cylindrical  antenna  that  has  its  axis  along  the  direction  s  may  be  written  as 
follows: 


£o IP  e~jkl)Ro 

4ttco  R0 


/(s')^*0^0'8')  ds' 


(5.7-12) 


lp  is  the  complex  amplitude  of  the  current  at  a  convenient  but  quite  arbitrary 
reference  point  p  in  the  antenna.  Reference  currents  usually  selected  are  either 
the  input  current  at  the  origin  s'  =  0  or  the  maximum  current  whatever  its  location. 
f(s')  is  a  dimensionless  function  which  is  complex  in  general. 

I’  =  (5.7-13) 

The  components  Are  and  Ar<p,  which  are  alone  important  in  computing  the  electro- 
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magnetic  field  in  the  far  zone,  may  be  referred  to  any  conveniently  oriented  set 
of  polar  coordinates  R0,  0,  $. 

A'e  =  (6  •  /!$,  =  (*•  &M;  (5.7-14) 

The  complex  Poynting  vector  in  space  is  defined  as  follows: 

S  =  — —  E  X  B*  (5.7-15) 

2p0  '  ’ 

where  B*  is  the  complex  conjugate  of  B.  With  (5.7-6),  (5.7-7),  and  ^  x  $  = 
io  =  (M«/eo)1/2> 


+  Ar<»A$)  R0 


m2 

=  [(^e)2  +  (Ar*)2]R0  (5.7-16) 

It  follows  that  the  complex  Poynting  vector  in  the  far  zone  is  real  and  directed 
radially  outward  on  each  spherical  surface  of  constant  phase. 

The  complex  electromagnetic  energy-transfer  function 

T  =  Tr+  jTi 


is  real  if  S  is  real: 


r 


(n  •  S)  dcr, 


When  XT  is  the  surface  of  a  great  sphere 


S  sin  0  dQ  d<& 


(5.7-17) 


(5.7-18) 


With  (5.7-16), 


[(Are)2  +  {A^f]  sin  0  dQ  d$ 


(5.7-19) 


T  is  a  measure  of  the  total  power  transferred  over  a  time  average  from  the  moving 
charges  within  a  sphere  of  radius  R0  that  contribute  to  Are  and  A#  to  moving 
charges  outside  this  sphere. 

The  function  [(. ArQ )2  +  {Ar^)2\  contains  factors  that  are  not  functions  of  0 
and  <h.  They  can  be  removed  from  under  the  sign  of  integration  to  leave  a  dimen- 
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sionless  function  in  the  integrand.  This  is  the  space  radiation  function ,  A^(0,  O), 
defined  by 

*?(©,  4>)  =  +  (A'*)2] 

=  (AeAe  +  A'9Ag)  (5.7-20) 

The  subscript  on  K  is  the  same  as  on  I  since  its  value  depends  on  the  choice  of 
reference  current.  The  substitution  of  (5.7-20)  in  (5.7-19)  yields 

I2t  o  P"  fit 

T  =  ^  Jo  Jo  A?(0,  O)  sin  e  de  d <D  (5.7-21) 

In  the  case  of  a  single  antenna  with  its  axis  along  the  z  axis  about  which  O  is 
measured,  there  is  rotational  symmetry  with  respect  to  the  coordinate  O  so  that 
K^(Q,  O)  reduces  to  Kp(Q).  Then 

f  'Tr 

T  =  -f—\  Kl(e)  sin  0  dQ  (5.7-22) 

The  function  T  in  (5.7-21)  or  (5.7-22)  is  a  measure  of  the  time-average  rate  of 
decrease  of  energy  functions  within  the  great  sphere  of  radius  R0  and  of  the  cor¬ 
responding  time-average  rate  of  increase  of  energy  functions  outside  the  sphere. 
It  is  the  total  time-average  transferred  or  radiated  power.  In  a  dissipationless 
medium  it  is  independent  of  the  radius  of  the  sphere  provided  that  R0  is  large 
enough  so  that  all  points  of  the  sphere  are  in  the  far  zone  of  the  currents  contributing 
to  the  field. 

The  Poynting  vector  may  be  expressed  in  terms  of  the  space  radiation  function 

S  =  3^^(6’  ^  (5  7_23) 

The  radiated  power  divided  by  the  square  of  the  rms  reference  current  is  dimen¬ 
sionally  a  resistance,  the  external  or  radiation  resistance  Rep  referred  to  the  current 

2  T1  r  f2?r  fir 

K  =  7?  =  7^2  J0  {  *)  si”©  de  d< t>  (5.7-24) 

If  Ip  is  the  current  at  the  driving  point  of  the  antenna,  Rep  is  the  input  resistance 
which  can  be  measured.  If  Ip  is  not  the  current  at  the  driving  point,  Rep  is  not  a 
measurable  quantity. 


240 


Electromagnetic  Waves  in  Unbounded  Regions  Chap.  5 


5.8  DIRECTIVITY  AND  GAIN 


The  directional  characteristics  of  an  antenna  in  the  far  zone  are  conveniently  ex¬ 
pressed  by  their  absolute  directivity  D.  This  is  defined  by 


(5.8-1) 


where  P  is  the  power  actually  radiated  by  the  antenna,  and  Pm  is  the  power  that 
would  be  radiated  from  a  physically  fictitious  omnidirectional  antenna  that  radiates 
the,  same  power.  In  terms  of  the  space  radiation  function  K2P{Q,  O), 


K2(Qm,  Ow)  |  |  sin0  dQ  d<t> 


o  JO 


‘2tt 


IT 


0  Jo 


Kl(Q,  $)  sin0  dQ  d<& 


30 K2(Qm,  OJ 


Re 


(5.8-2) 


The  space  radiation  function  is  a  maximum  in  the  direction  (0m,  Om). 

In  comparing  the  properties  of  antennas  it  is  often  convenient  to  use  the  ideal 
half-wave  dipole  in  air  as  a  standard  of  comparison.  This  has  an  assumed  current 
distribution  of  the  form  Is  =  I0  cos  k0s  and  a  radiation  function  K0(Q )  =  cos 
[(tt/2)  cos  0]csc0,  so  that  its  directivity  is  D  =  1.64  with  0m  =  tt/2.  Also,  its 
input  resistance  is  Re0  =  73  ohms. 

The  relative  directivity  Dr  of  an  antenna  is  defined  as 


(5.8-3) 


The  gain  in  decibels  of  an  antenna  of  absolute  directivity  D  referred  to  a  half-wave 
dipole  is 

G  (dB)  =  10  log10  Dr  (5.8-4) 


5.9  THE  INFINITESIMAL  OR  HERTZIAN  DIPOLE 


The  vector  potential  of  a  z-directed  infinitesimal  dipole  with  the  electric  moment 
jojpu  -  2 hlz  is  obtained  from  (3.8-24)  to  be 


(5.9-1) 


where  in  air  k  =  k0  =  co(|x0e0)1/2,  in  a  general  dissipative  medium  k  =  kx  =  fb 
-  jax  =  w[|x1(e1  -  jaj co)]1/2.  In  the  cylindrical  coordinates  (p,  0,  z),  R  =  (p2  + 


Sec.  5.9  The  Infinitesimal  or  Hertzian  Dipole 


241 


z2)1/2  since  rotational  symmetry  obtains.  The  electromagnetic  field  of  the  dipole  is 
readily  evaluated  from  the  general  relations  E  =  -Vcj)  -  y'coA,  B  =  V  x  A  with 
the  Lorentz  condition  V  •  A  +  j(k2/ co)4>  =  0.  Since  A  =  z Az,  the  cylindrical 
components  are  given  by 


/co  (  d  d 

E  =  -77-  p—  +  z- 

k2  \  dp  dz 


dA 

A 

dz 


-  bAz\ 


B  = 


-e  — 

dp 


When  (5.9-1)  is  substituted  in  (5.9-2),  the  complete  field  is 


EP  = 


Ez  = 


/cOp/?/z  jkR 

2tt/c2 

— /cpp/?/z  jkR 

2tt/c2 


-  k 2  3 jk  3 

-  +  — — h 

R 


pz 

R2  '  R3)  R2 


k2(R2  —  z2)  jk(3z2  -  R2)  3 z2  -  R2 

+  - r-: -  +  — 


R3 


R4 


R5 


(5.9-2) 


(5.9-3) 

(5.9-4) 


£hLe-jkR  (&  +  -L)  £ 

2tt  \R  R2  R 


(5.9-5) 


These  formulas  are  readily  converted  to  the  spherical  coordinates  (R,  0,  O),  with 
the  relations  Ee  =  Ep  cos0  -  Ez  sin0,  ER  =  Ep  sin0  +  Ez  cos0,  B <p  =  Be. 


k2  jk 


1 


joi\xhIz  _.kR  .  :: _ 

2ttA:2  \R  R2  R3 


sin0 


/cop/?/z  jkR 

2tt  k2 


2jk  2  . 

^  +  ^lcose 


\xhl 

2tt 


z  e -jkR 


jk  1 
- — 1 - 

R  R2 


sin0 


(5.9-6) 

(5.9-7) 

(5.9-8) 


The  radiation  or  far  field  at  \kR  >  1  obtained  from  these  formulas  is 


joi\xhIz  e  JkR 
2tt  R 


sin0; 


j \xkhlz  e  JkR 
2tt  R 


sin0 


(5.9-9) 


In  air,  k  =  k0  and  the  amplitudes  decrease  as  1  IR\  in  a  dissipative  medium,  k  = 
fcj  =  0!  —  ja-x  and  the  amplitudes  decrease  as  e~aiR/R.  Note  that  Ere  =  (/c/co)J5^. 
For  the  dipole  in  air  /c/co  =  /c0/co  =  c  =  3  x  108  m/s  and  Ere  and  B%  are  in  phase; 
in  a  dissipative  medium  k  =  kx  is  complex  and  they  are  not  in  phase. 

The  space  radiation  function  and  the  radiation  resistance  of  the  Hertzian 
dipole  in  air  can  be  evaluated  from  (5.7-20)  and  (5.7-24).  With  (5.9-1),  Ae  = 
Az  sin0,  so  that 

KP(Q)  =  2k0h  sin0;  Rep  =  SOk20h2  ohms  (5.9-10) 

Also,  with  (5.8-1)  to  (5.8-4)  and  with  0m  =  tt/2, 

D  =  1.5;  Dr  =  0.91;  G  (dB)  =  -0.39 


(5.9-11) 
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PROBLEMS 


1.  A  Hertzian  dipole  (which  is  an  infinitesimally  small  current  element)  is  equivalent  to  a 
pair  of  small  metal  spheres  which  are  alternately  charged  with  a  total  charge  +  Q  and 
—  Q  by  a  periodically  varying  current  of  uniform  amplitude  I  maintained  in  the  wire. 
Using  the  Helmholtz  integrals  of  Chapter  3,  show  that  the  scalar  and  vector  potentials 
at  any  point  P  at  a  distance  RQ  from  the  center  of  the  dipole  (see  Figure  P5-1)  are  given 
by 


g-jk()R{ ) 


jk o 
R 


+ 


(Ro  •  p) 


g-jk()Ro 


0 


§2  hQ  =  -S; 


2  hi 


(0 


p 


Figure  P5-1 


2.  Starting  from  Fig.  P5-1  and 

E  =  —  V<J>  —  /coA 
B  =  V  x  A 

show  that  the  electromagnetic  field  of  a  Hertzian  dipole  is  given  by 

p—jkoRQ  f  Jr 

E  =  1^7  i  X  (Eo  X  P)1  +  ^  t3R0(R0  •  P)  -  P] 

+  ^3  [3Ro(Ro  •  P)  -  P] 

3.  Determine  the  components  of  E  and  B  in  Problem  2  in 

(a)  Cartesian  coordinates. 

(b)  Spherical  coordinates. 

4.  (a)  Calculate  the  electromagnetic  field  of  the  Hertzian  dipole  in  the  far  zone  and  plot 

the  field  pattern  in  a  polar  and  a  rectangular  plot. 

(b)  Determine  the  Poynting  vector  for  the  Hertzian  dipole. 
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5.  The  axial  distribution  of  current  in  a  center-driven  antenna  of  half-length  h  that  satisfies 
the  condition  kuh  <  1  is  given  by 

The  axis  of  the  antenna  coincides  with  the  z  axis  of  a  coordinate  system;  its  center,  the 
driving  point,  is  at  z  =  0. 

(a)  Determine  A,  E,  and  B. 

(b)  Determine  A,  E,  and  B  in  the  far  zone  in  free  space. 

(c)  Determine  the  Poynting  vector. 

(d)  Plot  the  field  pattern  in  polar  form. 
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General  Theorems 
of  Electromagnetic  Theory 
and  Their  Applications 


Most  problems  in  electromagnetic  theory  are  advantageously  formulated  directly 
in  terms  of  the  Maxwell- Lorentz  equations  and  the  related  boundary  conditions. 
However,  there  are  some  general  situations  which  are  conveniently  treated  with 
the  help  of  certain  general  theorems  that  provide  the  means  for  a  more  rapid 
solution  or  for  special  insights.  Among  those  that  are  most  generally  useful  are  the 
theorem  of  images,  the  reciprocal  theorem,  and  the  theory  of  electrodynamic 
similitude. 


6.1  IMAGE  FIELDS 

A  straight  conductor  extends  in  space  from  Ca  to  Da  at  an  arbitrary  angle  above 
the  mathematical  plane  z  —  0  as  shown  in  Fig.  6.1-1.  It  carries  a  periodically 
varying  axial  current  distributed  in  an  unspecified  way.  Periodically  varying  con¬ 
centrations  of  charge  exist  in  appropriate  distribution  as  required  to  satisfy  the 
equation  of  continuity  of  electric  charge.  Below  the  plane  z  =  0  is  an  identical 
second  (or  image)  conductor  extending  in  space  from  C(  to  Dt  and  arranged  to  be 
the  exact  geometrical  image  of  the  first  conductor  except  in  one  respect.  All  currents 
and  charges,  while  the  same  in  magnitude  at  image  points,  are  opposite  in  direction 
and  sign,  respectively.  For  example,  at  the  point  shown  in  Fig.  6.1-1,  the  current 
la  is  directed  from  Ca  to  Da  in  the  first  conductor  (subscript  a),  whereas  at  the 
image  point  the  current  I(  in  the  image  conductor  (subscript  i)  is  the  same  in 
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magnitude  as  la  but  in  the  opposite  direction  with  respect  to  image  points  (i.e., 
from  Dj  to  C,).  It  is  to  be  noted  that  if  the  two  conductors  are  parallel  to  the  plane 
z  =  0  as  in  Fig.  6.1 -2a,  the  reversed  current  in  the  image  makes  currents  at  image 
points  in  the  two  conductors  opposite  in  direction ;  if  the  two  conductors  are  collinear 
and  perpendicular  to  the  plane  z  =  0  as  in  Fig.  6.1 -2b,  the  reversed  current  in 
the  image  makes  currents  at  image  points  in  the  two  conductors  the  same  in  direction. 
The  lower  conductor  in  Fig.  6.1-2a  is  sometimes  called  an  image  of  the  upper 
conductor  with  current  in  the  opposite  direction ;  the  lower  conductor  in  Fig.  6.1- 
2b  is  the  image  of  the  upper  conductor  with  current  in  the  same  direction.  It  is  to 
be  noted  that,  actually  both  are  images  of  the  actual  conductors  with  currents 
reversed  with  respect  to  corresponding  image  points.  It  follows  directly  from  the 
equation  of  continuity  that  a  reversal  of  current  in  the  image  involves  a  change  in 
sign  of  the  charge  in  the  image.  Accordingly,  if  there  is  a  concentration  of  positive 
charge  near  a  given  point  in  the  upper  conductor,  there  is  an  equal  concentration 
of  negative  charge  near  the  image  point  in  the  lower  conductor. 

The  complex  amplitude  of  the  resultant  vector  potential  A  at  any  point  P 
(Fig.  6.1-1)  is  the  vector  sum  of  the  complex  amplitudes  of  the  potentials  due  to 
the  currents  in  the  individual  conductors.  Thus  for  the  two  conductors, 


+  A,-  - 


Fo 

47T 


e  jkoRa  ^s'a 


(6.1-1) 


If  the  point  P  where  A  is  calculated  is  on  the  plane  z  =  0,  Ra  =  Rt  and  the  two 
integrals  in  (6.1-1)  are  the  same.  The  directions  of  Afl  and  A,  are  those  of  and 
—  where  and  are,  respectively,  unit  vectors  in  the  directions  CaDa  and  QA, 


z 


Figure  6.1-1  Antenna  CaDa  with 
image  C,D,  with  reversed  current. 
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Figure  6.1-2  (a)  Horizontal  and  (b)  vertical  antennas  CaDa  with  images  QD, 
with  reversed  currents. 


as  shown  in  Fig.  6.1-1.  The  resultant  vector  potential  A  is  necessarily  perpendicular 
to  the  plane  z  =  0  at  all  points. 

The  scalar  potential  at  any  point  P  is 


<!>  =  <!>*  +  & 


1 


4tt€0 


ca  gt 

^  dsfQ  + 

Da  Rq 


(6.1-2) 


Since  q’a  =  —q\,  the  two  integrals  are  equal  and  opposite  in  sign  at  all  points  in 
the  plane  z  =  0  where  Ra  -  R(.  Therefore,  the  scalar  potential  vanishes  everywhere 
on  this  plane,  and  the  plane  itself  is  an  equipotential  surface  characterized  by  cj> 
=  0.  If  4>  is  positive  at  a  point  (x,  y,  z)  slightly  above  the  plane,  it  has  an  equal 
negative  value  at  a  corresponding  point  (x,  y,  — z )  below  the  plane.  The  gradient 
of  4>,  Vcj),  is  perpendicular  to  the  plane  since  this  is  an  equipotential  surface. 

The  electromagnetic  field  at  any  point  P  may  be  computed  from 

E  -  —Vcj)  —  /to A 


=  -j  £  (VV  •  A  +  k2aX) 

Kq 


(6.1-3) 


B  =  V  x  A 


(6.1-4) 


At  any  point  on  the  plane  z  =  0,  E  and  B  may  be  resolved  into  components  tangent 
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to  the  plane  (subscript  s )  and  components  perpendicular  to  the  plane  (subscript  n 
for  downward  normal).  ’ 


d<&  .  A 

-Yn  ~  ]aA’  = 

_aj) 

ds 


2  I  —  +  j<aA 

dn 


an 


jo)As  =  0 


(V  x  A),  =  2(V  x  Aa)s  =  2 Bas 


ds 


(V  x  A)„  —  lim 


AS— »0  AS 


=  0 


(6.1-5) 

(6.1-6) 

(6.1-7) 

(6.1-8) 


The  vanishing  of  Bn  is  due  to  the  fact  that  there  is  no  component  As  of  A  tangent 
to  the  plane  z  =  0  in  which  the  contour  of  integration  and  AS  in  (6.1-8)  must  lie. 
The  electromagnetic  field  in  the  upper  half-space  (i.e.,  with  z  >  0)  is  defined  by 
(6.1-3)  and  (6.1-4)  with  (6.1-1)  and  (6.1-2).  The  electric  field  is  perpendicular 
and  the  magnetic  field  is  tangent  to  the  plane  z  =  0. 

Let  the  lower  conductor  in  Fig.  6.1-1  be  imagined  removed  and  the  entire 
half-space  below  z  =  0  filled  with  a  perfectly  conducting  medium,  as  in  Fig.  6.1- 
3.  In  this  medium,  and  hence  for  z  <  0,  the  electromagnetic  field  must  be  zero. 
Above  the  perfectly  conducting  plane  at  z  =  0,  the  potential  functions  and  the 
electromagnetic  field  must  be  determined  from  the  currents  and  charges  in  the 
upper  conductor  (which  is  exactly  as  before)  and  from  the  surface  densities  of 


Z 


Perfectly  conducting  half-space 


Figure  6.1-3  Antenna  CaDa  over  a 
perfectly  conducting  half-space. 
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current  and  charge  on  the  conducting  plane.  Thus 


Aa  +  A 


plane 
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47T 


'Da  Jt 

—  e ~jk"Ra  ds'a  + 

Ca  R„ 


4-tt 


r 


plane 


K* 

e~ik>>R  da' 


(6.1-9) 
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(6.1-10) 


Here  Afl  and  cj>fl  are  the  same  as  in  (6.1-1)  and  (6.1-2)  because  l'a  and  q'a  are  the 
same.  The  boundary  conditions  at  z  =  0  for  the  electromagnetic  field  calculated 
from  (6.1-9)  and  (6.1-10)  using  (6.1-3)  and  (6.1-4)  are 

n  •  E  =  — — nxE  =  0  (6.1-11) 

e0 

n  x  B  =  -HoK/,  n  •  B  =  0  (6.1-12) 

Here  E  and  B  are  the  electric  and  magnetic  fields  in  space  just  above  the  conducting 
plane;  n  is  an  external  normal  to  the  upper  half-space;  t^and  K^are  surface  densities 
of  free  charge  and  current  in  the  conducting  plane.  In  terms  of  the  magnitudes  of 
the  normal  and  tangential  components,  (6.1-11)  and  (6.1-12)  may  be  written  as 
follows: 


(6.1-13) 

(6.1-14) 


If  the  boundary  conditions  (6.1-13)  and  (6.1-14)  at  the  perfectly  conducting  plane 
z  =  0  are  compared  with  the  field  (6.1-5)  through  (6.1-8)  at  the  mathematical 
plane  z  =  0,  it  is  seen  that  they  can  be  made  to  coincide  provided  that  it  is  required 
that  the  following  conditions  be  true: 


d<!>« 

dn 


+  jtoAan 


(6.1-15) 


—  —  2(V  x  Afl)s 


(6.1-16) 


Subject  to  (6.1-15)  and  (6.1-16),  the  electromagnetic  field  calculated  from  A  and 
4>  as  given  in  (6.1-1)  and  (6.1-2)  is  the  same  for  z  ^  0  as  the  electromagnetic 
field  calculated  from  A  and  cj>  as  given  in  (6.1-9)  and  (6.1-10)  subject  to  (6.1- 
11)  and  (6.1-12).  This  follows  from  the  fact  that  the  two  solutions  satisfy  the  same 
differential  equations  (the  Maxwell- Lorentz  equations)  in  the  entire  upper  half¬ 
space  (z  >  0)  and  the  same  conditions  at  the  boundary  (z  =  0).  Since  any  solution 
that  satisfies  the  differential  equations  and  the  boundary  conditions  is  the  unique 


Sec.  6.1  Image  Fields 


249 


solution  no  matter  how  obtained,  it  follows  that  the  assumed  conditions  (6.1-15) 
and  (6.1-16)  that  lead  to  the  unique  solution  must  be  correct  themselves. 

The  following  conclusions  constitute  the  theorem  of  images.  The  electromag¬ 
netic  vectors  at  any  point  P  for  which  z  >  0  in  Fig.  6.1-3  are  the  same  as  at  the 
corresponding  point  in  Fig.  6.1-1.  It  is  assumed  that  the  conductor  CaDa  is  identical 
physically  and  electrically  in  the  two  cases  and  that  C,D,  in  Fig.  6.1-1  is  a  geo¬ 
metrical  image  of  CaDa  but  with  currents  reversed  in  direction  and  with  charges 
altered  in  sign.  After  E  and  B  have  been  determined  for  z  >  0  in  the  single¬ 
conductor,  infinite-conducting-plane  problem  of  Fig.  6.1-3  by  solving  the  con¬ 
ductor- with-image  problem  of  Fig.  6.1-1,  the  surface  densities  r\f  and  Kf  in  the 
problem  of  Fig.  6.1-3  may  be  determined  using  (6.1-11)  and  (6.1-12).  The  field 
vectors  E  and  B  due  to  the  surface  distributions  of  current  and  charge  on  the 
perfectly  conducting  plane  in  Fig.  6.1-3  are  the  same  at  all  points  in  the  upper 
half-space  (z  >  0)  as  the  fields  due  to  currents  and  charges  in  the  image  conductor 
in  Fig.  6.1-1.  This  is  not  true  of  the  vector  potential,  as  is  clear  from  the  directions 
of  A,  and  Aplane  in  (6.1-1)  and  (6.1-9). 

The  theorem  of  images  permits  the  substitution  of  a  relatively  simple  problem 
involving  only  a  conductor  and  its  image  in  space  for  a  rather  difficult  one  involving 
a  single  conductor  over  a  perfectly  conducting  infinite  plane.  This  is  possible  only 
for  points  on  and  above  this  plane.  The  theorem  is  easily  generalized  to  any 
combination  of  conductors  over  a  perfectly  conducting  infinite  plane.  If  the  plane 
is  a  good  conductor  (ae/coee  1)  rather  than  a  perfect  one  (<je  =  o°),  the  solutions 
obtained  by  assuming  the  conductor  perfect  are  usually  good  approximations.  If 
the  conducting  surface  is  not  infinite  or  not  plane,  the  boundary  conditions  are 
much  more  complicated  and  the  method  of  images  is  strictly  not  applicable.  In 
some  instances,  moderately  good  approximations  are  obtained  by  applying  the 
method  of  images  even  when  the  conducting  surface  is  finite  and  not  plane.  An 
example  is  the  approximate  solution  of  problems  involving  antennas  over  the  sur¬ 
face  of  the  earth  at  frequencies  that  are  sufficiently  low  so  that  over  moist  earth 
or  salt  water  cre/ coee  is  very  large.  The  method  of  images  must  be  applied  with  great 
care  in  practical  problems  involving  conducting  surfaces  of  finite  extent.  A  finite 
plane,  even  if  quite  large  is  usually  not  a  satisfactory  substitute  for  an  infinite  plane 
and  there  may  be  errors  in  assuming  it  to  be  so. 

The  theorem  of  images  is  readily  applied  to  a  monopole  antenna  erected 
vertically  over  a  highly  conducting  half-space,  as  shown  in  Fig.  6.1-4.  It  is  assumed 
that  the  monopole  is  base-driven  by  a  delta-function  generator  with  emf  \  Ff,  and 
is  of  length  h  and  radius  a.  By  the  theorem  of  images,  it  is  equivalent  to  a  dipole 
of  length  2 h  center-driven  by  a  delta-function  generator  with  emf  Ff,.  The  current 
distribution  on  the  monopole  is  the  same  as  that  on  half  of  a  dipole.  The  input 
impedance  of  the  monopole  is  half  that  of  the  dipole  and  the  input  admittance  is 
twice  the  input  admittance  of  the  dipole. 

The  antenna  of  height  h  erected  over  a  conducting  half-space  has  the  same 
far-field  pattern  as  the  corresponding  isolated  antenna  of  height  2 h.  Practically,  it 
is  often  convenient  to  construct  the  antenna  over  a  ground  plane  or  to  erect  it  over 
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5 -function  generator 

\  vo  5U) 


Perfect  conductor 


Figure  6.1-4  Base-driven  monopole 
over  perfectly  conducting  ground 
screen. 


the  earth.  Figure  6.1-5  shows  the  field  pattern  of  a  very  thin  monopole  of  length 
h  =  X/4  over  various  conductors.  The  theorem  of  images  may  also  be  applied  when 
there  are  two  or  more  antennas,  such  as  a  collinear  array  when  the  antennas  are 
erected  one  above  the  other  or  an  array  of  parallel  elements,  which  is  discussed 
in  Chapter  8.  Figure  6.1-6  shows  the  field  pattern  of  a  half-wave  dipole  at  a  height 
d  over  a  conducting  plane. 

6.2  RAYLEIGH-CARSON  RECIPROCAL  THEOREM 

* 

The  Rayleigh -Carson  reciprocal  theorem  has  wide  applications  in  the  general 
theory  of  electric  circuits  especially  those  involving  antennas.  It  is  derived  subject 
only  to  the  condition  that  the  essential  density  of  moving  charge  pmv  be  linearly 

©  =  o° 

Perfect  conductor 

Good  conductor 
(sea  water) 

Poor  conductor 
(dry  earth) 


0  =  90° 


Figure  6.1-5  Vertical  field  pattern 
of  thin  antenna  (h  =  X/4)  over  a 
conducting  plane. 
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Figure  6.1-6  Field  pattern  of  vertical 
center-driven  antenna  of  half-length 
h  =  \/4  over  a  conducting  plane. 


related  to  the  electric  field  E.  It  can  be  shown  that  this  is  true  in  all  simply  polarizing, 
magnetizing,  and  conducting  media  for  which 

P  =  (€,  -  l)e0E;  -M  =  (jx^1  -  lW'B;  Jf  =  cx(E  +  Ee)  (6.2-1) 
Subject  to  (6.2-1), 

pmv  =  YE  +  |x,crEe 

where 

Y=  \xr[°e  +  /we0(ee,  -  p,"1)]  (6.2-2) 

Ee  is  an  impressed  field  independent  of  pmv  and  E  in  the  regions  under  study.  It 
is  clear  that  wherever  (6.2-1)  is  true,  the  density  of  moving  charge  p^v  is  linearly 
related  to  the  electric  field. 

Since  the  electric  field  is  expressed  in  terms  of  vector  and  scalar  potentials 
by  the  fundamental  relation 


E  =  —  Vcj)  —  /ooA 


(6.2-3) 


the  following  relation  is  obtained  from  (6.2-2)  and  (6.2-3): 


PmV  _  tyrE1 

Y  Y 


—  Vcj)  —  /to  A 


(6.2-4) 


In  practical  problems  only  imperfect  conductors  are  involved  and  surface  densities 
of  moving  free  charge  are  not  required,  so  Kf  =  0.  The  vector  potential  can  be 
represented  entirely  in  terms  of  the  volume  density  pwv: 


PmV 

T  R 


e  —jkoR 


(6.2-5) 
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Integration  is  with  respect  to  the  variables  locating  dr.  Primes  are  omitted  in  (6.2- 
5)  to  avoid  confusion  when  primes  and  double  primes  are  introduced  later. 

Let  a  vector  G  be  defined  by 


(6.2-6) 


If  the  nonvanishing  values  of  Ee  are  maintained  in  a  good  conductor  for  which 
Y  =  |x,xt  where  ct  is  real, 

G  =  Ee  -  VcJ>  (6.2-7) 

With  (6.2-4)  and  (6.2-5)  substituted  in  (6.2-6)  or  (6.2-7), 


(6.2-8) 


Equation  (6.2-8)  is  a  vector  integral  equation  in  pmv.  The  kernel  of  the  integral 
is  e~ikoR/R.  It  is  symmetric  with  respect  to  any  two  points  in  space  such  as  {xx,  yu 
zx)  and  (x2,  y2,  z2)  since  the  distance  between  the  two  points 

R  =  [(*!  -  x2f  +  Oi  -  y2f  +  (Zj  -  z2)2]1/2 

is  invariant  to  an  interchange  of  subscripts.  As  a  consequence  of  this  symmetry, 
the  theory  of  integral  equations  allows  the  following  general  theorem  to  be  written. 


Theorem.  Any  two  pairs  of  functions  pmv'  and  G',  pmv"  and  G",  which  are 
functions  of  the  space  coordinates  and  which  satisfy  the  integral  equation  (6.2-8), 
obey  the  following  reciprocal  relation: 


(6.2-9) 


The  expansion  of  G  with  (6.2-6)  and  the  observation  that  significant  values  of  p^v 
occur  only  in  good  conductors  where  Y  =  op,,.  so  that  (6.2-6)  reduces  to  (6.2-7) 
lead  to 


r 


J  T 


Ee")  dr 


(p  mV" 


Ee')  dr 


J  T 


(p mv'  •  V<f>")  dr  -  (pmv"  •  Vcj)')  dr  (6.2-10) 


J  T 


The  integrals  on  the  right  may  be  transformed  using  the  vector  identity 

V  •  (Ci|>)  =  v|iV  •  C  +  C  •  Vi|>  (6.2-11) 

and  the  divergence  theorem 


V  •  C  dr  = 


A  •  C  dcr 


(6.2-12) 
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For  example,  the  first  integral  on  the  right  in  (6.2-10)  becomes 


(P«/  *  VV)  dr  =  V  •  (<l>"pmv')  dr 


<}>"V  *  (pwv')  dr 


V(A  ’  P«v')  da  -  c}>"V  •  (pmv')  dr  (6.2-13) 


The  surface  integral  in  (6.2-13)  vanishes  if  the  surface  2  is  chosen  to  cross  no 


regions  in  which  pmv'  differs  from  zero.  With  the  equation  of  continuity 


V  ’  pwv  +  j cop  =  0 


(6.2-14) 


(6.2-13)  becomes 


(P«,v'  •  V4>")  dr  =  /a)  <|>y  dr 


(6.2-15) 


The  scalar  potential  satisfies  the  general  wave  equation 


V2cj)  +  A:§4>  = 


(6.2-16) 


;o 


With  (6.2-16)  solved  for  p  substituted  in  (6.2-15),  the  following  equation  is  obtained: 


(Pwv'  •  V<J>")  c/t  =  —  /’coe0  +  kl  <|>')  dr 


(6.2-17) 


Similarly, 


(Pwv"  •  VcJ)')  dr  =  -/coe0  c|>' (V2c{>"  +  Z:2  c})")  dr 


With  (6.2-17)  and  (6.2-18)  in  (6.2-10),  it  follows  that 


(p„«v'  •  Ee")  dr 


(pmv"  •  Ee')  dr 


(6.2-18) 


=  7we0 


(cj)' V2cj)"  -  cj)"V2<})')  dr  (6.2-19) 


The  right  side  can  be  transformed  using  Green’s  symmetrical  theorem.  It  becomes 


7we0 


—  I  do- 

?.  \  on  dn 


(6.2-20) 


with  n  an  external  normal  to  the  enclosing  surface  2.  If  this  is  chosen  to  be  a 
spherical  shell  of  radius  R  that  is  very  large  compared  with  the  greatest  dimension 
between  regions  in  which  Ee  differs  from  zero,  then 


dcj)  5c}) 

dn  ~  BR 


(6.2-21) 
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on  this  shell.  Furthermore,  the  scalar  potential  cj>  on  the  surface  of  a  sufficiently 
large  shell  in  the  far  zone  has  the  form 

o  -jkoR 

$  =  c— —  (6.2-22) 

R 

where  C  is  independent  of  R.  With  (6.2-21)  and  in  the  limit  as  R  -»  °°, 

^  =  -;M>  (6.2-23) 

Bn  BR 

If  (6.2-23)  is  written  for  cj>'  and  cj>"  and  substituted  in  (6.2-20),  this  vanishes. 
Therefore,  the  right  side  of  (6.2-19)  is  zero  and 


(p„v'  •  E"')  di 


J  T 


(p„v"  •  E")  di 


J  T 


(6.2-24) 


These  integrals  are  to  be  evaluated  over  all  regions  where  both  Ee  and  p^v  differ 
from  zero. 

In  applying  (6.2-24)  to  electric  circuits  and  antennas,  it  is  usually  possible 
to  assume  that  regions  where  Ee  differs  from  zero  are  equivalent  to  short  distances 
between  a  finite  number  of  pairs  of  surfaces  each  of  small  area.  Each  of  the  pairs 
constitutes  the  terminal  A  and  B  of  a  generator  or  its  equivalent  across  which  there 
is  a  total  current 


Is  =  js  dS  (6.2-25) 

due  to  the  field  Ee  maintained  between  A  and  B.  These  terminals  are  sufficiently 
close  together  so  that  the  current  Is  has  the  same  amplitude  at  A,  at  B,  and  in  the 
generator  between  A  and  B.  Let  Ee  be  a  mean  value  on  each  surface  between  n 
pairs  of  terminals  A  and  B: 


n 


Ee")  dr  =  2  (  $I's 

y=i 


rB 

A 


Ee"  ds 


(6.2-26) 


Let  the  positive  direction  of  current  for  each  set  of  terminals  be  from  B  to  A .  Also 
let 


(6.2-27) 


be  the  driving  potential  maintained  across  each  pair  of  terminals  by  the  n  generators. 
Then 


n 


(P„V'  •  E«")  dr  =  2  I;V‘ab> 

7  =  1 


T 


(6.2-28) 
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With  (6.2-28)  and  an  expression  like  it  but  with  primes  and  double  primes  inter¬ 
changed,  (6.2-24)  becomes 


£  Wbi  =  £  P,V’Ab,  (6.2-29) 

y= i  y=  i 

This  is  the  final  expression.  The  theorem  it  expresses  may  be  summarized  as  follows: 

Statement  /:  A  set  of  driving  potential  differences  Vf',  .  .  .  ,  Vf,  .  .  .  ,  Vf 
maintained  across  n  pairs  of  terminals  in  a  network  of  conductors  or  an  array  of 
antennas  produces  a  set  of  currents  I[,  .  .  .  ,  If  .  .  .  ,  I'n  at  these  terminals. 

Statement  II:  A  different  set  of  driving  potential  differences  Vf,  ...  ,  Vf, 
.  .  .  ,  Vf  maintained  across  the  same  n  terminals  produces  the  set  of  currents  If, 
I"  I" 

•  •  •  5  ?  •  •  •  ?  rr 

Theorem.  The  driving  potential  differences  and  the  currents  in  the  two  cases 
are  related  by  the  following  reciprocal  relation: 

n  n 

2  i;vr  =  2  i]vr 

y=i  y= i 

Condition.  The  total  moving  charge  in  the  entire  region  is  everywhere 
linearly  related  to  the  electric  field,  so  that 


P  mV  ~  E 

The  proportionality  constant  may  be  complex. 

The  reciprocal  theorem  may  be  expressed  nonmathematically  as  follows:  If 
a  generator  with  an  emf  or  driving  potential  difference  of  complex  amplitude  Ve 
between  its  terminals  maintains  a  current  of  complex  amplitude  I  through  a  load 
connected  between  any  other  pair  of  terminals  in  the  same  or  in  a  coupled  network, 
the  current  in  the  load  is  unaltered  if  load  and  generator  are  interchanged  provided 
that  the  impedances  connected  between  each  pair  of  terminals  are  the  same  in  both 
cases  and  the  generator  maintains  the  same  emf. 

In  applying  the  reciprocal  theorem  it  is  usually  convenient  to  consider  the 
currents  due  to  only  one  driving  potential  difference  at  a  time,  since  it  is  possible 
to  add  algebraically  the  individually  determined  currents  due  to  several  voltages. 
This  follows  from  the  fact  that  the  differential  equations  involved  are  linear  with 
constant  coefficients.  Suppose  that  when  Vf  is  applied  at  the  terminals  j,  a  current 
/•  exists  at  terminals  i,  and  when  Vf  is  applied  at  terminals  i,  a  current  /'•  exists 
at  terminals  j.  The  reciprocal  theorem  reduces  to  the  important  form 

rjVf  =  I-Vf  (6.2-30) 

Further  simplification  in  (6.2-30)  results  if  the  same  potential  difference  is  applied 
in  the  one  case  across  the  terminals  j  as  in  the  other  case  across  the  terminals  i. 
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Figure  6.3-1  Arrangement  of  anten¬ 
nas  to  illustrate  reciprocity. 


When 


Vf  =  Vf  (6.2-31) 

it  follows  that  the  reciprocal  theorem  becomes  simply 

I]  =  (6.2-32) 

6.3  APPLICATION  OF  THE  RAYLEIGH- CARSON 
RECIPROCAL  THEOREM 

An  important  and  useful  application  of  the  Rayleigh- Carson  reciprocal  theorem 
is  to  the  determination  of  the  directional  properties  of  a  dipole  antenna  (No.  1) 
when  used  for  reception  from  the  known  field  pattern  of  the  same  antenna  when 
used  for  transmission  (Fig.  6.3-1).  The  far  field  of  a  center-driven  dipole  antenna 
of  length  2hi  at  the  radial  distance  R0  is 

p—jkoRo 

Ere i  =  y60/lo  ——  F0(ev  Mi)  (6.3-1) 

where  /^(©j,  /cq/zj)  is  the  far-field  pattern  and 


Z10  +  Zig 


(6.3-2) 


Sec.  6.3  Application  of  the  Rayleigh-Carson  Reciprocal  Theorem 
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is  the  current  at  the  driving  point;  Z10  is  the  self-impedance  of  the  antenna,  Ve10  is 
the  emf  and  Zlg  the  impedance  of  the  generator.  In  order  to  observe  the  field 
pattern  F0(Q1,  k0hf),  a  center-loaded  receiving  dipole  (Fig.  6.3-1)  is  moved  around 
the  transmitting  antenna  tangent  to  the  meridian  of  a  great  sphere  with  radius  R0. 
The  current  /20  in  the  load  is  proportional  to  the  electric  field  Eei  along  the  axis 
of  the  antenna.  It  can  be  expressed  in  the  form 


-2he2(Tr/2)Eol 
^20  +  Z 


2  L 


(6.3-3) 


where  Z20  is  the  self-impedance  of  the  antenna  and  Z2L  is  the  load  impedance. 
The  proportionality  parameter  2he2('n/2)  is  known  as  the  effective  length  of  the 
receiving  antenna.  Note  that  the  antenna  is  moved  so  that  the  angle  02  between 
its  axis  and  the  direction  of  the  radius  R0  to  the  center  of  the  distant  transmitter 
is  always  tt/2.  When  (6.3-1)  with  (6.3-2)  is  substituted  in  (6.3-3),  the  result  is 


-  2he2(nl2) 

■^20  +  Z2  L 


jkoRo 


Zio  +  Z 


1 8 


(6.3-4) 


As  the  receiving  antenna  is  moved  to  vary  0!  from  0  to  ir/2,  /20  varies  in  a  manner 
proportional  to  F0(Q1,  kghf). 

Now  let  the  generator  at  the  center  of  antenna  1  be  interchanged  with  the 
load  at  the  center  of  antenna  2.  As  antenna  2,  now  the  transmitter,  is  moved  along 
the  meridian  of  the  great  sphere  just  as  before,  fhe  current  in  the  load  of  antenna 
1  is  given  by 


Ao  ~ 


-2M©i) 


Zio  +  Z 


1 L 


y60  V^q  e~ikoRo 


Z->n  +  Z 


jFo(tt/2,  k0h2) 


2  g 


(6.3-5) 


This  expression  is  like  (6.3-4),  with  the  7^(0!,  k0hf)  replaced  by  F0{itl2,  k0h2), 
where  h2  is  the  half-length  of  antenna  2  and  F0( tt/2,  k0h2)  is  the  far  field  of  antenna 
2  in  the  direction  02  =  tt/2.  Similarly,  /ze2(Tr/2)  in  (6.3-4)  is  replaced  by  hel(Qf) 
since  angle  0X  between  the  axis  of  antenna  1  and  the  direction  along  R0  to  antenna 
2  varies  as  antenna  2  is  moved. 

The  reciprocal  theorem  as  applied  to  two  antennas  reduces  to 

AoTfo  =  l2oV%  (6.3-6) 

where  I[0  is  the  current  maintained  in  the  load  of  antenna  1  (used  as  a  receiver) 
by  the  driving  voltage  V2q  at  the  center  of  antenna  2  (used  as  a  transmitter)  and 
r20  is  the  current  maintained  in  the  load  of  antenna  2  (used  as  receiver)  by  the 
driving  voltage  Ffo  at  the  center  of  antenna  1  (used  as  transmitter).  If  the  two 
driving  voltages  are  made  equal  Ve{o  =  Ffo,  it  follows  that 

I'i  o  =  A  o  (6.3-7) 

Let  (6.3-4)  be  condition  prime  with  /20  =  /20,  Vew  -  Ffo',  let  (6.3-5)  be 
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condition  double  prime  with  710  =  /i'0,  V20  =  V^o-  Then  with  V%  =  V\'0,  (6.3-7) 
gives 


M^i)  F0(v/2,k0h2)  he2(v/ 2)  F0(QU  Ml) 


Z10  +  Zij-  Z™  +  2 


IX 


20 


'2g 


Z20  +  Zor  Zm  +  2 


(6.3-8) 


'2  L 


10 


1  g 


If  Z\l  —  Zlg,  Z2L  —  Z2g,  and  both  sides  are  multiplied  by  kQ  to  make  them 
dimensionless: 


KK\(®\)Fq{kI2,  k0h2)  =  kQhe2{^l2)F0{Qx,  kQhx) 


(6.3-9) 


This  is  satisfied  if,  in  general, 

k0he(e)  =  ^0(6,  M) 


(6.3-10) 


for  each  antenna.  Thus  the  dimensionless  electrical  effective  half-length  of  the 
antenna  when  used  for  reception  is  equal  to  the  far-field  pattern  of  the  same  antenna 
when  used  for  transmission.  This  means  that  the  current  in  the  central  load  of  a 
receiving  dipole  is  given  by 


/ 


10 


2^el(©l)7lQ2 


T  Z1L 


(6.3-11) 


where  he i(0i)  =  F0(QX,  k0hx)/k0  and  F0(QX,  k0hx)  is  a  factor  in  (6.3-1).  Thus  the 
directional  properties  of  an  antenna  are  the  same  for  transmission  and  reception. 
Note  that  for  an  electrically  short  antenna  with  kQh  <  1, 

k0he(Q )  =  Fo(0,  k0h)  =  \k0h  sin  0  (6.3-12) 

Also,  he{ tt/2)  =  h/2. 


6.4  ELECTRODYNAMICAL  SIMILITUDE 
AND  THE  THEORY  OF  MODELS 

The  experimental  study  of  electromagnetic  phenomena  is  often  simplified  if  scale 
models  of  convenient  size  are  used  to  simulate  a  full-sized  system.  The  system 
under  study  may  be  either  too  small  or  too  large  to  be  convenient  for  use  in  the 
laboratory  and  a  suitable  scale  model  would  facilitate  the  study. 

Let  the  scale  model  have  physical  dimensions  that  differ  from  those  of  the 
actual  system  by  a  factor  n,  which  may  be  less  than  or  greater  than  1  according  to 
the  size  convenient  for  use  in  the  laboratory.  The  electromagnetic  field  at  all  points 
in  an  isotropic  homogeneous  medium  can  be  determined  from  the  equations  for 
the  scalar  and  vector  potentials,  that  is,  from 

V2cj>  +  k2§  =  0 

V2A  +  A:2A  =  0 


(6.4-la) 

(6.4-lb) 


Sec.  6.4  Electrodynamical  Similitude  and  the  Theory  of  Models 
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where  k 2  =  co2|x(e  -  /a/co).  The  corresponding  equations  are  true  at  all  points  in 
a  modeled  medium.  They  are 

+  km§m  =  0  (6. 4 -2a) 


+  k2mAm  =  0  (6. 4- 2b) 

where  k^  =  co^|xm(em  -  jaj com).  The  electrical  properties  of  the  model  are  re¬ 
quired  to  be  the  same  as  the  original  except  for  a  change  in  scale.  It  follows  that 
the  scalar  potential  cj>m  and  vector  potential  Am  in  the  medium  about  the  model 
should  differ  from  the  original  potentials  4>  and  A  by,  at  most,  a  constant  factor 
m.  Furthermore,  since  all  lengths  in  the  model  are  to  be  changed  by  a  factor  n  = 
rjr,  where  rm  and  r  are  characteristic  lengths,  and  since  the  operator  is  equiv¬ 
alent  to  a  second  derivative  with  respect  to  the  space  coordinates 


(6.4-3) 


(6.4-2a)  for  the  scalar  potential  becomes 

V2cj>  +  n2k2J?  =  0  (6.4-4) 

after  cj>m  has  been  multiplied  by  m  and  mcj>m  replaced  by  c}>.  If  the  model  is  to  be 
electrically  equivalent  to  the  original  system,  (6.4-4)  and  (6.4-2a,b)  must  be 
identical.  It  follows  that 

k2 

km  =  —  or  kmrm  —  kr  (6.4-5) 

rr 


That  is,  the  electrical  length  (which  is  complex  in  general)  must  be  kept  invariant. 
In  free  space,  k  =  k0  =  co/c,  where  c  is  the  velocity  of  light.  Equation  (6.4-5)  is 
then  equivalent  to 


co 


or 


(6.4-6a) 


where  /  is  the  frequency.  Alternatively, 

ftrJ'm  =  fr  (6. 4- 6b) 

The  same  results  are  obtained  with  the  equations  for  the  vector  potential  A. 

The  theory  of  scaling  may  be  extended  to  a  more  general  linear  isotropic 
homogeneous  medium.  In  this  case,  with  k  complex,  (6.4-5)  becomes 
k2mr2m  =  co^r^|xm(em  -  jvj com)  =  k2r2  -  co2r2|x(e  -  /a/ co),  where  e  and  a  stand 
for  the  real  effective  values  ee  and  cre.  This  is  equivalent  to  two  conditions: 

oimrmixm€m  =  w2r2p.e;  comr^p.mam  =  corner  (6.4-7) 


This  theory  of  models  has  useful  applications.  For  example,  in  living  orga¬ 
nisms,  it  is  at  times  desirable  to  insert  antennas  for  heating  purposes  as  in  hy- 
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Figure  6.4-1  Section  of  three-layered 
half-space . 


perthermia  treatment  of  cancer  or  for  use  as  transponders.  The  layers  of  skin,  fat, 
and  muscle  with  thicknesses  a,  b,  and  c  are  shown  in  Fig.  6.4-1.  Such  a  system 
may  be  modeled  in  the  laboratory  by  using  three  containers  with  solutions  separated 
by  thin  plastic  walls  that  will  not  modify  the  dielectric  properties.  One  of  the 
frequencies  used  in  biomedical  applications  is  2.24  GHz.  At  this  frequency  the 
constitutive  parameters  for  skin,  fat,  and  muscle  are  as  follows: 


a  (S/m) 

Skin 

42.5 

1.88 

Fat 

6 

0.144 

Muscle 

48.5 

1.81 

where  er  is  the  relative  permittivity  and  a  is  the  conductivity.  A  convenient  fre¬ 
quency  for  use  in  the  laboratory  is  600  MHz.  Since  the  materials  are  nonmagnetic 
(p  =  |x0),  (6.4-7)  reduces  to 

uferjlt  =  «2er2  (6.4-8a) 

WmCTmrm  =  WOT2  (6. 4- 8b) 

At  600  MHz  the  frequency  ratio  is  fjf  =  a>m/oi>  =  0.27.  The  layers  of  skin  and 
muscle  can  be  approximated  by  a  saltwater  solution  which  has  a  permittivity  of 
about  emr  =  80  at  /  =  600  MHz.  For  skin  (6.4-8a)  gives 
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For  muscle, 


m 


l 


0.27 


=  2.9;  cm  =  2.9  a 


The  substitution  of  these  results  in  (6.4- 8b)  yields  for  skin, 


a 


m 


a 


2 


0^  x  ^  =  0-41;  <Jm  =  0.77  S/m 


For  muscle, 


a 


m 


x  —  =  0.44;  -  0.795  S/m 


a  0.27  8.4 


m 


The  layer  of  fat  can  be  modeled  by  a  layer  of  clean  sand  moistened  with  fresh 
water  or  very  slightly  salty  water  in  proportions  to  obtain  er  ~  10,  so  that  from 
(6.4-8a), 


b 

and,  from  (6.4-8b), 

—  =  ttL  x  A  =  0-44;  =  0.063  S/m 

a  0.27  8.4 

From  these  calculations,  the  laboratory  model  should  have  layers  that  are  roughly 
three  times  as  thick  as  those  in  the  living  organism  with  the  skin  modeled  by  a 
layer  of  salt  water  with  er  =  80  and  a  =  0.77  S/m,  the  layer  of  fat  by  a  sand- 
freshwater  mixture  with  er  -  10  and  a  =  0.063  S/m,  and  the  muscle  by  salt  water 
with  er  =  80  and  a  =  0.795  S/m.  Measurements  made  on  properly  scaled  antennas 
in  the  model  can  be  converted  directly  to  the  smaller  antennas  in  the  living  organism. 


1 


0.27 


=  2.9; 


bm  =  2.9  b 


PROBLEMS 


1.  A  monopole  is  the  upper  half  of  a  Hertzian  dipole  erected  vertically  over  a  perfectly 
conducting  half-space.  Determine  its  vector  potential,  electromagnetic  field,  Poynting 
vector,  space  radiation  function,  and  radiation  resistance  and  compare  with  those  of  the 
Hertzian  dipole. 

2.  A  broadcast  antenna  is  erected  vertically  over  moist  earth  (ct  =  10“ 2  S/m).  Its  length  is 
5A./8  and  the  frequency  is  1.5  MHz.  Laboratory  measurements  are  to  be  made  on  a  model 
at  60  MHz.  What  must  be  the  length  of  the  model  and  the  dielectric  constant  and 
conductivity  of  the  material  to  be  used  to  simulate  the  moist  earth?  Is  it  physically 
realizable? 
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3.  A  center-driven  antenna  of  half-length  h  =  \/4  has  an  input  resistance  at  resonance  of 

70  ft.  The  voltage  applied  at  the  terminals  is  100  V  rms  at  300  MHz. 

(a)  Calculate  the  rms  electric  field  at  a  distance  of  2  km  from  the  antenna,  0  =  60°. 

(b)  Determine  the  power  transferred  to  the  matched  load  of  a  receiving  antenna  placed 
parallel  to  the  field  of  part  (a)  (i.e.,  at  2  km  from  the  transmitting  antenna  with 
0  =  60°).  The  receiving  antenna  is  like  the  transmitting  antenna.  Assume  its  effective 
half-length  to  be  he  -  \/2tt.  Note  that  the  effective  electrical  half-length  of  a  receiving 
antenna  is  given  by 


k0he(Q) 


cos  ( kQh  cos  0)  —  cos  kQh 
sin  0  sin  kQh 


where  0  is  the  orientation  of  the  receiving  antenna  with  respect  to  the  wave  front 
or  surface  of  constant  phase  of  the  electric  field  of  the  transmitting  antenna. 

4.  A  half-wave  dipole  receiving  antenna  has  a  conjugate  matched  load.  It  is  due  north  of 
a  distant  transmitting  antenna  that  maintains  a  vertically  polarized  electric  field  of 
1  mV/m  at  the  receiving  antenna.  The  receiving  antenna  is  inclined  36.9°  toward  the 
south.  The  plane  containing  the  receiving  antenna  and  the  line  joining  it  to  the  distant 
transmitter  is  inclined  45°  from  the  vertical.  Determine  the  power  in  the  load  of  the 
receiving  antenna  if  ft  =  2  In  (2 h/a)  —  10,  h  =  \0/4.  The  frequency  is  10  MHz. 

5.  A  receiving  antenna  for  which  ft  =  2  In  (2 h/a)  =  15  is  placed  in  a  circularly  polarized 
electric  field  of  magnitude  100  |xV/m.  The  plane  of  polarization  is  the  yz  plane;  /  =  10 
MHz. 

(a)  Determine  the  orientation  of  the  antenna  and  its  half-length  h  for  which  the  maximum 
open-circuit  voltage  is  maintained  across  the  load  terminals  at  the  center.  What  is 
this  maximum  voltage? 

(b)  What  will  be  the  voltage  across  the  terminals  of  a  receiver  connected  as  a  load  to 
the  terminals  of  the  antenna  in  part  (a)  if  its  impedance  is  ZL  =  100,000  +  jXL  and 
XL  is  adjusted  for  maximum  voltage  across  RL1 

(c)  What  will  be  the  voltage  across  ZL  if  the  conditions  of  part  (b)  obtain  but  the  antenna 
is  inclined  at  53°  from  the  xy  plane? 

6.  A  receiving  antenna  of  half-length  h  =  \0/4  and  radius  such  that  ft  =  2  In  (2 h/a)  =  20 
is  center-loaded  by  an  impedance  ZL  =  4.5  +  ;60  ft.  The  current  in  ZL  is  zero  when 
the  antenna  lies  along  a  horizontal  east-west  axis.  As  the  antenna  is  rotated  in  the  vertical 
plane  containing  north  and  south,  a  maximum  current  of  60  |xA  is  observed  in  ZL  when 
the  antenna  is  vertical,  a  minimum  value  of  20  |xA  when  the  antenna  is  horizontal.  /  = 
10  MHz. 

(a)  What  is  the  polarization  of  the  electric  field  at  the  receiving  antenna? 

(b)  What  is  its  magnitude  in  volts  per  meter?  Give  maximum  and  minimum  values. 

(c)  In  what  direction  is  the  distant  transmitter? 

7.  In  a  system  provided  for  underground  communication,  the  frequency  is  5  kHz.  The 
lithosphere  is  assumed  to  consist  of  a  region  of  rock  of  low  conductivity  between  more 
highly  conducting  layers  at  the  surface  and  the  mantle.  The  eer  is  assumed  to  be  5  for  all 
three  layers.  The  loss  tangents  are  as  follows:  surface  layer,  0.12;  rock,  1;  mantle,  5.  The 
thickness  of  the  layers  is  25  km,  5  km,  and  an  infinite  half-space  for  the  mantle.  If  an 
operating  frequency  of  115  MHz  is  to  be  used  in  the  scale  model,  calculate  the  constitutive 
parameters  of  the  materials  used  in  the  model  and  the  dimensions. 


Scattering 
and  Diffraction 
of  Plane  Waves 


The  oscillating  electric  currents  maintained  by  generators  in  antennas  and  other 
radiating  systems  over  a  wide  band  of  frequencies  induce  similarly  oscillating  cur¬ 
rents  in  surrounding  more  or  less  distant  bodies  and  matter-filled  regions.  The 
interaction  is  quantitatively  accurately  described  in  terms  of  trains  of  electromag¬ 
netic  waves  that  travel  outward  from  the  source  and,  in  passing  over  the  obstacles, 
induce  currents  in  them.  These,  in  turn,  generate  a  secondary  electromagnetic  field 
known  as  the  scattered  or  reradiated  field.  Where  it  penetrates  the  geometrical 
shadow  it  is  known  as  the  diffracted  field.  Its  nature  depends  on  the  electrical 
properties,  shape,  and  orientation  of  the  obstacle  relative  to  the  incident  field.  The 
actual  calculation  of  the  scattered  field  and  the  induced  currents  that  generate  it 
constitutes  an  important  application  of  Maxwell’s  equations  and  the  associated 
boundary  conditions.  Among  the  analytically  solvable  problems,  the  scattering  and 
diffraction  by  a  conducting  or  totally  absorbing  (black)  half-plane  is  among  the 
most  important  and  instructive.  It  has  interesting  applications  in  many  aspects  of 
electromagnetism,  ranging  from  radio  to  optical  frequencies. 


7.1  REFLECTION  BY  A  CONDUCTING  PLANE: 

ACTUAL  AND  VIRTUAL  SOURCES 

As  an  introduction  to  the  problem  of  the  half-plane,  it  is  useful  to  review  the 
reflection  of  plane  electromagnetic  waves  incident  on  a  perfectly  conducting  infinite 
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plane  at  an  arbitrary  angle.  Let  the  xy  plane  (z  =  0)  be  the  perfectly  conducting 
surface  on  which  a  plane  electromagnetic  wave  is  incident  in  the  half-space  z  <  0 
as  shown  in  Fig.  7.1-1.  The  linearly  polarized  electric  field  is  parallel  to  the  x  axis. 
The  magnetic  field  is  parallel  to  the  y  axis.  The  direction  of  propagation  is  specified 
by  the  vector  wave  number  k,  which  makes  an  angle  0'  with  the  jcz  plane.  The 
incident  electric  field  at  (p,  0)  in  cylindrical  and  at  (y,  z )  in  Cartesian  coordinates 
is  given  by 

Elx 

where  the  time  dependence  e~iu>t  is  understood. 

The  boundary  condition  on  the  total  field — incident  plus  scattered — is 

Ex{z  =  0)  =  0  =  Bx(z  =  0)  +  Esx(z  =  0)  (7.1-2) 

for  all  values  of  x  and  y .  The  appropriate  scattered  field  that  satisfies  this  condition 
is 


=  £?gikpco$(Q —  Ql)  __  £gik(y sin  &  +  zcos0*) 


(7.1-1) 


ikp  cos  (tt  —  0  —  0* ) 


The  total  field  is 


ik(y  sin  0*  —  z  cos  0* ) 


(7.1-3) 


Ex  =  E'x  +  Ex  =  2 iEeikysinQ‘  sin  ( kz  cos  0*);  z  ^  0  (7.1-4) 

The  time-dependent  value  is  the  real  part  of  (7.1-4)  after  multiplication  by  e~lUit. 
It  is 

Ex(t)  =  2 E  sin  (kz  cos  0')  sin  (o ot  —  ky  sin  0')  (7.1-5) 

This  represents  a  standing  wave  in  the  direction  of  the  negative  z  axis.  It  is  given 
by  sin  (kz  cos  0')  and  is  independent  of  the  time.  The  apparent  wavelength  of  the 


Figure  7.1-1  Plane  electromagnetic 
wave  incident  on  a  perfectly  conducting 


screen. 


Sec.  7.2  Formulation  of  the  Problem  of  the  Conducting  Half-Plane 
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standing-wave  pattern  is 


2t: 

k  cos  0' 


(7.1-6) 


which  reduces  to  the  free-space  wavelength  at  normal  incidence  when  0'  =  0.  In 
the  direction  of  the  coordinate  y  (7.1-5)  represents  a  traveling  or  progressive  wave 
given  by  sin  (W  -  ky  sin  0')  =  sin  u>(t  —  y/vy),  where  the  phase  velocity  in  the  y 
direction  is 


0)  c 

k  sin  0'  sin  0' 


(7.1-7) 


This  reduces  to  vy  —  <*>  when  0'  =  0  at  normal  incidence,  and  to  vy  =  c  at  grazing 
incidence  with  0'  =  tt/2. 

The  complete  field  in  the  region  of  interest  (z  <  0)  is  made  up  of  the  incident 
field  and  a  reflected  field.  This  latter  is  identically  the  same  as  the  field  of  a  fictitious 
image  or  virtual  source  of  plane  waves  in  the  region  z  >  0  in  the  absence  of  the 
conducting  screen.  The  superposition  of  the  fields  from  the  actual  and  virtual 
sources  provides  a  total  field  that  satisfies  the  boundary  condition  Ex{z  =  0)  =  0. 
Note  that  the  superposition  of  the  two  fields  is  physically  meaningful  only  in  the 
region  z  <  0.  The  actual  field  behind  the  perfectly  conducting  screen  at  z  =  0  is 
zero.  The  virtual  field  due  to  the  image  source  in  the  region  z  ^  0  is  a  part  of  the 
mathematical  formalism  of  the  theorem  of  images. 


7.2  FORMULATION  OF  THE  PROBLEM 
OF  THE  CONDUCTING  HALF-PLANE 


The  structure  of  interest  is  shown  in  Fig.  7.2-1.  It  consists  of  an  infinitely  thin, 
perfectly  conducting  screen  that  occupies  the  half-plane  defined  by  z  =  0,  y  >  0, 
so  that  its  finite  edge  coincides  with  the  x  axis.  A  plane  electromagnetic  wave  is 
incident  on  the  screen  in  a  direction  such  that  the  x  axis  (the  edge  of  the  screen) 
lies  in  a  wave  front.  This  means  that  the  entire  electromagnetic  field  is  independent 
of  x  since  all  wave  fronts  extend  from  x  =  —  o°  to  x  =  Also,  d/dx  =  0.  With 
these  conditions,  Maxwell’s  equations  in  Cartesian  coordinates  and  with  the  time 
dependence  e-lW  reduce  to  the  following  two  mutually  independent  groups: 


3By 

dZ 

dEx 

dZ 

dEx 


1 

1 

+ 

=  0 

(7.2-1) 

CO 

—  mBy 

=  0 

(7.2-2) 

+  mBz 

=  0 

(7.2-3) 

dy 
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Figure  7.2-1  Perfectly  conducting  half-plane  and  incident  plane  wave 
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(7.2-4) 

dBx  ik2 

az  +  oo  E>  “  0 

(7.2-5) 

bB '  0 

dy  a) 

(7.2-6) 

Differentiation  and  substitution  within  each  group  lead  to 

/T\  d2Ex  d2E 

(I)  — f  +  — f  +  k2Ex  =  0 
v  '  dy2  dz2 

(7.2-7) 

_  i  dEx.  n  i  dEx 

bv  = - b  =  — - 

y  d>  dz  d>  dy 

(7.2-8) 

(ii)  +  +  o 

ayz  azz 

(7.2-9) 

_  iw  dZL  _  iw  35, 

F  •  F  — 

y  F  5z  ’  2  k2  dy 

(7.2-10) 

If  (7.2-7)  or  (7.2-9)  is  solved  for  Ex  or  Bx,  the  other  two  associated  components 
are  determined  by  differentiation. 


Sec.  7.3  Single-Valued  Solutions  on  the  Two-Sheeted  Riemann  Surface 
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The  boundary  conditions  for  the  two  problems  are  simply: 


(I)  Ex(z  =  0)  =  0,  on  the  screen 


(7.2-11) 


(II)  Ey(z  =  0)  =  0  or 


dBj 

dz 


=  0,  on  the  screen  (7.2-12) 


z  —  0 


Problems  of  type  (I)  in  which  the  dependent  variable  Ex  vanishes  on  the  boundary 
are  known  as  Dirichlet  problems.  Problems  of  type  (II)  in  which  the  normal  de¬ 
rivative  of  the  dependent  variable  Bx  vanishes  on  the  boundary  are  known  as 
Neumann  problems. 

The  solution  of  (7.2-7)  and  (7.2-9)  subject  to  the  boundary  conditions  (7.2- 
11)  and  (7.2-12)  can  be  carried  out  with  the  help  of  a  generalization  of  the  method 
of  images.  Let  this  be  introduced  with  a  function  of  the  cylindrical  coordinates  p, 
0  which  has  the  form  F  =  F[p,  sin  (0/2)],  where  F  is  to  be  single-valued  in  each 
argument,  p  and  sin  (0/2).  Actually,  at  each  point  in  the  yz  plane  F  has  two  distinct 
values  that  correspond  to  the  angles  0  and  0  +  2tt.  However,  F  can  be  made  a 
single-valued  function  if  the  yz  plane  is  regarded  as  two  planes  superimposed  on 
each  other  in  the  following  manner.  Both  planes,  the  upper  and  the  lower,  are  cut 
along  a  semi-infinite  straight  line  at  0  =  tt/2.  The  left  side  of  the  cut  of  the  upper 
plane  is  joined  to  the  right  side  of  the  cut  of  the  lower  plane.  It  now  requires  two 
complete  turns  to  move  from  0  =  —  7tt/2  to  0  =  tt/2  back  to  the  starting  point. 
This  two-sheeted  plane  is  known  as  a  Riemann  surface.  Over  it,  F[p,  sin  (0/2)]  is 
a  single- valued  function  of  p  and  sin  (0/2).  The  half-plane  screen  divides  the  yz- 
Riemann  surface  into  two  parts  that  are  completely  separated.  Specifically,  when 
the  cut  and  the  screen  coincide,  one  side  of  the  screen  is  at  0  =  tt/2,  the  other 
side  at  0  =  -4tt  +  tt/2  -  —  7tt/2.  Let  real  and  virtual  ranges  be  defined  as  follows: 


Real  range: 

3TT  .  TT 

2  2 

(7.2-13) 

Virtual  range: 

— —  <  0  <  — — 

2  2 

7.3  SINGLE-VALUED  SOLUTIONS  ON  THE  TWO-SHEETED 
RIEMANN  SURFACE 

The  equation  of  interest  has  the  form 

+  k2f  =  0  (7.3-1) 

dy2  dz2  J 

where  /  =  Ex  subject  to  /  =  0  on  the  screen  or  /  =  Bx  subject  to  df/dz  =  0  on 
the  screen.  A  solution  of  this  equation  is  sought  in  the  semiparabolic  coordinates 
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u  and  v  defined  as  follows: 

u  =  z  =  p  cos  0;  v  =  p  -  z  =  p(l  -  cos  0)  (7.3-2) 

It  follows  that 


p  =  v{\  -  cos  0)-1  (7.3-3) 

For  any  given  v,  this  is  the  equation  of  a  parabola  with  the  directrix  at  z  =  -v/2 
and  the  focus  at  z  =  v!2. 

The  coordinates  u  and  v  are  related  to  the  half-angle  0/2  by 


o  ■  20 
v  =  2p  sinz 


u  =  pi  1  -  2  sin2  ^ 


(7.3-4) 


The  change  in  variables  expressed  by  (7.3-2)  leads  to  quite  long  formulas 
for  dz/dz2  and  d2/dy2.  With  these  the  transformed  equation  is 


ff 

du2 


+ 


2v  ( d2f  d2f 


U  +  V  \dv2  dudv 


+ 


1  df 


U  +  V  dv 


+  k2f  =  0 


(7.3-5) 


The  variables  in  (7.3-5)  are  not  separable,  but  it  is  possible  to  find  a  particular 
integral  that  has  the  form 

/  =  U(u)V(v)  (7.3-6) 

With  (7.3-6),  (7.3-5)  can  be  expressed  as  follows: 


V(U"  +  k2U)  + 


2v 

u  +  V 


-U’V'  + 


(7.3-7) 


where  the  primes  denote  differentiation  with  respect  to  the  argument  u  for  U  and 
v  for  V.  This  equation  is  satisfied  by 


TJ"  +  k2U  =  0 

(7.3-8) 

-  U'  V"  1 

“b  +  —  0 

U  V'  2v 

(7.3-9) 

A  particular  integral  of  (7.3-8)  is 

JJ  =  giku  _  gikpcosQ 

(7.3-10) 

which  corresponds  to  the  incident  plane  wave  at  normal  incidence  and  with  unit 
amplitude . 

The  substitution  of  (7.3-10)  into  (7.3-9)  gives 


Y1 

V' 


(7.3-11) 


The  equation  to  be  solved  is 

Y1 

V' 


(7.3-12) 


Sec.  7.3  Single-Valued  Solutions  on  the  Two-Sheeted  Riemann  Surface 
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which  is  satisfied  by  the  particular  integral 


V=Ct 


‘v  g  ikw 


C2 


\/w 


dw 


With  (7.3-10)  and  (7.3-13)  in  (7.3-6),  it  follows  that 


f=UV=C1e 


v  eikw 

iku  1  —7=  dw 

Cl  \/w 


Now  let  w  =  TTS2/2k.  This  gives 


(7.3-13) 


(7.3-14) 


±  \/ 2k  v  I 'll 


f  =  C\eiku 


ins2/! 


ds 


c ' 


—  (J*  gikpcosQ 


±  2V/cp/7rsin  (0/2) 


i'rrs 2/2 


ds 


o 


=  gikpcosti 


(7.3-15) 


The  function /is  two-valued  on  the  real  plane,  single-valued  on  the  two-sheeted 
Riemann  surface. 

The  constants  C[  and  C'2  and  the  sign  of  the  upper  limit  can  be  determined 
from  the  requirement  that /be  a  plane  wave  at  infinite  radial  distance,  p  =  “.In 
the  real  plane,  —  3tt/2  ^  0  ^  0,  /-»  eikpcosQ,  which  is  the  incident  field,  as  p 
This  is  obtained  with  the  —  sign  in  the  upper  limit,  which  is  then  positive  in  the 
range  -2tt  <  0  ^  0  in  which  sin  (0/2)  is  negative.  Since 


oc 


—  00 


ins2l2 


ds  =  V2  e 


i'll/4 


(7.3-16) 


it  is  possible  to  set  C[  =  e  ,W4/\/2,  C2  =  —  and  obtain  /  =  eikpcosQ  as  p  -»  °°. 
With  these  values 


where 


p  ikp  cos  0 


^  —  i'll!  4 


F(-  00) 


w 


i'ns2/2 


ds\ 


F(±  oo)  = 


1  +  i 
2 


is  the  Fresnel  integral.  * 


*An  alternative  definition  is  obtained  with  the  substitution  t  —  ns2 12.  It  is 


(7.3-17) 


(7.3-18) 

ft 


F(W)  = 


fw  e“ 
o  V2it t 


with  W  =  ttw2/2. 
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The  particular  integral  (7.3-17)  is  a  solution  of  the  equation  (7.3-1),  but  so 
far  no  boundary  conditions  have  been  imposed.  Before  these  are  applied,  it  is 
useful  to  examine  the  nature  of  the  solution  in  its  present  form.  A  first  step  is  a 
review  of  the  properties  of  the  Fresnel  integral  with  real  argument. 


7.4  THE  FRESNEL  INTEGRAL  AND  THE  CORNU  SPIRAL 

The  Fresnel  integral  (7.3-18)  is  complex  with  the  real  and  imaginary  parts  given 


by 

F(w)  =  C(w)  +  iS(w ) 

(7. 4- la) 

where 

fw  TTS2 

fw  'Tr‘y2 

C(w)  =  Jo  cos  2  ds\ 

S(w)  =  sin  _  ds 

Jo  2 

(7.4- lb) 

Note  that 

F(  —  w)  = 

—  F(w) 

(7.4-2) 

Graphs  of  the  integrands,  cos  ( tts2I2 )  and  sin  (us2/2),  are  shown  in  Fig.  7.4-la  and 
of  the  integrals  C(w)  and  S(w)  in  Fig.  7.4-lb.  Numerical  values  are  given  in  Table 
7.4-1.  A  graph  of  F(w)  in  the  complex  plane  is  shown  in  Fig.  7.4-lc.  This  is 
known  as  the  Cornu  spiral.  The  argument  w  is  measured  along  the  spiraling  contour 
from  the  origin.  It  is  positive  in  the  first  quadrant,  negative  in  the  third  quadrant. 

At  w  =  0,  F(0)  =  0.  Here  the  tangent  to  the  curve  is  horizontal.  Near  w  = 
0,  S(w)  ~  7tw3/6,  C(w)  ~  w.  At  w  =  oo,  F( oo)  =  (1  +  i)/ 2,  |F(°°)|  =  \/2/2.  At 


TABLE  7.4-1  The  Fresnel  Integral  C(w)  +  iS{w) 


W 

C(w) 

S(w) 

w 

C(w) 

S(w) 

0.0 

0 

0 

3.0 

0.606 

0.496 

0.2 

0.200 

0.004 

3.2 

0.466 

0.593 

0.4 

0.398 

0.033 

3.4 

0.438 

0.430 

0.6 

0.581 

0.111 

3.6 

0.588 

0.492 

0.8 

0.723 

0.249 

3.8 

0.448 

0.566 

1.0 

0.780 

0.438 

4.0 

0.498 

0.420 

1.2 

0.715 

0.623 

4.2 

0.542 

0.563 

1.4 

0.543 

0.714 

4.4 

0.438 

0.462 

1.6 

0.366 

0.639 

4.6 

0.567 

0.516 

1.8 

0.334 

0.451 

4.8 

0.434 

0.497 

2.0 

0.488 

0.343 

5.0 

0.564 

0.499 

2.2 

0.636 

0.456 

5.2 

'  0.439 

0.497 

2.4 

0.555 

0.620 

5.4 

0.557 

0.514 

2.6 

0.389 

0.550 

5.6 

0.452 

0.470 

2.8 

0.468 

0.392 

5.8 

i 

0.530 

0.546 

Sec.  7.5  Application  of  the  Particular  Integral 
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cos  (7rs2/2)  sin  (ns2[2) 


0  12  3  4 


w  (c) 

(b) 


Figure  7.4-1  Fresnel  integrals:  (a)  integrands;  (b)  real  and  imaginary  integrals;  (c)  Cornu 
spiral. 


w  =  —  oo,  F(  —  °°)  =  —(1  +  1)12.  Note  that  on  the  graph,  F(w )  is  the  line  from 
the  origin  to  the  point  w  on  the  spiral  contour.  As  w  increases,  the  length  of  this 
line  oscillates.  The  quantity  F(w )  -  F(  — °°)  is  the  line  drawn  from  the  point  w  to 
the  point  w  —  —  oo. 

7.5  APPLICATION  OF  THE  PARTICULAR  INTEGRAL 
TO  THE  ABSORBING  (BLACK)  HALF-PLANE: 

NORMAL  INCIDENCE 

It  is  useful  to  consider  first  the  important  special  case  of  a  plane  wave  normally 
incident  on  the  half-plane,  as  shown  schematically  in  Fig.  7.5-1.  In  the  sense  of 
geometrical  optics,  the  illuminated  sector  is  defined  by  —  3tt/2  <  0  <  0,  the  shadow 
region  is  0  <  0  <  tt/2,  and  the  shadow  boundary  is  the  plane  0  =  0.  The  particular 
integral  for  normal  incidence  is  (7.3-17),  that  is, 

g  —  m/4 

f  —  0  ikp  cos  0  _ 

h  ~C  V2 


Chap.  7 


272 


Scattering  and  Diffraction  of  Plane  Waves 


Normally 
incident 
plane  wave 


y 


“Aperture” 


Figure  7,5-1  Plane  wave  normally  inci¬ 
dent  on  conducting  half-plane. 


for  -  3tt/2  <  0  <  0  with  sin  (0/2)  negative 
for  0  <  0  <  tt/2  with  sin  (0/2)  positive 


(7.5-2a) 

(7.5-2b) 


These  forms  of  the  solution  actually  correspond  to  geometrical  optics  in  the  absence 
of  reflection  (i.e.,  for  a  perfectly  absorbing  “black  screen”).  The  incident  field  on 
arriving  at  the  screen  passes  from  the  real  to  the  virtual  space  and  disappears  (is 
absorbed  in  the  screen). 

The  half-plane  0  =  -tt/2  is  the  “aperture”  through  which  the  field  passes. 
For  it,  cos  0  =  0,  sin  (0/2)  =  -  V2/2,so  that 


Behind  the  screen,  0  =  tt/2  and 


F(-oo) 


(7.5-3) 


(7.5-4) 


These  are  the  rigorous  solutions  for  an  incident  unpolarized  (scalar)  electromagnetic 
field  in  the  plane  z  =  0  for  a  black,  perfectly  absorbing  screen.  It  gives  a  complete 
and  accurate  picture  of  optical  diffraction.  A  graph  of  the  function  /  as  given  by 
(7.5-3)  and  (7.5-4)  in  the  “aperture”  and  behind  the  screen  is  shown  in  Fig.  7.5- 
2.  It  represents  the  amplitude  of  the  complete  field  for  a  perfectly  absorbing  screen. 
It  decays  rapidly  and  smoothly  in  the  shadow  region,  and  oscillates  with  decreasing 
amplitude  about  the  constant  field  of  geometrical  optics  in  the  aperture. 
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w  =  —  \J2  kpht  w  =  sjlkplit 


Figure  7.5-2  Field  |  ft  \  =  (1/V2) 
[F(w)  -  F(  -  °°)]  for  “black”  screen;  nor¬ 
mally  incident  field. 


In  front  of  the  screen  0  =  —  3tt/2,  cos  0  =  0,  and  sin  (0/2)  =  —y/2/2,  so 

that 


2kp 

7T 


-  F(- 00) 


(7.5-5) 


which  is  identical  with  (7.5-3)  for  the  field  in  the  aperture.  Since  the  screen  is 
perfectly  absorbing  (nonreflecting),  it  is  to  be  expected  that  it  behaves  just  like 
the  empty  space  of  the  aperture. 


7.6  GENERAL  INCIDENCE  ON  A  CONDUCTING  HALF-PLANE: 
EXAND  Bx  POLARIZATIONS 


The  geometry  for  a  plane  wave  incident  on  the  half-plane  at  an  arbitrary  angle  of 
incidence  0'  is  shown  in  Fig.  7.6-1.  The  same  solution  as  for  normal  incidence  with 
0  -  0'  substituted  for  0  satisfies  the  wave  equation  (7.3-1).  The  new,  more  general 
solution  is 


£-nr/4 

/l( P,  e)  =  «*>■“»(• -»8  [f(s)  -  F(-oo)] 


(7.6-1) 


where 


2 


kp 

7T 


sin  i(0 


s 


(7.6-2) 


274 


Scattering  and  Diffraction  of  Plane  Waves 


Chap.  7 


y 


Figure  7.6-1  Plane  wave  incident  on 
half-plane  at  an  arbitrary  angle. 


The  illuminated  sector  is 


3it 

T 


<  0  <  0‘ 


or 


l/3ir  A  1  .. 

2  T  +  e‘  S2(,'V)S0 


(7.6-3) 


In  this  sector  sin  [(0  —  0')/2]  is  negative  so  that  s  in  (' 7.6-2 )  is  positive.  In  the 
limit,  p  -»  oo,  F(s  — »  oo)  -  F(-oo)  =  y/2  eM4,  so  that 


p  ikp  cos  (0  —  GO 


which  is  the  incident  field. 
The  shadowed  sector  is 


^  ik(y  sin  0*  +  z  cos  GO 


(7.6-4) 


IT 

0'  <  0  <  - 

2 


or 


rv  1  /  X  1  /  IT 

os-(e-eo^  2-e‘ 


(7.6-5) 


In  this  sector  sin  [(0  -  0*)/2]  is  positive,  so  that  s  is  negative.  In  the  limit  as  p  — »  oo, 
F(s  — »  -oo)  -  F(-oo)  =  0,  so  that/^p-^  oo,  0)  0. 

It  is  now  convenient  to  impose  the  boundary  conditions  in  order  to  determine 
the  scattered  field  when  the  incident  linearly  polarized  electromagnetic  field  is  in 
the  presence  of  a  perfectly  conducting  half-plane.  The  solution /^(p,  0)  satisfies  the 
differential  equation  and  has  the  desired  behavior  at  p  — »  oo.  It  does  not  satisfy 
either  of  the  following  boundary  conditions  for  the  two  polarizations: 

it  3tt 

(I)  /  =  Ex  =  0,  on  the  screen,  0  =  —  >  — —  (7.6-6) 

Z*  Z* 


(II) 


on  the  screen 


(7.6-7) 
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In  order  that  fx{ p,  0)  satisfy  one  (or  the  other)  of  these  boundary  conditions,  a 
reflected  field  can  be  introduced.  This  must  be  generated  in  the  virtual  plane  by 
a  virtual  or  image  source  at  infinity.  It  must  enter  the  real  plane  through  the  screen 
and  so  act  as  the  reflected  field.  Such  a  field  is  obtained  with  the  substitution  of 
-(tt  +  00  for  0'  in/^p,  0),  so  that 


cos  (0  —  00  — »  —cos  (0  +  00;  sin  1(0  -  00  — »  cos  1(0  +  00 
The  reflected  field  is  then  given  by 


where 


/2(p,  0)  =  e 


i’A:pcos(0  +  0*0 


e  ~  fir/4 


F(  -  00)] 


(7.6-8) 


(7.6-9) 


IcO 

—  COS  5(0  +  00 
TT 


(7.6-10) 


It  is  now  readily  verified  that  the  boundary  conditions  (7.6-6)  and  (7.6-7) 
are  satisfied  by  the  following  combinations  of  the  incident  and  reflected  fields  and 
that  they  have  the  correct  behavior  at  infinity: 

=  flip,  0)  +  0)  (7.6-11) 


Ex 

cBx 


where /^(p,  0)  is  given  by  (7.6-1)  with  (7.6-2)  and/2(p,  0)  is  given  by  (7.6-9)  with 
(7.6-10).  These  are  the  final  solutions,  respectively,  for  Ex  and  cBx.  The  other 
components  are  obtained  by  differentiation.  They  are 


cB 


y 


E 


y 


cB 

A 

E. 


=  if 2  ±  fi)  cos  0‘  +  -^2^  tsin  *  (0  -  ±  cos  ^  (0  +  0i^ 

pi{k  p-tt/4) 

\  =  if 2  +/i)  sin  01  +  tC0S  ^  ^0  +  0^  ^  sin *  ^0  “  0i^ 


(7.6-12) 

(7.6-13) 


Note  that  on  the  screen  defined  by  0  =  tt/2  and  0  =  —  3tt/2,  /x  =  f2  and 
sin  [(0  -  00/2]  -  cos  [(0  +  00/2]  =  0,  so  that  Ex  =  Ey  =  0,  as  required  by  the 
boundary  conditions. 

With  F{  —  00)  =  —  F(oo)  =  —  eI1T/4/\/2,  it  can  be  shown  that  the  two  terms  in 
F{  —  00)  in  (7.6-11)  can  be  combined  to  give 


Ex 

cBx 


1  r 

/  sin  ikz  cos  00 

1  1 

cos  ikz  cos  00 

—  h t/4 


V2 


[Fis)e 


ikz  cos  0* 


F(t)e 


ikz  cos©1" 


] 


(7.6-14) 


Here  the  first  term  on  the  right  is  one-half  the  field  with  a  full  conducting  plane, 
as  can  be  verified  by  comparison  with  (7.1-4). 
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7.7  SPECIAL  RANGES  OF  THE  TOTAL  FIELD 

The  principal  components  Ex  and  cBx  for  the  two  polarizations  are  conveniently 
studied  in  the  three  regions  illustrated  in  Fig.  7.7-1.  As  indicated,  region  I  is 
illuminated  by  both  the  incident  and  reflected  fields,  region  II  by  the  incident  field 
alone,  and  region  III  by  neither  field  directly.  Let  the  fields  be  examined  succes¬ 
sively  in  the  three  regions  beginning  with  the  shadow,  region  III. 

Region  III.  The  shadowed  region,  0'  <  0  <  tt/2;  the  diffracted  field.  In  this 
range,  0  <  9  -  0'  <  (tt/2)  -  0',  so  that  0  <  sin  ?(0  -  0')  <  sin  [(tt/4)  -  (072)] 
and  -2V&p/tt  sin  [(tt/4)  -  (072)]  <  s  <  0,  where  5  =  - 2 Vkp/rr  sin  5(0  -  0'). 
Similarly,  9'  <  2(0  +  0')  <  (tt/4)  +  (072),  so  that  -2V&p/tt  cos  0'  <  t  < 
—  2 V kpln  cos  [(tt/4)  +  (072)],  where  t  =  -2Vkpfn  cos  3(0  +  0')-  At  normal 
incidence,  0'  =  0,  and  the  ranges  of  s  and  t  are 


2kp 


TT 


<  s  <  0; 


<t<- 


(7.7-1) 


When  \J2kph  >  1,  |/i(p,  0)|  =  (1/V2)  |  F(s )  -  F(-o°)|  is  significant  since  it  is 
measured  from  F( 0)  =  0,  whereas  |/2(p,  0)|  =  (1/V2)| F(t)  -  F(-oo)|  is  very  small 
since  it  is  measured  between  adjacent  points  in  the  spiral.  This  means  that  except 
where  V2fcp7rr  <  1  or  kp  <  it  12,  the  field  in  the  shadowed  region  is  due  almost 
entirely  to  fx( p,  0)  and  is  essentially  the  same  as  for  the  “black”  screen  as  given 
by  Fig.  7.5-2.  Furthermore,  the  fields  Ex  and  cBx  differ  negligibly.  Thus,  in  region 
III  with  kp  ^  tt/2, 

1  -  /-tt/4 


cB 


fi(p ,  0)  =  e^cos(e-ei>[F(5)  -  F(-oo)]  (7.7-2) 


where  s  =  -  2ykphs  sin  2  (0  -  0') . 


in  real  plane 


virtual  plane 


Figure  7.7-1  Regions  of  illumination 
and  shadow  in  real  plane.  I,  Illuminated 
by  real  and  virtual  sources;  II,  illumi¬ 
nated  by  real  source  only;  III,  not  illu¬ 
minated  by  either  source,  shadow. 
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It  can  be  shown  that  for  |j|  and  |f|  both  large  and  0  =£  0‘, 


Ex' 

e  i[( W4)  +  kf>] 

• 

1 

1 

cBx 

2\Z2nkp 

sin  2(0  - 

-  0!)  COS  2(0  +  09 

^rrr/4  gikp 


1 


TT 


2 \/2 irk  Vp  sin  \  (0  -  0')  ’ 


0  =£  0',  0  <  - 

2 


(7.7-3) 


Since  the  amplitude  decreases  slowly  as  0  increases  from  near  0',  it  is  clear  that 
the  field  penetrates  quite  far  into  the  geometrical  shadow.  Note  that  the  radial 
dependence  elkp/\/p  is  that  of  a  cylindrical  wave  traveling  outward  from  the  edge 
of  the  screen.  This  edge  is  an  apparent  line  source  for  the  field  in  the  shadow. 

Directly  behind  the  screen,  0  =  tt/2,  0  <  p  <  oo?  it  is  easily  shown  that 


Ex  =/i(p,|)  -/2( P,f 


0 


(7.7-4) 


cB,=/,  P,f  +/2  P.f 


2e  ~ ,W4 


p  ikp  sin0* 


.  0! 
sin  — 
2 


At  normal  incidence  0!  =  0  and 


F(-00)| 


(7.7-5) 


2kp 

'TT 


F(-oo) 


This  is  the  same  as  for  a  “black”  screen  but  multiplied  by  2. 


(7.7-6) 


Region  II.  Illuminated  by  the  incident  Held,  not  illuminated  by  the  reflected 
field;  —  rt  —  0*  <  0  <  0*.  This  range  includes  the  “aperture”  defined  by 
0  =  -tt/2,  0  <  p  <  oo,  where  the  field  is  given  by 


Ex 

cBx 


7T 


2 


7T 


—  itt/4 


V2 


£-(&psine*  J  p 


2kp  I  0‘  .  01 

- I  cos  —  +  sin  — 

TT  V  2  2 


2A:p  l  0!  .  01 

-  cos  -  +  sin  - 

TT  \  2  2 


0 

2  F(  -  oo) 


(7.7-7) 


This  is  simplified  greatly  with  normal  incidence,  that  is,  with  0!  =  0.  Thus,  since 
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F(-°°)  =  -F(  oo), 


Elsewhere  in  region  II  no  simplification  of  the  general  formula  occurs  except 
when  kp  >  1.  Where  this  is  true  and  except  near  the  boundaries  0  =  0'  and  0  = 
—  TT  ~  0', 

~  e**pcos(e-e‘;  incident  field);  f2  ~  0  (7.7-9) 

It  follows  that 

Ex  ~  cfl*  ~  (7.7-10) 

Near  the  shadow  boundary,  0'  =  0, 

Ex  ~  cBx  ~  eikpcosQ  (7.7-11) 

which  is  like  the  field  with  a  “black”  screen. 


Region  I,  Illuminated  by  the  incident  and  reflected  waves;  —  3tt/2  <  0  < 

—  tt  —  0'.  There  is  no  simplification  of  the  general  formula  in  this  range  except 
when  kp  >  1.  In  this  case 

/i(p,  0)  ~  e'*pcos(e-ei);  /2(p,  0)  =  e-'*Pcos(e+e9  (7.7-12) 

It  follows  that 

Ex  =  2 ieikysin6‘  sin(A:zcos0')  (7.7-13) 

cBx  =  2e^ysine‘  cos(A:zcos0')  (7.7-14) 

These  represent  waves  traveling  in  the  y  direction,  that  is,  parallel  to  the  screen, 
with  the  phase  velocity 


(7.7-15) 


and  standing  waves  in  the  —  z  direction,  that  is,  perpendicular  to  the  screen,  with 
the  wavelength 


(7.7-16) 


where  X  =  lix/k  =  c//is  the  free-space  wavelength.  This  behavior  is  just  like  that 
for  the  infinite  screen. 
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7.8  THE  SURFACE  CURRENT  ON  THE  CONDUCTING 
HALF-PLANE:  NORMAL  INCIDENCE 


The  surface  density  of  current  K  on  the  perfectly  conducting  half-plane  is  obtained 
from  the  boundary  condition 

|x0-1(n  X  B)  =  -K  (7.8-1) 

On  the  iiluminated  front  surface  0  =  —  3tt/2,  n  =  z;  on  the  back  surface  in  the 
shadow  0  =  it/2;  n  —  —  z.  It  follows  that 


K  - 


3tt 


|x0  xz  X  B 


3tt 
~2 


K 


TT 

2 


=  Po  xz  X  B  I  r- 


TT 


(7.8-2) 


On  the  infinitely  thin  perfectly  conducting  screen  only  the  total  current  is  significant. 
It  is  given  by 


K,  =  K  - 


3ir'  +  k{? 


(7.8-3) 


When  Ex  ( Bx )  is  parallel  to  the  edge,  By  (BJ  is  the  tangential  component  of  the 
magnetic  field.  It  follows  that  for 


Ex  polarization :  K 


3it 


-  xp0  'By  [  -  2 


3it 


Bx  polarization :  K 


3it 


IT 


-X|Xo^(-J  (7.8-4) 


3tt 

2 


K|f Uypo-1^  f 


(7.8-5) 


The  corresponding  total  currents  are 

Ex  polarization:  Kr  =  xpo 


Bx  polarization:  Kt  =  —  ypo 


-i 


3it 


By  '  2 


-  B, 


7T 


3t: 


bx\-2 


-B>  if 


where,  for  normal  incidence  (0'  =  0), 

» 

cBy{%)  =  /i(p,  0)  +  /2(p,  0)  - 

cBx{$)  =  /i(p,  0)  +  /2(p,  0) 


£f(&p-lT/4) 


V2'rrA:p 


sm^l  +cos(^ 


(7.8-6) 


(7.8-7) 


(7.8-8) 

(7.8-9) 


In  practice,  infinitely  thin,  perfectly  conducting  screens  are  not  available,  but 
a  thin  sheet  of  metal  is  a  good  approximation.  Usually  it  is  thick  compared  to  the 
skin  depth  so  that  the  surface  currents  on  the  two  sides  are  the  distinct  and  physically 
separated  currents  given  by  (7.8-4)  and  (7.8-5).  With  (7.6-11)  and  (7.6-12)  the 
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currents  K  =  xKx  with  Ex  parallel  to  the  edge  of  the  screen  are 


+ 


g  i(kp  -  tt/4) 


VttAp 


=  V2  e 


—  ?tt/4 


-  F(~  oo) 


+ 


^/(Arp-Tr/4) 


V^p 


(7.8-10) 


1^?(A:p-7r/4) 

Vrirkp 


as  p 
as  p 


00 


0 


(7.8-11) 


_\  pi{kp-'n/4) 

-*»2  +  W 


=  —  \/2  e 


0 


rrr/4 


2A:p 


7T 


-  F(-oo) 


^/(Arp-Tr/4) 

+  — (7.8-12) 


V'TT^p 


1^?(A:p-7r/4) 

Vrirkp 


as  p 
as  p 


00 


0 


(7.8-13) 


Similarly,  the  currents  K  =  y Ky  when  Bx  is  parallel  to  the  edge  of  the  screen  are 


ioK 


3tt 


y 


=  "2/i  - 


3tT 


-V2e~M4 


~F(~  oo) 


(7.8-14) 


ioK 


y 


as  p — >  oo 
as  p— >0 


f  =2A  f)=V2e  — 


(7.8-15) 


F\  - 


2kp 


7T 


F(-00) 


as  p 
as  p 


00 

0 


(7.8-16) 


(7.8-17) 


These  currents  for  the  two  polarizations  are  quite  different.  When  Ex  is  parallel 
to  the  edge,  the  surface  currents  are  also  parallel  to  the  edge.  When  Bx  is  parallel 
to  the  edge,  the  surface  currents  are  perpendicular  to  the  edge,  oppositely  directed 
at  equal  distances  from  the  edge,  and  equal  in  magnitude  at  the  edge  (p  =  0). 

N 

This  means  that  the  surface  current  approaches  the  edge  downward  on  the  illu¬ 
minated  side,  proceeds  around  the  edge,  and  then  continues  upward  on  the  shad¬ 
owed  side.  The  magnitude  of  the  surface  current  t,QKy  is  shown  in  Fig.  7.8-1. 

The  amplitude  |£0Kj  when  Ex  is  parallel  to  the  edge  has  distributions  like 
\t,0Ky\  when  Bx  is  parallel  to  the  edge  for  that  part  of  the  current  given  by  the 
Fresnel  integral  terms.  This  is  oppositely  directed  on  the  two  sides  of  the  screen. 
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—  \/2kplir  \/2kpjn 


Figure  7.8-1  Surface  current  t,0Ky  on 
the  two  sides  of  the  screen  when  Bx  is 
parallel  to  the  edge;  normal  incidence. 


£0KX  has  an  additional  term,  ei(kp~'TT/4)/\/iTkp,  which  is  a  radially  outward  traveling 
wave  on  both  sides  of  the  screen  and  originating  at  the  edge.  This  acts  like  a  line 
source. 

The  total  currents  for  the  two  polarizations  are 


to  K„  =  V2e-‘M 


2kp 


7T 


—  F 


2kp 


7T 


=  < 


ioKyt  =  ~ 
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-  V2  e 

—  ITT  14 
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2e  *(*p  ~  W4) 

+  - (7.8-18) 


Vir/cp 


as  p  — »  oo 
as  p  — »  0 


(7.8-19) 


FI  /^l  -F 


7T 


2/cp 


7T 


(7.8-20) 


00 


(7.8-21) 
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7.9  GENERAL  INCIDENCE  OF  A  PLANE  WAVE 

ON  A  HALF-PLANE:  ARBITRARY  POLARIZATION 


The  solutions  obtained  in  Secs.  7.6  to  7.8  for  the  field  scattered  by  a  conducting 
half-plane  apply  specifically  to  polarizations  of  the  incident  field  with  either  the 
electric  or  the  magnetic  field  parallel  to  the  edge  of  the  screen .  In  the  actual  analysis 
this  coincides  with  the  x  axis  of  a  Cartesian  system  of  coordinates.  Also,  it  lies  in 
a  wave  front  or  surface  of  constant  phase.  This  means  that  the  plane  of  incidence, 
which  is  perpendicular  to  the  wave  fronts  and  contains  the  vector  wave  number  k, 
is  the  yz  plane;  k  =  yky  +  z kz. 

The  solution  when  the  electric  field  is  E  =  xEx  =  E± — where  the  subscript 
_L  refers  to  orientation  with  respect  to  the  plane  of  incidence — includes  the  mag¬ 
netic  field  B||  =  y By  —  z Bz.  The  associated  complex  Poynting  vector  is 

S  =  A  E  X  B*  =  A  E,  X  B,f  =  A  (iExB*  +  PExBn  (7.9-1) 

2m,  2mo  "  2m/  '  3  z>  k  ' 


The  solution  when  the  magnetic  field  is  B  =  xBx  —  B±  includes  the  electric 
field  En  =  -y Ey  +  z,Ez.  The  complex  Poynting  vector  is 


E  x  B*  = 


Ey  x  Bj_ 


y  EZB*X) 


(7.9-2) 


Within  the  requirement  that  the  edge  of  the  half-plane  lie  in  a  wave  front 
and,  hence,  perpendicular  to  the  plane  of  incidence,  a  general  solution  for  arbitrary 
angles  of  incidence  and  polarization  is  readily  constructed  simply  as  the  super¬ 
position  of  the  two  solutions  for  E±By  and  EyB^.  This  is  evident  from  Fig.  7.9-1, 
which  shows  a  plane  wave  characterized  by  E  =  E±  +  Ey  and  magnetic  field  B  = 
B,|  +  B±. 


Figure  7.9-1  Arbitrarily  incident  plane 
wave. 
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PROBLEMS 


1.  An  infinite  perfectly  conducting  cylinder  of  radius  a  has  its  axis  along  the  z  coordinate 
of  a  cylindrical  coordinate  system,  (p,  0,  z)  .  A  plane  electromagnetic  wave  with  the 
magnetic  field  parallel  to  the  z  axis  is  incident  on  the  cylinder. 

Given  the  free-space  Green’s  function  for  a  line  source. 


and  Green’s  symmetrical  theorem,  show  with  all  steps  that  the  total  magnetic  field  outside 
the  cylinder  is  given  by 


Bz( p,  6)  =  B0 


p  ikp  cos  0 


-  2 

m~0 


m 


m 


Wa) 

H^'(ka) 


H$(kp)  cos  ra0 


where  em  is  the  Neumann  number  defined  by  em  =  1,  m  =  0;  e 
show  that  the  surface  current  on  the  cylinder  is 


=  2,  m  +  0.  Also 


*e(e)  - 


-i2B0 
p,0TT  ka 


oo 


2 

m~0 


m 


cos  m8 

Wika ) 


and  that  the  geometrical-optics  current  is 


|x,(e)|  =  2|ff“(e)| 

where  //*nc(0)  is  the  value  on  the  surface  of  the  cylinder,  p  =  a.  Note:  The  potential  at 
all  points  in  space  due  to  a  unit  source  is  known  as  the  time-dependent  Greens  function 
and  represented  by  G(R,  /),  which  is  a  solution  of  the  equation 


rc(R,  0  -  4  S  G(R,  0  =  -  S(R)S(0 


with  R  =  r  —  r\  The  free-space  Green’s  function  is  given  by  G(R)  =  eikoR/4TrR  for 
periodic  time  dependence. 

2.  When  the  cross-sectional  dimensions  of  a  scattering  obstacle  are  small  compared  to  the 
wavelength  and  the  point  of  observation  is  very  far  from  the  obstacle  (i.e. ,  for  the  cylinder, 
ka  <  1,  kp  >  1),  the  scattering  is  known  as  Rayleigh  scattering. 

Show  that  for  the  conducting  cylinder,  the  leading  terms  in  the  relevant  fields  are 


E*(p-  e>  =  /JL  ™ 

E‘„  y2kpe  V  2  2 


-1 


Bz(p,  0)  ^ 
B‘0 


—  ««*p+'/4)  (ka)2  (  -  -  cos  0 
2kp  \2 


respectively,  when  Efc  and  Bfc  are  parallel  to  the  axis.  (In  y  =  0.5772.) 
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3.  Show  that  the  total  scattering  cross  sections  for  Rayleigh  scattering  for  the  two  cases  are 


a 


D 


TT 


4a  ka[ tt2  +  4  ln2(7&;a/2)]  ’ 

<yN  _  3'a2(ka )3 
4a  ~~  16  ’ 


when  Ez  is  parallel  to  the  axis 


when  Bz  is  parallel  to  the  axis 


Note  that  the  last  formula  includes  contributions  from  the  ( ka )4  term  which  is  not  included 
in  the  formula  for  the  field  in  Problem  2.  Correspondingly,  in  terms  of  the  general  series 
representation,  contributions  come  from  the  m  =  1  as  well  as  the  m  =  0  terms. 

4.  The  magnetic  field  near  a  perfectly  conducting  half-plane  defined  by  2  =  0,  y  >  0  is 
given  by 

Hx  =  /i(p,  0)  +  fii P,  0) 

where 


p  iir/4  I  Jen  ft 

/i(p,  0)  =  e‘kpcose  [F(s)  ~  F(-°o)];  s  =  -2  I sin  - 

e  ~ 1%ir/4  /  ko  ft 

f2(p,  0)  =  e-'ipcos6— —  | F(t)  -  F(- oo)|;  t  =  -2  /-cos- 

V2  y  tt  2 

when  the  incident  field  is  Hj.nc  =  e^p0050  (Fig.  P7-4). 


Screen 


2 


i 


Figure  P7-4. 


(a)  Calculate  and  plot  the  magnitude  and  phase  of  Hx  =  \Hx\e**  along  the  plane  kz  = 
tt/2.  Include  at  least  the  first  maximum  and  minimum  in  the  illuminated  region  and 
a  reasonable  distance  in  the  shadow.  Note  that 


F(w )  =  C(w)  +  iS(w ) 

where  C(w )  and  S'(w)  are  the  Fresnel  integrals  which  are  tabulated.*  Also  show 
flip,  0). 


*  E.  Jahnke  and  F.  Emde,  Tables  of  Functions  (New  York:  Dover  Publications,  Inc.,  1945). 
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(b)  Determine  the  surface  density  of  current  on  both  sides  of  the  screen  (i.e.,  at  0  = 
—  3it/2  and  0  =  it/2)  and  the  total  current. 

Note:  If  preferred,  this  problem  may  be  evaluated  by  writing  a  program  for  the  computer. 
In  this  case,  Hx  may  be  evaluated  along  several  planes  corresponding  to  different  distances 
kz  over  a  wider  range  of  y  to  include  several  maxima  and  minima. 


Theory  of  the  Linear 
Antenna  and  Antenna 

Arrays 


Current-carrying  radiating  structures  are  generally  made  of  metal.  They  can  have 
many  forms,  including  the  spheroid,  the  bicone,  and  the  thin  tubular  cylinder.  Each 
of  these  has  characteristic  advantages  in  the  application  of  electromagnetic  theory 
when  used  as  a  single  isolated  element.  When  two  or  more  are  to  be  combined 
into  directive  arrays,  the  spheroidal  or  biconical  symmetry  is  violated  and  the  thin 
tubular  cylinder  has  significant  advantages.  The  integral  equation  for  the  current 
in  the  thin  tubular  cylinder  is  derived  in  Chapter  3.  Its  solution  is  the  subject  of 
this  chapter. 


8.1  EQUATION  FOR  THE  CURRENT 

The  integral  equation  for  the  current  in  a  cylindrical  dipole  antenna  is  [(3.10-22) 
and  (3.10-23)] 

4  77  ^  p  —jkoR 

—  Az(z)  =  Iz{z')  — —  dz' 

|JL0  J  —h  J\ 

477 

=  -j  —  (Ci  cos  k0z  +  2  Vq  sin  k0\z\)  (8.1-1) 

4o 

where  Vf,  is  the  emf  of  the  delta-function  generator,  £0  =  V (jl0 /e0  —120^  ohms 


Sec.  8.1  Equation  for  the  Current 
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and  R  =  [(z  -  z')2  +  a2]1/2.  The  length  of  the  dipole  is  2 h  and  its  radius  is  a  (Fig. 
8.1-1).  There  is  no  simple  rigorous  method  of  solution  for  the  current  Iz{z)  and 
the  admittance  /2(0)/Fo  in  (8.1-1).  Several  approximate  methods  have  been  for¬ 
mulated;  of  these  only  a  few  are  sufficiently  simple  and  accurate  to  permit  the 
subsequent  evaluation  of  the  electromagnetic  field  maintained  by  the  current  in 
the  antenna.  A  convenient  method  involves  the  replacement  of  the  integral  equation 
(8.1-1)  by  an  algebraic  equation  that  is  approximately  equivalent  to  it. 

To  obtain  the  algebraic  equation  for  the  current,  it  is  necessary  to  rearrange 
(8.1-1).  The  integrand  consists  of  the  unknown  current  Iz(z),  which  vanishes  at 
z  =  ±h,  is  continuous  at  z  =  0,  and  is  even  in  z  so  that  /2(-z)  =  /2(z),  and  the 
kernel  K(z,  z')  given  by 


with 


K(z,  z')  =  Kr{z,  z')  +  jK^z,  z') 


g  —jkoR 


Kr(z,  z')  = 


cos  IcqR 
R  ’ 


K^z,  z')  =  - 


sin  k0R 
R 


(8.1-2) 

(8.1-3) 


The  dimensionless  quantities  KR(z,  z')lk0  and  K£z,  z')/k0  are  shown  in  Fig.  8.1-2 
as  functions  of  k0\z  —  z'|.  A  comparison  of  the  two  functions  in  the  lower  figure 
shows  that  they  behave  quite  differently.  KR(z,  z')lk0  has  a  sharp  high  peak  at 
z  =  z'.  Its  magnitude  at  this  point  is  equal  to  1  lk0a  and  since  it  is  postulated  that 
k0a  <  1  (a  very  thin  antenna),  this  magnitude  is  very  large  compared  with  1. 
Kj{z,  z')/k0,  however,  varies  only  slowly  with  k0\z  -  z'|  and  is  always  less  than  1. 


Figure  8.1-1  Cylindrical  antenna. 
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(sin  k0R)lk0R 
(cos  kQR)/kQR 


Figure  8.1-2  Functions  (sin  kaR)/k0R,  (cos  k0R)/k0R,  and  cos 
(k0R/2). 


The  upper  figure  in  Fig.  8.1-2  shows  that  (sin  k0R)/k0R  can  be  well  approximated 
by  cos  (koR/2)  in  the  range  0  <  k0\z  -  z'\  <  5tt/4;  the  value  of  cos  ( kQR/2 )  is  hardly 
affected  if  the  small  quantity  k0a  is  neglected  and  k0R  is  approximated  by 
k0\z  —  z'\. 

The  following  approximations  may,  therefore,  be  written  for  the  two  parts 
of  the  integral  in  (8.1-1): 


JR(h,  z) 


=  %(2)/,(z)  =  %/2(z) 


(8.1-4) 


Ji(h,  z) 


Iz(z')  cos 


(8.1-5) 


The  approximation  in  (8.1-4)  may  be  explained  as  follows.  The  kernel  is  quite 
small  except  at  or  very  near  z  =  z',  where  it  rises  to  a  very  large  value.  It  is  clear, 
therefore,  that  the  current  near  z'  =  z  is  significant  primarily  in  determining  the 
value  of  the  integral  at  z.  Hence  the  integral  is  approximately  proportional  to  /(z). 
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The  proportionality  constant  is  and  is  to  be  determined  where  Iz(z )  is  a  max 
imum. 

The  integral  in  (8.1-5)  may  be  transformed  as  follows: 


Jt{h,  z)  =  -k0  [  Iz(z')  cos  — —  dz 

J  —h  2 


*/? 


K  I  W) 


K(z  -  z')  ,  *o(z  +  *') 

COS  - 1 - b  COS  — - — i - - 


dz' 


2  Jo 


For  antennas  for  which  k0h  <  5tt/4, 


Kz  fh  r  /  k0z'  ,  , 

2 k0  cos  J  Iz(z  )  cos  — —  dz 


Jj(h,  z)  =  Jj{h,  0)  cos 


k0z 


Jt{h,  0)  =  -2 k0  Iz(z')  cos  dz 


(8.1-6) 


The  approximation  in  (8.1-4)  may  be  further  refined  using  the  fact  that  while  the 
integral  on  the  left  becomes  quite  small  at  the  ends  of  the  antenna  where  z  =  ±h, 
the  right-hand  side  vanishes  identically  at  these  points  since  Iz(±h )  =  0.  Therefore, 
a  better  approximation  than  (8.1-4)  is  the  following: 


'h 


JR(h,  z)  -  JR(h,  h )  =  |  Iz(z')[Kr(z,  z')  -  KR(h,  z')]  dz' 

—  h 


(8.1-7) 


where  'VP‘,  is  a  new  constant. 


8.2  MODIFIED  EQUATION  FOR  THE  CURRENT 


The  integral  equation  (8.1-1)  must  now  be  modified  so  that  (8.1-7)  may  be  used. 
When  (4'tt/|x0)^42(/i)  is  subtracted  from  both  sides  of  (8.1-1),  the  result  is 

—  [-4*0)  -  Az(h)\  =  [  Iz{z')Kd{z,  z')  dz' 
p0  J~h 


where 


[C1  cos  k0z 


V%  sin  k0 


+  U] 


(8.2-1) 


'h 

Iz(z’)K(h ,  z')  dz ' 

—  h 


(8.2-2) 
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and  the  difference  kernel  is 


Kd(z,  z')  =  K(z,  z')  -  K(h,  z')  (8.2-3) 


The  constant  C1  in  (8.2-1)  can  now  be  expressed  in  terms  of  U  and  V%  by  setting 
z  =  h.  The  left  side  of  (8.2-1)  vanishes  and  the  right  side  yields 


-  {\  Ve0  sin  kph  +  U ) 
cos  k0h 


(8.2-4) 


The  substitution  of  this  value  of  Cx  in  (8.2-1)  yields  the  following  modified  integral 
equation  for  the  current: 


Ch 


-h 


Iz(z')Kd(z,  z')  dz' 


/4tt 

=  - — -  [iVq  sin  k0(h  -  |z|)  +  (/(cos  k0z  -  cos  k0h )]  (8.2-5) 

4o  cos  k0h 

This  equation  together  with  (8.1-6)  and  (8.1-7)  can  be  reduced  to  an  algebraic 
form  to  facilitate  the  solution. 


8.3  REDUCTION  OF  THE  INTEGRAL  EQUATION 
TO  AN  EQUIVALENT  ALGEBRAIC  EQUATION 
AND  ITS  SOLUTION 


With  the  use  of  (8.1-6)  and  (8.1-7)  the  integral  in  (8.2-5)  may  be  approximated 
as  follows: 


fh  l  kcZ  k  h 

Iz(z')Kd(z,  z')  dz'  =  Iz(z)y¥2  +  0)1  cos—: - cos  0 


-h 


(8.3-1) 


The  substitution  of  (8.3-1)  into  (8.2-5)  gives 
400^2  =  0) ( cos  -  cos 


+  i 


4tt 


lo  cos  k0h 


[\  Vq  sin  k0(h  -  |z|)  +  (/(cos  k0z  -  cos  k0h)] 


Evidently  a  zero-order  form  of  the  current  is  given  by 
Iz{z)  =  [Iz(z)]0 


=  L 


(  k0z 

sin k0(h  -  |z|)  +  T^coskoZ  -  cos k0h)  +  TD\  cos— —  cos 


kr>h 


(8.3-2) 
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The  complex  coefficients  are 


cos  k0h 


0) 


(8.3-3a) 


(8.3— 3b) 


(8.3-3c) 


Equation  (8.3-2)  suggests  that  an  approximation  of  the  current  consists  of  the 
superposition  of  three  terms  each  of  which  represents  a  different  distribution.  The 
first  term  is  a  simple  sinusoid  which  is  the  component  of  the  current  maintained 
directly  by  the  generator;  it  does  not  take  account  of  the  effects  of  coupling  between 
the  different  parts  of  the  antenna  or  of  radiation.  The  currents  induced  by  the 
interaction  between  charges  moving  in  widely  separated  sections  of  the  antenna 
are  given  by  the  second  and  third  terms  in  (8.3-2).  The  second  term,  which  is  the 
shifted  cosine,  is  the  current  maintained  by  that  part  of  the  interaction  that  is 
equivalent  to  a  constant  field  acting  in  phase  at  all  points  along  the  antenna.  The 
third  term,  the  shifted  cosine  with  half-angle  arguments,  is  the  correction  that  takes 
account  of  the  phase  lag  introduced  by  a  retarded  interaction  instead  of  an  instan¬ 
taneous  one. 

Conventionally,  only  the  first  term,  the  sinusoidal  distribution,  is  assumed  to 
be  an  adequate  approximation  of  the  current  in  a  thin  cylindrical  antenna.  The 
three-term  expression  greatly  improves  the  approximation  since  it  takes  account 
of  the  very  important  contributions  from  coupling  among  the  parts  of  the  antenna 
and  from  radiation. 

The  coefficients  J/(h,  0),  and  U  can  all  be  evaluated.  Actually,  it  is 
sufficient  to  determine  only  the  new  coefficients  Tv,  and  TD  defined  in  (8.3- 
3a-c).  When  (8.3-2)  is  substituted  into  (8.2-5),  the  following  integrals  involve 
the  real  part  of  the  difference  kernel  KdR{z,  z').  Their  approximate  evaluation  is 
accomplished  with  (8.1-7): 


Ch 


-h 


sin k0(h  -  |z'|)i^(z,  z')dz'  =  T^sin k0(h  -  |z|) 


Ch 


h 


{cosk^z*  —  cos k0h)KdR(z,  zf)dzf  =  tydUR(cos k0z  -  cosA:0^) 


Ch  ‘  koz>  k0h\  ,  .  ,T,  /  k0z  k0h 

cos  — - cos—  J  Km{z,  z)dz  =  ^¥dDR  [  cos—  -  cos 

—  h 


(8.3-4a) 

(8.3-4b) 

(8.3-4c) 


The  constants  ^dR,  ^duR,  and  ^dDR  are  evaluated  later. 

The  integrals  obtained  with  the  imaginary  part  KdI(z,  z')  of  the  difference 
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kernel  are  approximated  by  applying  (8.1-6).  The  resulting  expressions  are 


^  f  If  7  Jc  fa 

sink0(h  -  \z'\)KdI(z,  z')dz'  =  cos-r - cos  0 


-h 


(8.3-5a) 


rh  l  k  z  k  h 

( cosk0z '  -  cosk0h)KdI(z,  z')dz'  =  cos-^ —  cos-^-  )  (8.3-5b) 

h  (  k0z'  k0h\  „  .  .....  T  (  k0z  k0h  .  N 

(  cos-y-  ~  cos~YjKdi(z,  z)dz  =  ^dD/(  cos-?-  ~  cos~^“  I  (8.3-5c) 

The  three  constants  T' dI ,  T' dUI ,  and  T' dD1  are  evaluated  later.  When  (8.3-2)  is 
substituted  in  (8.2-2),  the  result  is 


U  = 


-Holy 

4tt 


[Vy(h)  +  TvVM  +  TDyD(h)] 


(8.3-6) 


where 


rh 


TV  (ft)  =  sin  k0(h  -  \z'\)K(h,  z')  dz' 


-h 


rh 


(8.3-7a) 


TV(ft)  =  (cos  k0z'  -  cos  k0h)K(h,  z')  dz' 


- h 


rh 


(8.3-7b) 


VD(h)  = 


Kz'  K ft  ,  ,N  j  , 

\C0S  ~2 - C°S  ~2  '^v1’  z  )  “z 


(8.3-7c) 


After  (8.3-4a-c)  and  (8.3-5a-c)  are  used  to  reduce  the  integral  on  the  left  of 
(8.2-5)  to  a  sum  of  terms,  the  entire  integral  equation  is  replaced  by  an  algebraic 
equation  consisting  of  three  distributions  sin  k0(h  -  |z|),  cos  ( k0z )  -  cos  (k0h), 
and  cos  ( k0zl2 )  —  cos  ( k0h/2 ).  This  algebraic  equation  is 


ly^dR  j 


2TTV5 


£o  cos  k0h 


sin  ft0(ft  —  |z|) 


IyT  dUR 


;4tt£7 
io  cos  k0  ft 


(cos  k0z  —  cos  k0  ft) 


+  lyU^dl  +  j^dU/Tu  +  ^  dD^D) 


(8.3-8) 


where  ^ dD  —  ^ dDR  +  j^dDi- 

Equation  (8.3-8)  is  satisfied  for  all  values  of  z  when  the  coefficient  of  each 
of  the  distributions  vanishes.  This  requires  that 


j  2-irVS 

io^dR  cos  k0h 


(8.3-9a) 


t 
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Tu[^dUR  cos k0h  —  ^^(/i)]  —  TDVD(h)  =  ^v(/i)  (8.3— 9b) 

T  u^d  VI  —  jTo^dD  —  ~^dl  (8.3  — 9c) 

Equations  (8.3-9b,c)  are  readily  solved  for  Tv  and  TD,  with  the  result 

Tv  =  -  jVD(Wdl]  (8.3-10a) 

T„  =  -jQ-'{Vd,[9dm  COS k0h  -  Vv(h)}  +  Vv(h)VduI}  (8.3-10b) 
Q  =  VjdLVdOR  cosk0h  -  +  jVD(h)^dm  (8.3-11) 

The  T'  functions  in  (8.3-10a,b)  and  (8.3-11)  are  defined  at  the  value  of  z 
associated  with  the  maximum  of  the  current  distribution  function  using  (8.3- 
4a-c)  and  (8.3-5a-c).  In  the  range  of  interest  for  this  analysis,  k0h  <  5tt/4.  The 
maximum  of  sin  k0(h  -  |z|)  is  at  z  =  0  when  k0h  <  tt/2  but  at  z  =  h  —  X/4  when 
k0h  >  tt/2.  The  maxima  of  (cosA^z  -  cos  k0h)  and  cos(k0z/2)  —  cos(k0h/2 )  are 
at  z  =  0.  Hence  the  following  definitions  are  appropriate: 


VdR  =  VdR(zm) 


Zm 


/  /  'TT 

k0h  <  - 


X  ,  ,  TT 

.zm  =  h  -  k0h  >  - 


(8.3-12) 


'h 


ydR(z)  =  CSC k0(h  —  |z|)  J  h*in k0(h  -  |z'|) 

x  [KR(z,  z')  -  KR(h,  z')]  dz' 


(8.3-13) 


'h 


\]/ 


dUR 


(1  -  cos  k0h)  1  I  (cos  k0z'  -  cos  k0h) 

J  —h 

x  [^(0,  z')  -  KR(h,  z')  dz' 


v dD  =  I  1  -  COS 


k0h 


h  (  k0z  k0h 

I  cos  - cos  — 

-h  \  2  2 


x  [tf(0,  z')  -  K(h,  z')]  dz' 


T' dI  =  I  1  -  cos 


k0h 


[  sin k0(h  -  |z'|) 
J  —h 


x  [£/0,  z')  -  Ktfi,  z'))  dz' 


V dui  =  (  1  -  cos 


k0h 


-1 


fh 

(coskQz'  -  cos k0h) 

J  —h 


(8.3-14) 


(8.3-15) 


(8.3-16) 


x  [£/0,  z')  -  Kj{h,  z')}  dz' 


(8.3-17) 
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These  integrals  are  readily  evaluated  for  any  particular  antenna  with  the  help  of 
the  computer.  They  may  also  be  expressed  in  terms  of  the  following  integrals: 


Ch 


Ca{h,  z) 


g  -jkoR 


cosk0z' 
h  R 


dz' 


(8.3-18a) 


Sa(h,  z) 


Ch  g-jkoR 

sinA:0|z'|  — - —  dz' 
-h  R 


Ea(h,  z)  = 


l*h  g-jkoR 

-h  w 


dz' 


(8.3-18b) 


(8.3-18c) 


Each  of  these  can  be  expanded  in  terms  of  the  generalized  sine,  cosine,  and  ex¬ 
ponential  integral  functions  which  are  tabulated. 

The  approximation  for  the  current  in  an  isolated  cylindrical  antenna  with 
k0h  <  5it/4  and  k0a  <  1  is  given  by 


/2irn 

io^dR  cos  k0h 


sin  k0(h  -  |z|)  +  Tv(cos  k0z  —  cos  k0h) 


+  td 


(8.3-19) 


The  associated  driving-point  admittance  evaluated  at  z  =  0  is 


Y0  = 


j  2it 


lo^dRcosk0h 


sin  k0h  +  7^(1  -  cos  k0h) 


+  Td  \  1  -  cos 


k0h 


(8.3-20) 


Figure  8.3-1  shows  the  current  distribution  for  a  full- wave  antenna  (k0h  =  it). 

When  k0h  =  it/2,  (8.3-19)  and  (8.3-20)  are  indeterminate;  however,  they 
can  be  rearranged  to  yield 


h{z)  = 


-/2irn 

to^dR 


sinA:0  |z|  -  sin k0h  +  r^(cosA:0z  -  cos k0h) 


rp,  i  koz  k0h 

—  Td  1  cos  — - cos 


Y0  = 


j  2tt 
to 9 


dR 


sin  k0h  —  T'uil  —  cos k0h)  +  T'D  \  1  —  cos 


k0h 


with 


(8.3-21) 

(8.3-22) 


Tu  +  sin  k0h 

^ • 

cos  k0  h 


Td 

cos  k0h 


(8.3-23) 
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Figure  8.3-1  Current  in  upper  half  of 

n 

full-wave  dipole. 

Equations  (8.3-21)  and  (8.3-22)  are  useful  near  k0h  =  tt/2.  Figure  8.3-2  shows 
the  current  distribution  for  the  half-wave  antenna. 

When  the  antenna  is  electrically  short  (k0h  <  1),  the  trigonometric  functions 
can  be  expanded  in  series  and  only  the  leading  terms  retained.  Then 


+  \tth2T 


(‘-D 


(8.3-24) 


This  distribution  has  triangular  and  parabolic  components.  The  admittance  for  an 
electrically  short  antenna  is 

\klh2T ) 

where  T  —  Tv  +  TD/ 4. 

The  three-term  approximation  does  not  yield  quite  accurate  values  for  the 
susceptance  since  the  simple  trigonometric  functions  cannot  adequately  account 
for  the  rapid  change  in  current  near  the  driving  point  when  the  antenna  is  not  near 
resonance.  However,  the  introduction  of  higher-order  terms  makes  the  formulation 
more  complicated.  The  error  in  the  susceptance  can  be  corrected  by  including  a 
suitable  lumped  susceptance  in  a  corrective  network  at  the  junction.  Such  a  network 
is  necessary  in  practice  to  take  account  of  the  terminal-zone  effects  near  and  at 
the  junction  between  the  feeding  line  and  the  antenna. 


(8.3-25) 
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Figure  8.3-2  Current  in  upper  half  of 

n 

half-wave  dipole. 

8.4  AN  APPROXIMATE  TWO-TERM  THEORY 


For  most  purposes,  a  somewhat  simpler  two-term  approximation  of  the  current  is 
useful.  The  difference  between  the  functions  F0z  =  cos k0z  -  cos k0h  and  H0z  = 
cos(A:0z/2)  -  cos(k0h/2 )  is  small  and  the  formulation  is  simplified  by  consolidating 
the  two  terms.  If  Foz  is  substituted  everywhere  for  H0z,  the  expression  for  the 
current  in  (8.3-19)  is  approximated  as  follows  when  k0h  ^  5tt/4: 


hi2)  =  r  J2:V°  bh  tsin  k^h  ~  lzD  +  T<<cos  k°z  ~  cos  k°h 
io^dR  C0S  Koh 


(8.4-1) 


where  T  =  Tv  +  TD  and  Tv,  TD  are  defined  in  (8.3-10a,b).  The  function  T  then 
has  the  form 


T  =  yv(h)  ~  j^di  cos  kph 
ydu  cos  k0h  —  V v{h ) 

The  substitutions  T' dD  =  T' dU  and  T' D(h )  =  ^u{h)  are  used  since  Foz 
Near  k0h  =  tt/2  the  approximate  expression  for  the  current  is 

Iz(z)  -  — j ^ [sin  k0\z\  -  sin  k0h  +  T'( cos  k0z  -  cos  k0h )] 

dR 


(8.4-2) 


=  Fin,. 


(8.4-3) 


where 


T  = 


T  +  sin  k0h 
cos  k0h 


(8.4-4) 
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Since  ^v(h)  =  Wv(h)  =  Ca(h,  h ),  T  reduces  simply  to 

j,,  _  ^ du  ~  j^di  ~  Sa(\/4,  X/4)  +  Ea(k/ 4,  X/4) 

CaQJ 4,  X/4) 


(8.4-5) 


for  k0h  =  tt/2.  The  functions  Ca(h,  h ),  Sa(h,  h )  and  £a(/t,  /t)  are  defined  in  (8.3- 
18a, b,c). 

As  with  the  three-term  theory,  the  quadrature  component  of  the  current  near 
the  driving  point  is  not  adequately  represented  by  simple  trigonometric  functions. 
The  same  correction  used  in  the  three-term  approximation  must  be  used  here  to 
obtain  accurate  quantitative  agreement  with  measured  values  of  the  susceptance. 


8.5  THE  COMPLETE  FIELD  OF  MULTIPLE  HALF-WAVE 
ANTENNAS  IN  CONFOCAL  COORDINATES 

The  electromagnetic  field  of  a  thin  antenna  at  all  distances  may  be  expressed  in 
an  illuminating  form  at  half-lengths  h  given  by 

h  =  k0h  =  n  odd  (8.5-1) 

The  distribution  of  current  is  well  approximated  by 

Iz  =  IQ  cos  k0z  (8.5-2) 

as  shown  in  Fig.  8.5-1.  The  associated  vector  potential  is 

>.  fh  p  ~jkoR 

x  =  lA‘  =  lt\-„  (8'5-3> 
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Figure  8.5-1  Current  distribution  on  a 
thin  center-driven  antenna:  (a)  n  =  1; 
(b)  n  =  3. 
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In  the  cylindrical  coordinates  (p,  0,  z)  the  distances  from  a  point  z'  on  the 
upper  and  lower  halves  of  a  center-driven  antenna  to  an  arbitrary  point  P(x,  y,  z) 
are  given  by' 

r  =  R1  =  [(z  -  z'f  +  p2]i/2  (8.5-4a) 


r2  =  [(z  +  z') 2  +  p2]1/2  (8.5-4b) 

and  the  distances  from  P  to  the  upper  and  lower  ends  of  the  antenna  and  to  its 
center  are  given  by 


R\h  — 

Rlh  ~ 

Ro  = 

These  distances  are  shown  in  Fig. 
the  following  equivalent  form: 


[(h  -  z'f  +  p2]1/2  (8.5-5a) 

[(h  +  zf  +  p2]1/2  (8.5-5b) 

(z2  +  p2)1/2  (8.5-5c) 

8.5-2.  The  expression  for  Az  may  be  written  in 


'h  /  g  -  jkoR  i  ^  -  jkoRi  \ 

IQ  cos  kQz'\  — - - 1 - - —  )dz'  (8.5-6) 

o  \  Ri  Ri  J 

The  magnetic  field  is  readily  evaluated  from  the  vector  potential  with  the  relation 

B  =  V  x  A  (8.5-7) 

Since  Ap  =  AQ  =  0,  it  follows  that  the  components  Bp  and  Bz  are  zero  and  Be  is 
given  by 


(8.5-8) 


Figure  8.5-2  Distances  to  the  field 
point  P(x,  y,  z )  from  the  center-driven 
antenna.  / 
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The  differentiation  of  (8.5-6)  according  to  (8.5-8)  gives 

„  -(x0/0arp  ,  (e-i**'  e-jkoR2\J  , 

6  4tt  ap  Jo  0  V  R2  I 


(8.5-9) 


The  integral  in  (8.5-9)  is  readily  evaluated  (Appendix  VI)  and  the  magnetic  field 


BP  =  0 


r 

__  7Po  0  /g—jkoR\h  _|_  q  -jkoRih\ 

6  4ttp 


Bz  =  0 


(8.5-10a) 

(8.5-10b) 

(8.5-10c) 


The  electric  field  at  points  in  space  where  all  currents  vanish  can  be  evaluated  from 
the  Maxwell  equation: 


E  =  -^V  x  B 

K0 


(8.5-11) 


Since 


B  =  05e;  Bp  =  0;  Bz  =  0 

(V  x  B)  =  -  -  ^  (pB.) 


p  dz 


(V  x  B),  =  0 


(V  X  B)2  =  - 1  (pB„) 

p  ap 


(8.5-12) 

(8.5-13a) 

(8.5-13b) 


(8.5-13c) 


From  (8.5-10b) 


p Be  =  (e-jkoRu,  +  e-jkoRi^ 


(8.5-14) 


In  carrying  out  the  differentiations  required  in  (8.5-13a,c)  it  is  to  be  noted  that 


dR 


dR 


R,u  ’ 


z  +  h 

R-,u 


(8.5-15) 


and 


dR1 

ap 

With  (8.5-15)  and  (8.5-16) 


_P_. 

Rih 


3R2 

ap 


(8.5-16) 


i  w 


p-0  K  iG 

4tt 


! _  p—jkoRih  _l_ 

Rih 


L±Jl  e-jk0R2H\  (8.5-17) 
Bzh  / 
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|x0/:o/0p  fe-’koR'h  e~’koR2h 

4tt  \  Rlh  R2h 


(8.5-18) 


(8.5-13a-c),  (8.5-17),  and  (8.5-18)  may  now  be  used  to  form  the  cylindrical 
components  of  the  electric  field  at  all  points  in  space: 


( - _ -  e~jkoR\h  _|_  2  +  ^  e-jkoRih 

4ttp  \  Rlh  R2h 


(8.5-19a) 


E,  =  0 

^  -Mo  (e~J'koR'h  ,  e~^R2h 

iL,  =  — : -  I  — r -  + 


4t r 


R 


lh 


R 


2h 


where  £0  =  (lVeo)1/2- 

An  infinitely  thin  antenna  of  half-length 


h  = 


nko 

4  ’ 


k0h  = 


2  ’ 


n  even 


with  a  distribution  of  current 


Iz  =  I0  sin  k0z 


(8.5-19b) 

(8.5-19c) 


(8.5-20) 

(8.5-21) 


as  shown  in  Fig.  8.5-3  also  oscillates  in  a  natural  mode.  Such  an  antenna  cannot, 
however,  be  center-driven,  so  it  has  to  be  driven  asymmetrically  if  driven  by  a 
single  generator.  If  two  properly  phased  generators  are  used,  a  symmetrical  dis¬ 
tribution  is  possible.  This  distribution  is  equivalent  to  that  in  two  antennas  each 
of  half-length  h  =  n\0l 4,  n  odd,  placed  end  to  end.  The  field  of  each  half  of  such 
a  combination  is  given  by  (8.5-  10a- c)  and  (8.5- 19a- c)  with  an  origin  at  the  center 
of  each  half  and  with  2 h  the  length  of  each  half.  If  the  origin  is  shifted  to  the  center 
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Figure  8.5-3  Current  distribution  on 
an  antenna  driven  with  equal  and  oppo¬ 
site  voltages  located  X/4  from  the  ends: 
(a)  n  =  2;  (b)  n  -  4. 
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of  the  entire  structure  and  2 h  is  its  full  length,  the  field  of  the  upper  half  is  given 
by  (8.5-10a-c)  and  (8.5-19a-c)  with  R0  written  for  R2h.  The  current  is  reversed 
in  the  lower  half  and  its  field  is  given  by  (8.5-10a-c)  and  (8.5-19a-c)  with  a 
negative  sign  and  R0  written  for  Rlh.  If  the  two  fields  are  combined,  the  resultant 
field  for  h  =  n\0/ 4,  n  even,  is 


Bp  =  0  (8. 5 -22a) 

Bq  =  ( e~ikoR'h  ~  e~ikoR2h)  (8. 5 -22b) 

Bz  =  0  (8. 5 -22c) 


g  —jkoRih 


z  +  h 


jkoR2h 


(8. 5 -23a) 


-Mo  fe-'k°R'h 

I  Rih 


g  -  jkoR2h 


(8.5-23b) 
(8. 5 -23c) 


Since  (8.5-22a-c)  and  (8.5-23a-c)  differ  from  (8.5-10a-c)  and  (8.5-19a-c)  only 
in  a  negative  sign,  the  two  sets  of  fields  may  be  treated  together. 

The  time-dependent  values  of  the  components  of  the  electromagnetic  field 
given  in  (8.5-10a-c),  (8.5-19a-c),  (8.5-22a-c),  and  (8.5-23a-c)  are  obtained 
by  multiplying  both  sides  by  ejoit  and  taking  the  real  part,  assuming  I0  to  be  real. 
The  solution  corresponds  to  a  time  dependence 


/o(0  =  Iq  COS  (xlt 


The  time-dependent  values  are 


Bp(t)  =  0 

B 'e(0  =  [sin  {(jit  -  k0Rlh )  ±  sin  (a it  -  k0R2h)\ 

Bzit )  =  0 


sin  M  -  k0Rlh ) 


z  +  h 
Rlh 


sin  ((jit  -  k0R2h ) 


(8.5-24) 


(8.5-25a) 

(8.5-25b) 

(8.5-25c) 

(8.5-26a) 


(8. 5 -26b) 


sin  ((jit  —  k0Rlh) 


sin  ((jit  -  k0R2h) 


(8. 5 -26c) 


The  upper  sign  is  for  n  odd,  the  lower  sign  for  n  even  in  h  =  n\0/ 4. 
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The  complete  electromagnetic  field  of  the  dipole  is  advantageously  expressed 
in  prolate  spheroidal  instead  of  cylindrical  coordinates  so  that  it  can  be  described 
in  terms  of  mathematical  surfaces  of  simple  geometric  shape  on  all  points  of  which 
one  component  of  the  electric  or  magnetic  field  has  the  same  phase.  Such  a  surface 
is  called  an  equiphase  surface.  When  h  =  nk0/ 4  the  equiphase  surfaces  are  spheroids 
with  the  ends  of  the  antenna  as  foci.  The  components  Ep  and  Ez  along  the  radial 
and  axial  cylindrical  coordinates  p  and  z  must  be  replaced  by  the  components  Ee 
and  Eh,  which  are  tangent,  respectively,  to  a  prolate  spheroid  and  the  normal 
hyperboloid  as  shown  in  Fig.  8.5-4.  The  cylindrical  component  BQ  in  the  direction 
0  around  the  z  axis  becomes  the  spheroidal  component  B <*>  around  the  same  axis. 
The  prolate  spheroidal  coordinate  system  kh,  ke,  and  <I>  is  defined  as  follows: 


Figure  8.5-4  Spheroidal  coordinates  ke  and  kh. 
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where  Rlh  and  R2h  [defined  in  (8.5-5a,b)]  are  the  distances  from  the  point  P(ke, 
kh,  <I>)  to  the  ends  of  the  dipole,  at  the  foci  of  the  spheroids.  The  length  of  the 
antenna,  and  hence  the  distance  between  the  foci,  is  2 h.  The  major  and  minor  axes 
of  a  typical  spheroid  are  ae  and  be\  the  corresponding  distances  for  the  orthogonal 
hyperboloids  are  ah  and  bh.  The  coordinates  ke  and  kh  are  related  to  these  axes  as 
follows : 


K  =  kh  =  \  (8.5-28) 

The  distances  are  shown  in  Fig.  8.5-4  for  a  spheroid  with  ke  =  1.3  and  a  pair  of 
hyperbolas  with  kh  =  ±0.8.  The  axis  of  the  antenna  from  z  =  —h  to  z  -  his  defined 
by  ke  =  1  and  the  rest  of  the  z  axis  is  defined  by  kh  =  1  and  kh  =  —  1 .  The  equatorial 
plane  corresponds  to  kh  =  0.  Thus  ke  extends  from  the  degenerate  straight-line 
spheroid  ke  =  1  at  the  antenna  to  spheres  of  infinite  radius  at  ke  =  °°.  The  asso¬ 
ciated  family  of  hyperboloids  of  two  sheets  extends  from  the  equatorial  plane  where 
kh  =  0  to  the  degenerate  straight-line  hyperboloids  at  kh  =  ±  1 .  The  cylindrical 
coordinates  (p,  z)  and  the  spheroidal  coordinates  ( ke ,  kh )  are  related  as  follows: 

p  =  h[(kl  -  1)(1  -  kl)]1/2-,  z  =  hkekh  (8.5-29a) 

The  angle  0^  between  the  directions  of  Ez  along  the  z  axis  and  Eh  tangent  to  a 
hyperboloid  is  obtained  from  the  equation  of  the  spheroid: 


P  z  , 

- — i - =1 

b2e  a2e 

(8.5-2%) 

It  is  given  by 

dz  -  a2e  p 

=  tan0£  = 
dp  biz 

(8.5-30) 

Since 

(N 

+ 

(N 

II 

(N 

(8.5-31) 

it  follows  that 

tan  0  -  W  ~ 

K(kl  -  1)U2 

(8.5-32a) 

0  ~  W112 

sin  r>„  ^ 

(8. 5 -32b) 

and 

cos  e*  =  K{kl  ~  1)1,2 
*  (kl  -  k2h )m 

(8. 5 -32c) 

where  0^  is  the  angle  between  the  z  axis  and  the  normal  to  the  spheroid  at  the 

point  P. 
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The  components  of  the  electric  field  in  spheroidal  coordinates  are 

Eh  =  Ez  cos  0*  4-  Ep  sin  0* 


Ezkh{ki  -  iy*  +  E0ke(i  -  ki)m 

(k2e  -  kir 2 


(8.5-33a) 


Ee  =  Ep  cos  0,,  -  Ez  sin  0* 


Epkh{kl  -  1)1/2  -  Ezke{  1  -  kiy 12 

{k2e  -  k2h)l/2 


(8.5-33b) 


The  following  relations  are  useful  in  expressing  the  complete  electromagnetic  field 
in  spheroidal  coordinates: 


Rih  =  ae-  ah  =  h(ke-  kh);  R2h  =  ae  +  ah  =  h(ke  4-  kh)  (8.5-34a) 


Rq  =  r  =  (z2  4-  p2)1/2  =  (a2  4-  a\  —  h2)y2  =  h(k2  4-  k\  —  1)1/2 

z~h  _  kekh  -  1  ^  (kekh  -  1  ){ke  +  kh ) 

Rih  K  -kh  k2  —  k2h 


z  +  h 
R-2h 


kekh  +  1  ^  (kekh  4-  1  )(ke  -  kh ) 

ke  +  kh  k2  —  k2h 


r  {kl  4-  kl  —  1)1/2 
p  =  r sin 0O  =  h[(k2e  -  1)(1  -  k2)]y2 


(8.5-34b) 

(8.5-35a) 


(8.5-35b) 


(8.5-35c) 

(8.5-35d) 


Equations  (8.5-34a,b)  and  (8.5-35a-d)  are  used  in  (8.5-25a-c)  and  (8.5- 
26a- c)  to  express  the  complete  electromagnetic  field  of  a  resonant  antenna  in 
spheroidal  coordinates: 


-p ,0Iq  cos  (mrkh/2)  sin  ((at  -  mtke!2) 

Vh  m  -  i)(i  -  ki)f2 


(8.5-36) 


—  £0/0  cos  (mrkh/ 2)  sin  ( (at  -  mrke/2 ) 

4 Vh  m  -  kD(  i  -  kmm 


(8.5-37) 


£0/0  sin  (mtkJT)  cos  ((at  —  mtkJT) 
2rti~  [(k2  -  k2)(k2  - l)]1'2 


(8.5-38) 


From  (8.5-36)  to  (8.5-38),  the  time-dependent  values  of  the  three  field  compo¬ 
nents  may  be  calculated  at  any  point  in  space  with  coordinates  (ke,  kh,  <F).  Since 
there  is  rotational  symmetry  about  the  z  axis  and  symmetry  with  respect  to  the 
equatorial  plane  z  =  0,  it  is  sufficient  to  consider  the  field  in  one  quadrant.  The 
spheroids,  ke  =  constant,  and  the  orthogonal  hyperboloids,  kh  =  constant,  are 
shown  in  Fig.  8.5-5  in  the  range  1  <  ke  <  2.8  and  0  <  ^  1.  The  uppfer  half  of 


z/2h 
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Figure  8.5-5  Electric  field  near  a  half-wave  antenna  of  zero  radius;  h  =  X/4. 

the  antenna  extends  along  the  z  axis  from  z  =  0  to  z  =  h  and  coincides  with  the 
degenerate  spheroid  ke  =  1  since  it  is  infinitely  thin. 

The  amplitudes  and  phases  of  the  components  of  the  field  may  be  obtained 
from  (8.5-36)  to  (8.5-38).  The  equiphase  surfaces  are  all  spheroids  with  the  ends 
of  the  antenna  as  foci.  On  each  spheroid  drawn  around  these  two  foci,  the  complete 
electromagnetic  field  consists  of  three  mutually  perpendicular  components,  two  of 
the  electric  field  and  one  of  the  magnetic  field.  The  component  Ee  is  tangent  to 
an  equiphase  spheroid.  The  component  Eh  is  perpendicular  to  this  spheroid  and 
tangent  to  an  orthogonal  hyperboloid.  The  magnetic  field  B&  is  tangent  to  circles 
around  the  axis  through  the  antenna  and  hence  tangent  to  the  same  spheroid  as 
Ee  but  perpendicular  to  it.  Ee  and  B&  are  always  in  phase.  The  component  Eh  lags 
Ee  at  the  same  point  in  space  by  a  quarter  period  in  time.  Since  Ee  and  Eh  are 
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mutually  perpendicular,  the  end  point  of  the  resultant  electric  vector  E  must  trace 
an  elliptical  path  at  every  point  in  space.  This  ellipse  is  determined  from  (8.5-37) 
and  (8.5-38)' to  be 


(8.5-39a) 


It  follows  that 


(8.5-39b) 


(8.5-40) 


This  represents  the  equation  of  an  ellipse 


_  £0j„  cos  (mtkjl) 

‘  2 irfc  [(kl  -  kl)(  1  -  kl)\ 


1/2 


(8.5-41a) 


Eh  = 


l0I0  sin  (mrkhl 2) 


ink  m  -  k\){ki  - 1)] 


1/2 


(8.5-41b) 


Such  ellipses  are  shown  in  Fig.  8.5-5.  It  is  seen  that  the  electric  vector  is  in  general 
elliptically  polarized  in  a  plane  containing  the  antenna;  the  magnetic  vector  is 
linearly  polarized  at  right  angles  to  this  plane. 

The  ellipse  traced  by  the  end  of  the  electric  vector  degenerates  into  a  straight 
line  when  either  Ee  or  Eh  vanishes.  The  former  occurs  along  the  z  axis  beyond  the 
ends  of  the  antenna  defined  by  kh  =  1,  the  latter  occurs  in  the  equatorial  plane 
defined  by  kh  =  0.  The  electric  field  is  circularly  polarized  when  Ee  =  Eh  or 

i \kh  ( k2e  —  l\12 

tan  —  =  L  _  k2)  (8.5-42) 


The  line  of  circular  polarization  is  shown  as  a  dashed-line  in  Fig.  8.5-5. 

The  amplitudes  of  the  magnetic  field  and  the  two  components  of  the  electric 
field  as  a  function  of  the  distance  from  the  antenna  ( ke  =  1)  are  determined  by 
the  size  of  the  spheroid  on  which  the  field  is  evaluated.  The  amplitude  factors  for 
Bq,,  Ee,  and  Eh  are,  respectively, 

[(kl  -  1)(1  -  A*)]'"2;  m  -  ki)(l  -  Ai)]-1'2;  [(kj  -  ki)(kj  -  l)]~in 

The  coordinate  kh  defines  points  along  a  given  spheroid.  Since  kh  ^1,  B ^  and  Ee 
decrease  with  distance  essentially  as  {k2e  —  1)~1/2  or  as  Vke  when  k%>  1.  Eh  de¬ 
creases  as  {k2e  -  l)-1  or  as  1  lk2e  when  k2e  >  1.  Thus  B&  and  Ee  approach  inverse 
first-power  laws,  and  Eh  approaches  an  inverse-square  law  with  increasing  distance. 

At  all  points  on  a  given  spheroid  defined  by  ke  =  constant,  the  phase  (o ot  - 
ke tt/2)  varies  periodically  in  time,  but  at  every  instant  its  value  is  the  same  for  all 
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points  on  the  spheroid.  A  surface  that  is  to  remain  in  the  same  phase  at  all  times 
is  defined  by 


k  TT1 

oit  —  kae  =  (at  — —  =  constant 

2 


(8.5-43) 


Since  the  time  is  not  constant,  this  expression  is  true  only  if  the  spheroidal  coor¬ 
dinate  ke  or  the  semimajor  axis  of  the  spheroids  ae  =  keh  increases  in  time;  that 
is,  the  spheroidal  equiphase  surface  or  wave  front  expands  in  time.  The  time  rate 
of  increase  of  the  semimajor  axis  is  obtained  from  (8.5-43).  The  axial  phase  velocity 

Vpa  IS 


dae 

dt 


7-  =  c  =  3  x  108  m/s 

k0 


(8.5-44) 


The  spheroid  of  constant  phase  expands  in  such  a  way  that  its  semimajor  axis  ae 
increases  in  length  with  the  constant  velocity  c.  In  all  other  directions,  the  outward 
velocity  is  not  constant  since  the  eccentricity  l/ke  of  the  spheroid  decreases  as  ke 
increases  from  1  to  infinity.  The  outward  velocity  in  the  equatorial  plane  is  given  by 
the  time  rate  of  change  of  the  semiminor  axis  be  =  {al  -  h2)l/2  with  h  =  A0/4.  The 
phase  velocity  vpb  of  the  intersection  of  a  spheroid  with  the  equatorial  plane  is 


(8.5-45) 


Very  near  the  antenna,  vpb  >  c;  as  the  distance  from  the  antenna  is  increased,  be 
approaches  ae,  so  that  vpb  approaches  c. 

The  group  velocity  vg  is  defined  by 


and 


(8.5-46) 


v 


ga 


C 


1  + 


(8.5 -47a) 
(8.5-47b) 


VpbVgb  c 


(8. 5 -47c) 


The  time-dependent  electric  field  near  the  antenna  at  successive  intervals  of  a 
quarter  period  is  shown  in  Fig.  8.5-6. 

It  is  important  to  note  that  even  the  electric  field  very  close  to  an  antenna 
cannot  be  described  in  terms  of  an  instantaneous  electrostatic  field.  The  field  near 
an  antenna  is  calculated  in  terms  of  the  charge  distributions  along  the  antenna  at 
earlier  instants.  This  cannot  be  taken  into  account  in  the  electrostatic  field. 
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Figure  8.5-6  Instantaneous  electric  lines  near  half-wave  dipole  at  successive  intervals:  (a) 
c at  =  0,  i  is  maximum  up,  q  =  0;  (b)  cor  =  tt/2,  i  =  0,  q  is  maximum  at  top;  (c)  c ot  =  tt,  i 
is  maximum  down,  q  =  0;  (d)  cot  =  3tt/2,  i  =  0,  —q  is  maximum  at  top. 
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8.6  THE  RADIATION  FIELD  OF  A  HALF-WA  VE  ANTENNA 


At  great  distances  from  the  half-wave  dipole,  the  spheroidal  surfaces  of  constant 
phase  become  spherical,  and  the  orthogonal  hyperboloids  become  radial  lines. 
When 


it  follows  that 


Rq  =  r2  >  h2 


E2  h  +  Rlh 
2 

h  ~  Rlh 
2 


hz 

r 


(8.6-1) 


(8.6-2a) 


(8.6-2b) 


In  terms  of  the  spherical  coordinates  r,  0,  and  $, 

ah  =  h  cos  0;  (1  -  k^)V2  =  (1  —  cos2  0)1/2  =  sin  0 

With  these  approximations  (8.5-36)  to  (8.5-38)  become 


nr  ~  M-o/o  cos  [(^/2)  cos  0]  . 
— 


2i jr 


sin  0 


sin  (a )t  —  k0r ) 


-l0I0  cos  [(tt/2)  cos  0]  .  ,  . 

Ee  =  - ^ - sin  (a rt  -  k0r ) 

ZTrr  sin  0 

Err  =  sin  [(tt/2)  cos  0]  cos  (a) t  -  k0r ) 


(8.6-3) 

(8.6-4) 


(8.6-5) 


(8.6-6) 


where  the  superscript  r  denotes  the  radiation  or  far  zone.  The  function  F(0)  = 
cos  [(tt/2)  cos  0]/sin  0  is  shown  in  Fig.  8.6-1. 

The  time-dependent  Poynting  vector  S (t)  =  jjl^-  1  E (t)  x  B(?)  of  the  antenna 
in  air  has  the  two  components 

SH(t )  =  (8.6-7a) 

Se(t)  =  (8.6-7b) 

The  component  Sh(t )  is  directed  perpendicularly  outward  on  the  surface  of  any 
spheroid  ke  =  constant.  The  component  Se(t )  is  directed  tangent  to  the  spheroidal 


310 


Theory  of  the  Linear  Antenna  and  Antenna  Arrays  Chap.  8 


0  =  0 


0  =  90° 


\ 


Figure  8.6-1  Vertical  field  factor  F(Q) 
=  cos  [(tt/2)  cos  0]/sin  0  (polar  plot). 


surface . 

s  W  =  jo H _ cos^/2) _  /  _ 

h()  4-nV  (1  -  **)[(**  -  \){kl  -  kl)]m  \  2) 

S  (A  =  J S. _ : _ sin2W2) _  /  _ 

eW  16ir2fi2  (k2  -  1)[(1  -  kl)(kl  -  kl)Y> 2  V"  2  ) 

The  time-dependent  power  transferred  across  any  spheroidal  surface  ke 
is  given  by 


(8.6-8a) 

(8.6-8b) 

constant 


Te(t)  =  J2  Sh( r,  t )  dZ 

where  the  element  of  surface  on  the  spheroid  is 

dX  =  h2[{k2e  -  k2)(k2e  -  1)]1/2  dkh  d<S> 
It  can  be  shown  that 


Te(t)  =  ^  sin2(  (of  -  —  I  Cin  2tt 
4'Tt 


where 


2it  1  —  cos  X 

Cin  2tt  =  |  - - -  dx  =  2.438 

0  x 


The  time-average  value  is  independent  of  ke.  It  is 

<r„(0>  =  ^  Cin  2t  =  UlRZ 

OlT 


(8.6-9) 

(8.6-10) 

(8.6-11) 

(8.6-12) 

(8.6-13) 


with  Rq  =  30  Cin  2tt  =  73.1  CL. 
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8.7  THE  RADIATION  FIELD  OF  AN  ANTENNA 

USING  THE  THREE-TERM  CURRENT  APPROXIMATION 


The  electric  field  in  the  radiation  zone  of  an  antenna  with  the  distribution  of  current 
Iz(z )  is  shown  in  Chapter  5  to  be 


Er  =  &Ere; 


T7r  — 
£L0  — 


/a)  ix  e~ikoRo  [h 

J—^  — —  Iz(z')ejkoz' c°se  sin  0  dz9  (8.7-1) 

47T  Rq  j-h 


The  three-term  approximation  for  the  current  is  given  in  (8.3-19)  as 


40)  = 


/2arVS 


cos  k0h 


sin  k0(h  -  |z|)  +  Tv{ cos  kQz  -  cos  k0h ) 


,  rr  ,  kQz  k0h 

+  Td\  cos  — - cos 


(8.7-2) 


and  the  field  maintained  by  this  current  distribution  is  obtained  when  (8.7-2)  is 
substituted  into  (8.7-1).  The  result  may  be  expressed  as  follows: 


EU  = 

e  ^ 


_ g—  jkoRo 

dR  Rq 


/( 0,  k0h) 


(8.7-3a) 


where 


/(0,  k0h)  =  [Fm(Q,  k0h )  +  7V,Gm(e,  k0h) 


+  TDDm(Q,  k0h)\  sec  k0h  (8.7-3b) 


The  field  functions  are 


k0 


Fm(Q,  kQh )  =  ^  I  sin  kQ(h  -  |z'|)e;*O2:'cosesin0dz' 

2  J  —h 

cos  (kQh  cos  Q)  -  cos  kQh 


sin0 


(8.7-4) 


*0 


Gm(0,  k0h )  =  ^  I  (cos k^z9  -  cos  k0h)ejkQZ 'cos0sin0<iz' 

Z  J  —h 

_  sin  fcpfr  cos  ( k0h  cos  0)  cos  0  -  cos  kQh  sin  ( kQh  cos  0) 

sin  0  cos  0 

Dm(Q,  k0h )  —  ~r\  —  cos^j^ejk0z'cose  sin  Q  dz’ 

2  J -h\  2  2 


2  cos  ( kQh  cos  0)  sin  (kJi/2)  —  4  sin  ( k0h  cos  0)  cos  (A:0/i/2)  cos  0 

1  —  4cos20 


sin  (A:o/icos0)cos(A:o/i/2)  .  _ 
— 1 - — — - - -sin0 

COS0 


(8.7-5) 


(8.7-6) 
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When  k0h  is  at  and  near  tt/2,  the  alternative  expression  for  the  current  is 


hi*)  = 


-72trVS 


(sin  k0\z\  -  sin  k0h)  +  T'u  (cos  k0z  -  cos  k0h) 


rr,  ,  K z  k0h 

Td\  cos  i - cos 


(8.7-7) 


and  the  far  field  is  given  by 


Er 


e 


\re  p  —jkoRo 

°  /'(O,  k0h) 


^ dR  R0 


(8.7-8a) 


where 


f'(G,  k0h )  =  HJQ,  k0h )  +  T'uGJB,  k0h )  -  T'DDm(G,  k0h )  (8.7-8b) 

The  new  field  function  is 


Hm(Q,  kQh)  =  I  (sin^ol^'l  -  sin k0h)eJkoz‘ cose sin 0  dz' 

L  J  —h 

_  [1  -  cos kQh  cos  ( k0h  cos  0)]  cos  0  -  sin  kQh  sin  ( k0h  cos  0) 

“  sin  0  cos 0  (8'  "  ' 

Gm(0,  k0h )  and  Dm{G,  k0h )  are  as  in  (8.7-5)  and  (8.7-6). 

In  the  formulas  in  (8.7-3a)  and  (8.7-8a)  the  field  is  referred  to  the  driving 
voltage  Vq.  It  can  also  be  referred  to  the  current  /z(0)  at  the  driving  point  with  the 
substitutions  of  /z(0)/Yo  for  Vq.  Y0  is  the  driving-point  admittance  given  by  (8.3- 
20).  The  field  in  (8.7-3a)  is  then  expressed  as  follows: 


E'&  =  vkMO)  k„h) 


2l T 


Ro 


(8.7-10) 


where 

f(f)  k  h\  =  k°h )  +  TuGrn(®>  K h)  +  TqDJO,  k0h) 

0  '  sin  k0h  +  Tv{  1  —  cos  k0h)  +  TD[  1  -  cos  (k0h/2)\ 

When  kQh  is  at  or  near  tt/2,  the  alternative  form  of  the  field  becomes 

fl(0,  k0h) 


(8.7-11) 


(8.7-12) 


where 


/i(e,  kah) 


=  Hjp,  k0h )  +  rvGje,  k0h )  -  T'Dpm{e,  k0h ) 

sin  k0h  —  T'u(  1  -  cos  A:0/z)  +  T^[l  -  cos  (k0h/2)\ 


(8.7-13) 
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©  =  o 


Figure  8.7-1  Vertical  field  factor 

Fm(0,  k0h)  = 

cos  ( k0h  cos  0)  -  cos  k0h 

sin  0 


For  a  sufficiently  thin  antenna  near  resonance  a  usually  adequate  approximation 
of  the  far  field  is  obtained  with  the  sinusoidal  term  alone  in  the  current  distribution. 
In  this  case  the  electric  field  in  the  far  zone  is  given  by 


iioU  Q)  *  f„(e,  Kh) 

2tt  R0  sin  k0h 


(8.7-14) 


with 


Fm(0,  k0h) 


cos  ( k0h  cos  0)  -  cos  k0h 

sin  0 


(8.7-15) 


When  k0h  =  tt/2,  (8.7-14)  reduces  to  (8.6-5).  The  function  Fm(0,  k0h )  is  called 
the  vertical  field  factor  and  is  shown  graphically  in  Fig.  8.7-1  for  different  values 
of  k0h. 


8.8  ANTENNA  ARRAYS 

The  combination  of  antennas  into  arrays  with  a  variety  of  possible  special  properties 
constitutes  a  major  concern  of  antenna  engineering.  As  an  application  of  electro¬ 
magnetic  theory  it  is  adequate  to  treat  the  basic  aspects  of  coupled  radiating  struc¬ 
tures,  such  as  distributions  of  current,  self-  and  mutual  impedances,  and  directional 
properties  in  terms  of  the  array  of  two  elements.  A  thorough  understanding  of 
these  provides  a  foundation  for  arrays  of  many  elements.  These  can  be  treated 
approximately  for  some  applications  by  assuming  rather  than  deriving  the  relevant 
distributions  of  current.  The  more  accurate  approach  is  appropriate  in  an  appli¬ 
cation  of  electromagnetic  principles. 
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Two  Coupled  Antennas 


The  electromagnetic  field  of  a  single  dipole  described  in  Sec.  8.5  is  rotationally 
symmetric  and  hence  nondirectional  in  the  equatorial  plane.  Such  a  field  is  useful, 
for  example,  in  omnidirectional  radio  transmission.  On  the  other  hand,  it  is  an 
inefficient  field  for  point-to-point  communication,  for  which  a  fairly  narrow  uni¬ 
directional  beam  would  be  better.  Transmitting  and  receiving  systems  which  have 
directional  properties  in  the  equatorial  plane  consist  of  arrays  of  two  or  more  dipole 
antennas.  The  electromagnetic  field  maintained  at  a  distant  point  by  the  array  is 
a  superposition  of  the  fields  due  to  the  currents  in  the  individual  elements.  With 
appropriate  relative  locations  and  excitations,  the  resultant  field  may  be  increased 
in  certain  directions,  decreased  in  others.  In  this  manner,  directive  systems  can  be 
obtained  for  various  applications.  If  the  elements  of  an  array  are  close  enough, 
there  is  necessarily  an  interaction  among  the  two  or  more  currents.  The  current  in 
any  one  element  in  the  array  is  then  a  function  not  only  of  the  length,  radius,  and 
driving  voltage  of  that  element  itself,  but  also  of  the  relative  locations,  distributions, 
directions,  amplitudes,  and  phases  of  the  currents  in  all  the  other  elements  of  the 
array . 

The  more  important  properties  of  arrays  can  be  learned  from  a  study  of  the 
very  simple  array  consisting  of  two  parallel  nonstaggered  elements  shown  in  Fig. 
8.8-1.  The  two  antennas  are  parallel  to  the  z  axis  and  are  assumed  to  be  identical. 
The  currents  in  the  two  elements  are  Ilz  and  I2z.  The  currents  at  the  driving  point 
are  I10  and  I20.  Vw  and  V20  are  the  driving  voltages,  which  can  be  expressed  in 
terms  of  the  currents  at  the  driving  points  as  follows: 

vi0  =  O-Zyi  +  -^20^12  (8.8—1) 


=  7mZ 


10-^21 


+  TmZ 


20-^2 


(8.8-2) 


Zsl  is  the  input  self-impedance  of  antenna  1  in  the  presence  of  antenna  2.  It  is  to 


A 


A 


+  |/io 

^.0 


+  A  ho 

^20  T 


Antenna  1 


Antenna  2  Figure  8.8-1  Two  coupled  antennas. 
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be  noted  that  Zsl  is  different  from  the  input  impedance  of  antenna  1  when  it  is 
isolated.  Zs2  is  the  input  self-impedance  of  antenna  2  in  the  presence  of  antenna 
1.  Z12  is  the  input  mutual  impedance  of  antenna  1  with  respect  to  antenna  2,  Z21 
is  the  input  mutual  impedance  of  antenna  2  with  respect  to  antenna  1.  All  the  self- 
and  mutual  impedances  are  referred  to  the  currents  at  the  driving  points,  /10  and 
/20-  In  homogeneous  isotropic  media,  the  reciprocal  theorem  can  be  applied  to 
show  that  in  general 

Z12  —  Z2l  (8.8-3) 

Since  (8.8-1)  and  (8.8-2)  have  the  same  form  as  the  equations  for  two  coupled 
circuits,  the  principle  of  superposition  can  be  used  to  determine  separately  the 
complex  currents  due  to  each  applied  voltage  or  to  any  two  pairs  of  applied  voltages. 
The  results  are  then  combined  algebraically. 

In  some  practical  applications,  one  antenna  is  driven  and  the  other  is  a  para¬ 
sitic  reflector  or  director  ( V20  =  0).  In  this  case  (8.8-1)  and  (8.8-2)  reduce  to 

^io  ~  hoZsi  +  hozi2  (8.8—4) 

0  —  I\qZ2\  T  l'2aZs2  (8.8—5) 

In  order  to  obtain  the  desired  phase  and  amplitude  for  the  current  in  the  parasitic 
element,  it  is  possible  to  connect  an  impedance  ZL  (which  may  be  a  tuning  reactance 
ZL  =  jXL)  at  the  driving  point  of  the  second  antenna.  In  this  case,  V20  =  —I2QZL 
and  (8.8-2)  becomes 

0  =  A0Z21  +  I2q(Zs2  +  ZL )  (8.8—6) 

When  the  antennas  are  extremely  thin  and  are  close  to  a  half-wavelength  long,  it 
may  be  an  adequate  approximation  to  retain  only  the  sinusoidal  term  in  the  dis¬ 
tribution  of  current  in  the  two  antennas  and  to  approximate  Zsl  and  Zs2  by  the 
self-impedance  of  the  antenna  when  isolated.  The  current  distribution  in  general 
can  be  expressed  in  the  same  form  as  for  the  isolated  antenna  but  with  different 
coefficients  for  the  several  terms.  Furthermore,  a  study  of  the  simple  two-element 
array  provides  an  insight  into  the  technique  of  analyzing  arrays  of  more  than  two 
elements,  such  as  curtain  arrays  and  circular  arrays. 


8.9  CURRENTS  AND  ADMITTANCES 
FOR  THE  TWO-ELEMENT  ARRA  Y 

The  two-element  array  can  be  analyzed  accurately  in  terms  of  two  special  cases: 
(1)  the  zero  phase  sequence  (or  symmetrical  case),  in  which  the  two  elements  are 
driven  by  equal  voltages  in  phase,  and  (2)  the  first  phase  sequence  (or  antisym- 
metrical  case),  in  which  the  two  driving  voltages  are  equal  but  180°  out  of  phase. 
These  phase  sequences  correspond  respectively  to  the  two-element  broadside  array 
and  the  two-element  bidirectional  end-fire  array,  in  each  of  which  the  distribution 
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of  currents  along  the  two  elements  are  the  same.  By  superposition,  the  general 
case  of  arbitrary  driving  voltages  may  be  obtained.  Also  included  in  the  general 
formulation  are  the  array  with  one  element  parasitic  and  center-loaded  with  an 
arbitrary  lumped  impedance  and  the  two-element  unidirectional  end-fire  array  or 
couplet. 

Figure  8.9-1  shows  an  array  of  two  identical  parallel  antennas  of  length  2 h, 
radius  a ,  and  spacing  b.  The  integral  equation  for  the  currents  in  the  two  phase 
sequences  can  be  derived  in  the  same  way  as  for  the  isolated  antenna.  It  is 


f  Iim\z')K<r\z,  z')  dz' 

J  —h 

=  Jos M  [iV(m)smk«ih 

-  |z|)  +  t/(m)  (cos  k0z  —  cos  k0h )] 

(8.9-1) 

where 

t/(m>  = 

£  z')  dz' 

(8.9-2) 

K<m\z,  z')  = 

g  -jkoRn  g  -jkoRn 

-j- 

(8.9-3) 

^11  ^12 

k<t\z,  z')  = 

K^m\z,  z')  -  K^m\h,  z') 

(8.9-4) 

m  =  0  and  1  for  the  two  phase  sequences  and  in  (8.9-3)  the  upper  sign  is  for 
m  =  0  and  the  lower  is  for  m  =  1. 


Z 


Z 


t 


0  — 


—h  — 


Figure  8.9-1  Two  identical  parallel 
antennas. 
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In  most  practical  applications,  the  two  elements  are  far  enough  apart  so  that 
k0b  >  1  or  b  >  X0/2tt.  The  current  in  each  of  the  two  coupled  elements  is  then 
well  approximated  by  the  following  three-term  formula  (using  the  same  method  as 
for  the  isolated  antenna): 


sin  k0(h 


z\)  -I-  T^l){ cos  k0z  -  cos  k0h ) 


k0h 
cos  — — 
2 


(8.9-5) 


The  functions  T and  T are  defined  as 


4m)  = 


/2Trnm) 


lo^dR  cos  kQh 


Tfr) 


^[W\h)  -  cos  k0h\  -  jV&\h)y<g> 

j2(m) 


(8.9-6) 


(8.9-7) 


r£»)  =  -J'WW  cos  M  ~  V&Kh)]  +  Vi)i[W\h)  ~  cos  /c0/?]}  9_8) 


Q(m) 

G(m)  =  ¥<$[¥§&  cos  M  -  ^(A)]  +  /^m)(W/ 
The  Mr  functions  are  defined  as  follows: 


(8.9-9) 


^«(0); 

?*" 

O 

s- 

IA 

to  1  3 

"  /  x\ 

o 

s- 

V 

to  |  r} 

i 

(8.9-10) 

iM*-*) 

csck0(h  -  |z|) 

[  sin k0(h -\z'\)[K^\z,z')  -  K^\h,z')\  dz' 

)~h 

(8.9-11) 

where  K^m\z,  z')  =  K^\z,  z')  -I-  jK\m\z,  z') 


=  (-l)(m)(l  -  cos  koh)  1  f  sin  k0(h  -  |z'|) 

J  —h 

x  (  COS  kpR12  _  cos  kpRi2h  ,  d  , 


(8.9-12) 


12 


12/i 


^7}  =  I  1  -  cos 


-/* 


sin  k0(h  -  |j2r/|)/5TSF)(0,  z')  dz' 


(8.9-13) 


^{d^R  =  (1  _  cos  M)'1  I  (cos  kQz'  -  cos  M»}(0,  z')  dz' 


(8.9-14) 
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TOi 


=  1  -  cos 


k0h 


= 


cos 


k0h 


(cos  k0z'  -  cos  kofyKffiiO,  z')  dz'  (8.9-15) 


(cos  —  cos  z')  dz'  (8.9-16) 


^p\h)  =  f  sin  k0(h  -  \z'\)K™(h,  z')  dz' 

J  —  h 


=  (cos  k0z'  -  cos  k0h)K(m)(h,  z')  dz' 

J  —h 

[h  /  L-  y*  b-  ll\ 

^^(h)  =  J  (cos  - cos  J  £(m)(/i,  z')  dz' 

When  k0h  is  at  or  near  tt/2,  the  current  is  given  by 

l(rKz )  =  (sin  k°\z\  ~  sin  k°h^ 


k0z 


_|_  J'^m)  ^CQS  £qZ  _  CQS  _  J'^rri)l  CQS 


COS 


k0h 


with 


T'Sm) 


T'lm) 


Tty**  +  sin  k0h 
cos  k0h 

cos  k0h 


(8.9-17) 


(8.9-18) 


(8.9-19) 


(8.9-20) 


(8.9-21a) 


(8.9-21b) 


The  normalized  currents  in  a  two-element  array  with  the  two-term  approximation 
are  shown  in  Fig.  8.9-2.  /  =  /"  +  //',  where  I"  is  in  phase  and  /'  is  in  phase 


kQh  =  7T 


-3-2-1  0  1  2 

mA/V 


Figure  8.9*2  Zero-  and  first-phase- 
sequence  currents  on  two-element  ar¬ 
ray. 

ft  =  2  in(2/i/a)  =  10,  k0b  =  1.5. 
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quadrature  with  V0.  The  simpler  two-term  approximation  is  obtained  by  the  sub¬ 
stitution  of  (cos  k0z  -  cos  k0h )  for  [cos  (k0zl2)  -  cos  (k0h/2)\. 

The  currents  Ilz(z)  and  I2z(z)  in  the  antennas  when  they  are  driven  by  arbitrary 
voltages  V10  and  V2q  are  given  by 

hz(z)  =  I?\z)  +  I{z\z)  =  V1Qv(z)  +  V20w(z )  (8.9-22a) 

hz(z)  =  n°\z)  -  l£\z)  =  V10w(z )  +  V20v{z)  (8.9-22b) 

where 


v(z)  = 


/2tt 


It&dR  cos  kQh 


sin  kQ(h  -  |z|)  +  +  7’[l))(cos  k0z  -  cos  k0h ) 


+  +  T&)  (cos  -  cos 


w(z)  = 


/2tt 


io^dR  cos  kQh 


I(7^o)  _  7p))(cos  k0z  -  cos  k0h) 


i  1  / rTi(o'\  (  kftZ  kQh 

+  -(7T°>  -  Tg))l  cos  —  -  cos  — 


When  A:0/z  is  at  or  near  tt/2, 


v(z)  = 


-}2it 


(sin  k0  \z\  -  sin  k0h ) 


(8.9-23) 


(8.9-24) 


+  -(T[}0)  +  Tjp){ cos  /:0z  -  cos  /c0/z) 
-  +  T^>)  (cos  ^  -  cos  ^ 


w(z)  = 


— 7'2-TT 


-(T[}°>  -  T[}1))(cos  /:0z  -  cos  k0h ) 


~  \(TT  ~  T^)  (cos  k-f  -  cos 


(8.9-25a) 


(8.9-25b) 


The  voltages  at  the  driving  point  are  expressed  in  terms  of  the  currents  and  imped¬ 
ances  in  (8.8-1)  and  (8.8-2).  The  currents  at  the  driving  points  can  be  expressed 
in  terms  of  the  voltages  and  admittances: 

Ao  =  A*(0)  =  V10Ysl  +  V20Y12  (8.9-26a) 

Ao  =  A*(0)  =  ^0^21  +  VxYa  (8.9-26b) 

where  y5l,  Y,2  are  the  self-admittances  and  y12,  Y2i  are  the  mutual  admittances. 
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For  two  identical  antennas, 

Ysi  =  Y*  =  v(0)  (8.9-27) 

Y12  =  Y21  =  w(  0)  (8.9-28) 

The  relations  between  the  admittances  and  impedances  are  readily  determined. 
The  self-  and  mutual  impedances  for  a  two-element  array  as  a  function  of  the 
distance  b  between  elements  with  k0h  =  tt  are  shown  in  Fig.  8.9-3. 

k0h  =  7r 


2.0 


Figure  8.9-3  Self-  and  mutual  admit¬ 
tances  of  two-element  array. 


When  antenna  2  is  parasitic  and  center-loaded  by  an  arbitrary  impedance  ZL, 
the  driving  voltage  V20  is  replaced  by  -I20ZL  =  -I20/YL  and  (8.9-26b)  becomes 


/on  =  Vi 


1  +  YoZ 


s2^L 


(8.9-29) 


It  follows  from  (8.9-22a,b)  that 


hz(z)  =  V10  v{z)  -  (  y  +  y  I  w(z) 

_  \  1L*  si/ 


(8. 9 -30a) 


hz{z)  =  V10  w(z )  -  1  +  y  J  v{z) 


(8.9-30b) 
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The  driving-point  admittance  of  antenna  1  is 


Y21YU 

yl  +  y,2 


(8.9-31) 


The  driving-point  admittances  when  ZL  —  0  and  ZL  =  °°  can  be  derived  easily. 
When  the  parasitic  element  is  tuned  to  resonance,  YL  —  jBL  and  BL  =  -  Bs2. 
(Note  that  Ys2  =  Gs2  +  jBs2.) 

The  method  of  phase  sequences  that  has  been  described  for  the  two-element 
array  can  be  extended  directly  to  arrays  of  many  elements  uniformly  spaced  around 
a  circle. 


8.10  THE  FIELD  OF  A  TWO-ELEMENT  ARRAY 

The  radiation  field  of  an  array  is  the  vector  sum  of  the  fields  maintained  by  the 
currents  in  the  individual  elements.  For  the  two-element  array,  with  the  origin  of 
the  spherical  coordinates  R,  0,  midway  between  the  centers  of  the  two  elements 
(Fig.  8.10-1),  the  fields  due  to  the  currents  are 

1  p  -jkoRi 

^ - [vwxe,  M)  +  v2og(e,  k0h)]  (8.10-1) 

T  dR  K 

1  p  -jkoRi 

=  -  * - 5-  t'/iog(0,  k0h)  +  Vnfie,  k0h)]  (8.10-2) 

^dR  K 


Figure  8.10-1  Two-element  array  in 
spherical  coordinate  system. 
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where 


Rx  =  R  +  -  cos  $  sin  0 

R2  =  R  —  -  cos  <I>  sin  0 

2 

/(0,  koh)  =  [Fm(Q,  k0h )  +  i(Tf/0)  +  mGje,  k0h ) 

+  H^0)  +  M)]  sec  koh 

g(e,k0h)  =  [HW  -  7p)Gm(0,M) 

+  -  W)Dm(Q,  k0h)\  sec  M 


(8.10-3a) 

(8.10-3b) 


(8.10-4) 

(8.10-5) 


The  field  functions  Fm,  Gm  and  Dm  are  defined  in  (8.7-4)  to  (8.7-6).  When  k0h 
is  near  tt/2,  the  fields  for  the  currents  (8.9-25a,b)  are 


1  p  -jkoR\ 

E'e,  =  ® - [^o/'(e.  M)  +  ^2O«'(0,  K h)]  (8.10-6) 

1  p~jkoR2 

E ^ - —  [K10g'(e.  M)  +  K2O/'(0,  *0*)]  (8.10-7) 

/'(e,  *0*)  =  H„(e,  *„*)  +  W  +  r^»)Gm(e,  k0h ) 

-i(^0)  +  ri,W)£)m(e,  k0h )  (8.10-8) 

g '(e,M>)  =  H^y0’  -  rp)Gm(e,  k0h) 

-i(TT  -  Tff>)DJQ,k0h)  (8.10-9) 


Hm(Q )  is  defined  in  (8.7-9). 

The  radiation  field  of  an  arbitrarily  driven  two-element  array  is 


£  -yfcofl 

'iu  « 


{[^0/(6,  k0h )  +  V2og(0,  M)]e"'<fa,',,2)  “v*’™9 


+  t^iog(0,  *0*)  +  lW(e,  Ar0/t)]e2<toi,'2)  “s®sin  e}  (8.10-10) 

When  k0h  is  near  ir/2,  /(0,  KJi)  and  g(0,  kt)h)  are  replaced  by  -/'(0,  kji)  and 
-g'(Q,  k0h). 

The  radiation  field  of  most  dipole  arrays  in  which  the  individual  elements  are 
electrically  thin  and  a  half-wavelength  long  or  less  {kji,  <  tt/2)  is  often  quite  well 
approximated  by  the  field  due  to  the  leading  sinusoidal  term  alone.  This  approx¬ 
imation  greatly  simplifies  the  calculation.  Specifically,  the  current  in  each  element 
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is  approximated  by 


hiA  =  iM 


sin  k0(h  -  |z|) 
sin  k0h 


(8.10-11) 


where 


W)  =  Y0Y0  = 


Zq 

Z0 


(8.10-12) 


and  Y0  =  1/Z0  is  the  accurately  determined  driving-point  admittance. 

The  field  in  the  far  zone  referred  to  the  driving-point  current  Iz{ 0)  is 


E'e  =  e~Y~  F°{6’  k°h) 


(8.10-13) 


where 


r?  / /~\  Fm(e,k0h )  cos (k0h cos 0)  -  cos k0h  /n 

~  *  /  /  “  .  ,  ,  .  r\  (8.1U-14) 

sin  k0h  sin  k0h  sin  0 

as  shown  in  (8.7-14)  and  (8.7-15).  The  far  field  of  an  array  of  two  elements  is 

p  —jkoR 

17 r  —  _  (J  p  —  j(kob/2)  cosd£>sin© 

te~  2-k  R  (li°e 

+  I20e«koba'>  cos4>sine)Fo(0,  k0h)  (8.10-15) 

If  I20  =  CIlQe  ~/S,  where  C  is  an  arbitrary  amplitude  factor  and  8  is  an  arbitrary 
phase  angle, 

jrp-jboR 

T7r  _ J  (p—j(kob/2)cos<£>sinB 

e  2ir  R 

+  Ce^kabl2:)  cos4>sin  e  -  z'8)  Fo(0 ,  k0h)  (8.10-16) 
If  the  currents  in  the  two  antennas  have  the  same  amplitude,  C  =  1  and 


it  e  -jkoR 

E°  =  2' n  ~1T  IloFoie’  koh>}A^  e 


(8.10-17) 


where 


A(0,  <h)  =  2  cos  [2(8  —  k0b  sin  0  cos  $)]  (8.10-18) 

is  the  array  factor. 

Thus  the  vertical  characteristic  Fo(0,  k0h )  of  a  single  antenna  is  multiplied 
by  the  array  factor  A(0,  <h)  to  give  the  far  field  of  the  two-element  array.  The 
horizontal  field  factor  is  of  particular  practical  interest.  It  is  obtained  from  Fo(0, 
k0h)A(Q,  <I>)  with  0  =  tt72  [i.e.,  F0( ir/2,  kofyA^ll,  <!>)].  The  vertical  field  factor 
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for  the  particular  value  of  $  for  which  the  horizontal  factor  is  a  maximum  is 
important  and  is  given  by  Fo(0,  k0h)A(Q,  $m). 

Some  special  cases  may  be  derived  from  the  general  formulas.  When  the 
currents  in  the  two  elements  are  equal  in  amplitude  and  in  phase  (8  =  0)  and  the 
elements  are  spaced  a  half -wavelength  apart  ( kQb  =  tt)  ,  the  structure  is  a  broadside 
array.  When  the  elements  are  a  half- wavelength  long, 


0,^  U(0,  <F) 


cos  (tt/2  cos  0) 
sin  0 


2 


cos 


—  sin  0  cos  $ 


The  horizontal  factor  with  0  =  tt/2  is 


TTTT 

—  ’  -  \A 
2  2 


=  2  cos 


—  cos 
2 


(8.10-19) 


(8.10-20) 


and  is  illustrated  in  Fig.  8.10-2.  It  has  maxima  at  <Fm  =  ±tt/2  and  its  maximum 
value  is 


2’IU 


7 r  7 r 


2  2 


The  vertical  field  factor  in  the  direction  of  maximum  is 


77 


=  2po(0’  f  i = 


2  cos  —  cos  0 


sin  0 


(8.10-21) 


(8.10-22) 


Figure  8.10-2  Horizontal  field  pattern 
of  two-element  broadside  array  with 
half-wavelength  spacing. 
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For  a  broadside  array,  the  vertical  factor  in  the  direction  <Fm  has  the  same  form 
as  that  for  a  single  antenna. 

If  the  currents  are  equal  in  amplitude  but  180°  out  of  phase  (8  =  tt),  and  k0b 
is  maintained  at  tt,  the  two  elements  constitute  a  bilateral  end- fire  array.  For 
h  =  X/4, 


A(Q,  <F) 


2  cos 


—  cos  0 
2 


sin  0 


sin 


—  sin  0  cos 
2 


The  horizontal  field  factor  with  0  =  tt/2  is 


(8.10-23) 


IT  IT 


=  2  sin 


—  cos 
2 


(8.10-24) 


This  function  is  shown  graphically  in  Fig.  8.10-3.  Its  maxima  are  rotated  by  an 
angle  $  =  90°  from  the  broadside  pattern,  the  phases  in  the  antennas  are  reversed 
and  the  maxima  are  at  $  =  0,  tt.  Again,  the  vertical  field  factor  in  the  direction 
of  the  maximum  horizontal  field  is  the  same  as  for  a  single  element. 


Figure  8.10-3  Horizontal  field  pattern 
of  two-element  bilateral  end-fire  array 
with  half-wavelength  spacing. 


When  the  elements  are  spaced  a  quarter-wavelength  apart  ( k0b  =  tt/2)  and 
the  amplitudes  of  the  currents  are  equal  but  90°  out  of  phase  (8  =  tt/2)  ,  the  structure 
is  an  end-fire  array.  For  h  =  X/4, 


e,  ?  U(0,  <f) 


IT 


COS  T  COS  0 


2  cos 


IT 


(1  —  sin  0  cos  <F) 
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(8.10-25) 
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When  0  =  tt/2,  the  horizontal  pattern  is  given  by 


cos  d>) 


(8.10-26) 


It  is  shown  in  Fig.  8.10-4.  This  is  a  unidirectional  pattern  with  a  single  maximum 
in  the  direction  d>  =  0  with  a  null  in  the  d>  =  tt  direction.  The  vertical  pattern 
when  =  0  is  given  by 


cos 


—  cos  0 
2 


sin  0 


2  cos 


-7  (1  -  sin  0) 
4 


(8.10-27) 


and  is  shown  graphically  in  Fig.  8.10-5.  It  differs  only  slightly  from  the  vertical 
pattern  of  a  single  antenna  when  d>  =  0  but  is  quite  different  in  the  direction 
$  =  tt  where  its  magnitude  is  negligible. 

The  directional  properties  of  the  broadside  and  end-fire  arrays  can  be  in¬ 
creased  greatly  with  a  larger  number  of  elements.  If  only  the  leading  sinusoidal 
term  is  used  for  the  current  distribution  and  there  is  a  progressive  phase  difference 
of  8  between  the  adjacent  N  elements  of  the  array,  the  array  factor  is 


=  sin  [(M2) (5  -  k0b  sin  0  cos  <F)] 
’  N  sin  [\  (8  —  k0b  sin  0  cos  d>)] 

_  sin  Nx 
N  sin  x 


(8.10-28a) 

(8.10-28b) 


Figure  8.10-5  Vertical  field  pattern  of 
two-element  end-fire  array  with  quarter- 
wavelength  spacing. 


Figure  8.10-4  Horizontal  field  pattern 
of  two-element  end-fire  array  with 
quarter-wavelength  spacing. 
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with  x  =  K?>  —  k0b  sin  0  cos  $).  Principal  maxima  of  magnitude  N  occur  in 
directions  for  which  the  numerator  and  denominator  of  (8.10-28a)  vanish.  Zeros 
occur  in  directions  for  which  only  the  numerator  vanishes.  Typical  broadside  array 
and  end-fire  array  patterns  are  shown  in  Figs.  8.10-6  and  8.10-7.  This  theory  of 
arrays  may  be  applied  to  arrays  with  elements  that  are  arranged  collinearly,  in  a 
circle  or  in  a  curtain. 


Figure  8.10-6  Field  pattern  of  four- 
element  broadside  array  in  0  =  tt/2 
plane  with  A/2  element  spacing. 


Figure  8.10-7  Field  patterns:  (a)  four-element  bilateral  end- fire  array  in  0  =  tt/2  plane  with 
A/2  element  spacing;  (b)  four-element  end-fire  array  in  0  =  tt/2  plane  with  A/4  element  spacing. 
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PROBLEMS 


1.  For  an  antenna  with  alX  =  7.022  x  10~3  and  k0h  =  tt/2,  the  parameters  T' dR ,  Tb, 
and  T'd  are  given  by 

VdR  =  6.218;  Tb  =  3.085  +  /3.581;  T'D  =  1.061  +  /0.025 

with  ft  =  2  In  (2  hi  a)  =  8.54.  Calculate  the  current  Iz{z)IVe0  (amperes/volt),  the  ad¬ 
mittance  y0,  and  the  impedance  Z0  of  the  antenna.  Plot  the  current  distributions 
I"(z)IV%,  I'z(z)/V I  where 

iz(z)  _  r;(z)  m 

2.  For  an  antenna  with  a/X  =  7.022  x  10~3  and  k0h  =  tt, 

^  =  5.737 

Tv  =  -0.117  +  y'0. 114 
Td  =  -0.106  +  /0.108 

a  =  2  In  —  =  9.92 

a 


Repeat  Problem  1. 

3.  Repeat  Problem  1  using  the  two-term  theory  for  the  current. 

T  =  2.65  +  ;3.79 

Compare  the  admittance  with  the  result  obtained  in  Problem  1. 

4.  Repeat  Problem  2  using  the  two-term  theory  for  the  current. 

T  =  -0.172  +  >0.175 

Compare  the  admittance  Y0  with  the  result  obtained  in  Problem  2. 

5.  A  special  type  of  antenna  consists  of  two  identical  center-driven  cylindrical  dipoles 
arranged  to  be  mutually  perpendicular  and  driven  from  a  four-wire  line  with  conductors 
located  in  a  square  as  shown  in  Fig.  P8-5.  The  four  conductors  of  the  transmission  line 
extend  out  a  quarter-wavelength  (where  they  end  in  a  short  circuit)  in  order  to  provide 
support  for  the  antennas.  At  the  generator  end  of  the  line  a  suitable  network  provides 
voltages  Vj  (for  the  vertical  line  1)  and  V2  (for  the  horizontal  line  2)  such  that  V2  = 
jV-i .  Between  the  generator  and  the  antennas  the  four  wires  are  enclosed  in  a  circular 
metal  shield. 

(a)  The  integral  equation  for  the  current  in  antenna  1  when  isolated  and  center-driven 
by  a  delta-function  generator  is 


Mz) 


j^o 

4tt 


h  p~jkoR\ 

-  ^  -TT  dz' 


(Cj  cos  k0z  +  \V\  sin  k0  |z|) 
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Shielded 
4-wire  line 


Supporting 

stubs 


Figure  P8-5 


What  changes  in  this  equation  must  be  made  due  to  the  presence  of  antenna  2? 
Since  the  solution  of  this  equation  is  well  known,  it  would  be  convenient  to  adapt 
it  to  determine  the  currents  in  the  crossed  dipoles  with  suitable  corrections.  Discuss 
this  possibility. 

(b)  Describe  the  electromagnetic  field  (magnitude  and  direction  of  electric  and  magnetic 
vectors)  of  the  crossed  dipoles  if  each  is  a  half-wavelength  long  and  quite  thin: 

(1)  At  distant  points,  including  especially  along  the  extended  axis  of  the  transmission 
line. 

(2)  In  the  plane  of  the  antennas  both  very  near  the  antennas  and  at  distant  points. 

6.  (a)  Two  identical,  parallel,  and  nonstaggered  antennas  are  separated  by  a  distance  b 

=  0.25X.  The  following  data  apply  to  the  two  phase  sequences  in  the  two-term 
form:  h/k  =  0.25;  a/k  =  7.022  x  10"3;  =  6.218  for  m  =  0,  1;  T,(0)  =  0.899 

+  y3.121;  T'W  =  4.895  +  /2.043. 

Determine  the  currents,  admittances,  and  impedances  of  the  two  driven  ele¬ 
ments  and  the  far-zone  field  when  the  driving  voltages  are  V10  =  V,  V20  =  jV  with 
V  =  1  V.  Sketch  curves  of  the  currents  and  field  pattern  in  the  equatorial  plane. 
The  lumped  correction  Bc  =  0.72  x  10~3  S  is  to  be  added  to  the  self-susceptances 
Bsl  and  Bs2. 

(b)  Repeat  part  (a)  under  identical  circumstances  except  that  V20  =  0. 

7.  (a)  Four  identical  parallel  antennas  have  their  centers  at  the  corners  of  a  square  with 

side  equal  to  k/ 4.  The  following  data  apply  to  the  four  phase  sequences  in  the  two- 
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term  form:  h/k  =  0.5;  a/k  =  7.022  x  10~3;  =  5.737  for  m  -  0,1,  2,  3;  T(°) 

=  -0.361  +  / 0.422;  TV*  =  T&  =  -0.218  +  /0.108;  r<2)  =  -0.157  +  /0.022. 

Determine  the  currents,  admittances,  and  impedances  of  each  driven  element  and 
the  far-zone  electromagnetic  field  of  the  array  in  the  equatorial  plane  when  the 
driving  voltages  of  the  elements  when  numbered  consecutively  around  the  square 
are  V10  =  V20  =  V,  V3Q  =  V40  =  jV,  where  V  =  1  V.  Sketch  curves  of  the  currents 
and  field  pattern  in  the  equatorial  plane.  The  lumped  correction  to  be  added  to  all 
self-susceptances  is  Bc  =  0.72  x  10~3  S.  Note  that  this  affects  the  current  only  very 
near  the  driving  point. 

(b)  Repeat  part  (a)  under  identical  circumstances  except  that  the  currents  instead  of 
the  voltages  are  specified  as  follows:  7X(0)  =  /2(0)  =  7;  73(0)  =  74(0)  =  jl,  where 
7  =  10  mA. 

8.  Two  identical,  parallel  antennas  are  connected  by  two-wire  lines  to  lumped  impedances 
and  generators  as  shown  in  Fig.  P8-8.  Determine  the  impedance  seen  by  V\  in  each  of 
the  following  cases.  Assume  gap  and  end  effects,  as  well  as  ohmic  losses  in  antennas, 
lines,  and  connecting  wires  all  to  be  negligible.  For  the  antenna  ft  =  2  In  (2  hi  a)  =  15; 
/  =  150  MHz;  Rc  =  400  ft  for  the  line. 

(a)  k0h  =  ir/2;  b  =  0.2\o;  Vf  =  0;  sx  =  X0/4;  s2  =  k0/ 4;  Zx  =  0;  Z2  =  00 

(b)  k0h  =  tt/2;  b  —  0.4X.q5  V2  =  V®;  ■Si  =  k0/ 2;  s2  —  k0/ 2;  Z ^  Z2  =  —jXs2 

(c)  k0h  =  3.4;  b  =  0.1\o;  Ve2  =  0;  ^  =  kJ2\  s2  =  kj 2;  Zx  =  0;  Z2  =  0 

(d)  kQh  =  3.4;  b  =  0.1\„;  Ve2  =  0 ;  s,  =  kQ/ 2;  s2  =  k0/ 4;  Zx  =  0;  Z2  =  0 

(e)  k0h  =  3.4;  b  =  0.5\o;  Ve2  =  -  Vf;  sx  =  k0/2;  s2  =  k0/ 2;  Zx  =  0;  Z2  =  0 

9.  An  important  directional  array  consists  of  two  parallel  antennas  as  shown  in  Fig.  P8-8 
with  h  =  X0/4,  b  -  0.1Xo,  V2  =  0,  s2  adjustable,  Z2  =  0.  The  current  in  antenna  2  is 
to  lag  that  in  antenna  1  by  0.4  period,  so  that  the  radiation  fields  due  to  the  two  currents 
are  in  opposite  phase  at  distant  points  in  the  direction  toward  the  driven  antenna  from 
the  parasite  (called  director ).  Determine  ZCD  looking  into  the  line  s2,  the  relative  mag¬ 
nitudes  of  the  currents  at  A  and  C,  and  the  impedance  ZAB.  Neglect  gap  effects;  assume 
that  ft  =  15  for  the  antenna,  Rc  =  400  ft  for  the  line.  Neglect  ohmic  losses. 


Figure  P&-8 
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10.  A  modification  of  the  directional  array  of  Problem  9  involves  the  following;  h  =  \0/4, 
b  =  0.25\o,  Ve2  ~  0,  s2  adjustable,  Z2  =  0.  The  current  in  antenna  2  is  to  lead  that  in 
antenna  1  by  0.25  period,  so  that  the  radiation  fields  of  the  two  will  be  in  phase  at 
distant  points  in  the  direction  from  the  parasite  (called  reflector )  to  the  driven  antenna. 
Determine  ZCD  looking  into  the  line  .v2,  the  relative  magnitudes  of  the  currents  at  A 
and  C,  and  the  impedance  ZAB.  Assume  that  ft  =  15,  Rc  =  400  ft. 

11.  Determine  the  effect  on  the  impedance  ZAB  in  Problems  9  and  10  if  antenna  1  is  a  very 
closely  spaced  folded  dipole  instead  of  a  simple  dipole.  Assume  that  the  significant 
interaction  between  the  antennas  involves  only  the  symmetrical  currents  in  the  folded 
dipole. 

12.  Determine  the  driving-point  impedance  at  the  terminals  of  a  delta-function  generator 
in  Fig.  P8-12.  Assume  that  ft  =  15  for  the  antenna;  Rc  =  440  ft,  a  =  2.26  x  10~3 
nepers/m  for  the  line  sections;  /  =  150  MHz.  In  all  cases  b  is  small  compared  with  X0; 
it  is  exaggerated  in  the  figures.  Sketch  approximate  distributions  of  “antenna”  and 
“line”  currents  in  Fig.  P8-12a. 

13.  Determine  the  approximate  distribution  and  magnitudes  of  antenna  and  line  currents 
in  Fig.  P8-12b. 


14.  Determine  the  impedance  at  the  driving  terminals  AB  of  the  arrays  shown  in  Fig.  PS- 
14.  Use  the  data  of  Problem  12  for  the  transmission  lines.  Assume  that  ft  =  10  for  the 
antennas.  Show  the  distribution  of  “zero-order”  current  on  antennas  and  lines.  Neglect 
gap  effects. 

15.  The  two-term  approximation  for  the  currents  in  two  parallel  antennas  is  obtained  from 
the  three-term  formula  by  the  substitution  of  (cos  k0z  -  cos  k0h)  for  [cos  (k0zl 2)  - 
cos  (k0h/2)].  Find  the  phase  sequence  currents  and  admittances  with  this  approximation. 

16.  Draw  the  horizontal  field  pattern  of  a  broadside  array  of  five  elements  spaced  a  half¬ 
wavelength  apart  assuming  that  the  currents  in  all  the  elements  are  in  phase. 

17.  Draw  the  horizontal  field  pattern  of  an  end-fire  array  of  five  elements  spaced  a  quarter- 
wavelength  apart  assuming  appropriately  lagging  currents  to  the  right. 
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(a)  (b)  (c) 


Figure  P8-14 

18.  Derive  an  expression  for  the  far  field  of  an  array  of  two  parallel  antennas  with  the  same 
lengths.  Antenna  1  is  the  driven  antenna,  antenna  2  is  the  parasite  at  a  horizontal 
distance  b.  Draw  the  horizontal  field  pattern  when  the  elements  are  a  half- wavelength 
long  and  spaced  a  half -wavelength  apart. 


o 


Electromagnetic  Field 
Formulation  of  Electric 
Circuit  Theory ;  the  Loop 

Antenna 


An  important  and  instructive  application  of  electromagnetic  field  theory  is  to  elec¬ 
tric  circuits  consisting  of  conductors  that  may  form  closed  loops  and  quasi-closed 
loops  with  gaps  in  the  conducting  path  in  the  form  of  capacitors  with  parallel  plates. 

Formulas  for  the  inductance,  resistance,  and  capacitance  can  be  derived  in 
general  terms  and  then  specialized  to  satisfy  the  conditions  implied  in  conventional 
electric  circuit  theory:  uniformly  distributed  currents,  charge  concentrations  only 
on  the  adjacent  surfaces  of  capacitors,  and  negligible  radiation. 


9.1  GENERAL  FORMULATION  OF  CIRCUIT  THEORY 

The  circuits  to  be  analyzed  are  constructed  of  conductors  of  circular  cross  section 
with  radius  a  such  that,  with  k0  =  w/c, 

k0a  <  1  (9.1-1) 

The  parallel-plate  capacitors  to  be  considered  have  circular  plates  of  radius  b 
separated  by  a  small  distance  w.  They  satisfy  the  following  inequalities: 

w  «<  b\  k0w  «<  1  (9.1-2) 

For  simplicity,  the  generator  is  idealized  to  consist  of  a  section  of  conductor 
of  negligible  length  between  the  ends  of  which  a  charge-separating  field  Ee  is 
maintained  by  forces  that  are  independent  of  the  distribution  of  current  and  charge 
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in  the  network.  The  conductors  forming  the  circuits  have  any  moderately  smooth 
and  continuous  configuration.  Just  as  for  a  straight  conductor,  the  transverse  dis¬ 
tribution  of  current  and  charge  is  assumed  to  be  independent  of  the  distribution 
in  the  axial  direction.  This  means  that  the  internal  impedance  per  unit  length  z'  of 
the  infinitely  long  conductor  is  a  good  approximation  for  each  unit  length  of  the 
wires  provided  that  they  are  far  apart  compared  with  their  radius  a.  That  is,  a2 
d2,  where  d  is  the  nearest  distance  between  centers  of  conductors  in  a  circuit. 

The  conductors  in  the  circuits  to  be  studied  may  turn  and  twist  in  any  way. 
Let  an  arbitrarily  chosen  direction  along  the  central  axis  of  the  conductor  be 
designated  by  a  unit  vector  s.  This  vector  changes  its  direction  from  point  to  point 
along  the  conductor  if  this  is  not  straight.  The  component  of  the  electric  field  in 
the  direction  of  s  at  each  point  along  the  surface  is 

§  •  E  =  Es  (9.1-3) 

The  total  axial  current  at  any  cross  section  is 

I,  =  \sJsdS  (9.1-4) 

The  current  is  related  to  the  axial  tangential  electric  field  at  the  surface  according 
to 


Es  =  z%  (9.1 -5a) 

where  z‘  is  the  internal  impedance  per  unit  length  of  the  conductor  as  shown  in 
Chapter  3.  This  relation  is  an  integrated  form  of 

E,  =  ^  (9.1-5b) 

where  Js  is  the  volume  density  of  conduction  current  and  ct  is  the  conductivity.  In 
regions  in  which  a  charge-separating  agency  is  active,  in  particular  in  the  idealized 
generator,  an  axially  tangential  impressed  field  Ees  is  maintained  between  the  bound¬ 
aries  of  the  region  at  A  and  B.  In  this  very  short  path  of  the  circuit, 

J,  =  c j{Es  +  Ef)  (9.1-6) 

or 

£s  =  -  -  =  Z%  -  E*  (9.1-7) 

cr 

z'  is  the  effective  internal  impedance  per  unit  length  of  the  charge-separating  region, 
which  is  assumed  to  have  the  conducting  properties  of  a  simple  conductor,  and  Is 
is  the  total  current  through  it.  If  there  is  a  capacitor  in  the  circuit  that  satisfies 
(9.1-2),  the  axial  electric  field  at  its  outer  edge  is  given  by  an  expression  exactly 
like  (9.1 -5a)  with  Is  the  total  axial  current  entering  or  leaving  the  adjacent  surface 
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layers  and  zl  the  internal  impedance  per  unit  thickness  of  the  dielectric  in  the 
capacitor.  The  plates  themselves  are  assumed  to  be  perfectly  conducting. 

The  electric  field  at  all  points  in  space  outside  the  conductors  and  capacitors 
is  given  by 


E  =  —  Vcf)  —  /to  A  = 


;o) 


7T-  (W  •  A  +  klk) 
*0 


(9.1-8) 


The  component  of  this  field  axially  tangent  to  the  surface  of  the  conductors  or  the 
surface  of  the  capacitor  at  its  edge  is 


E,  = 


3cJ) 


dS 


-  ;wA 


;o) 


k\ 


d_ 

ds 


V  •  A  +  koA 


(9.1-9) 


Since  the  tangential  component  of  the  electric  field  at  a  boundary  is  continuous, 
Es  in  (9.1 -5a)  and  Es  in  (9.1-9)  must  be  equal  at  the  surface  of  a  conductor  or 
capacitor.  That  is, 


(Es).  = 


outer 


The  substitution  of  (9.1-7)  and  (9.1-9)  in  (9.1-10)  results  in 


-  E‘s  +  z%  = 

1 


-34) 

ds 


^(V-A)  +  klA, 


(9.1-10) 

(9.1-11) 


Along  those  parts  of  the  circuit  between  terminals  A  and  B  where  the  charge- 
separating  agency  is  assumed  to  be  localized,  E%  differs  from  zero;  elsewhere  it  is 
zero. 

It  is  assumed  that  Ee  may  be  derived  from  a  scalar  potential  tf>e.  Thus 

_  dd>e 

Ee  =  Vcj)e;  Ees  =  (9.1-12) 


The  positive  gradient  is  used  since  Ee  points  from  lower  to  higher  potentials.  This 
is  equivalent  to  assuming  that  a  generator  may  be  described  mathematically  by  a 
discontinuity  in  scalar  potential. 

Equation  (9.1-11)  is  integrated  along  the  conductors  of  a  circuit  from  to 
s2  representing  the  two  ends  of  the  circuit.  If  an  idealized  generator  is  assumed  to 
exist  between  the  points  A  and  B  somewhere  along  the  conductor, 

[B  CS2  fS2  CS2 

dc \>e  =  dtf)  4-  /to  As  ds  +  z%  ds  (9.1-13) 

JA  Jsi  Jsi  Jsi 


Let  the  driving  potential  difference  or  emf  maintained  by  the  generator  be¬ 
tween  the  terminals  A  and  B  be  defined  by 


(9.1-14) 
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which  reduces  to 


mS2 

d§  +  yen 

S\ 


mS2 

As  ds  + 

S\ 


fS2 


z'Is  ds 

S\ 


(9.1-15) 


This  is  the  fundamental  equation  for  an  open  circuit  containing  a  point  generator. 
It  is  also  a  statement  of  Kirchhoff  s  voltage  law.  If  the  circuit  is  closed  so  that  s1 
and  s2  coincide,  the  first  integral  in  (9.1-15)  vanishes  and 


9  z'Is  ds  +  ;(o  9  A  •  ds 


(9.1-16) 


This  relation  must  be  satisfied  by  the  current  in  a  closed  circuit.  However,  it  is  not 
an  integral  equation  for  the  current. 


9.2  TWO  COUPLED  CIRCUITS 


The  general  equation  (9.1-1)  may  now  be  extended  to  determine  the  general 
equations  for  two  coupled  circuits  shown  in  Fig.  9.2-1.  The  primary  circuit  consists 
of  a  coil  and  a  capacitor;  the  secondary  consists  of  a  coil  and  a  resistance.  The 
vector  potential  in  the  primary  circuit  is  due  to  the  currents  in  the  primary  as  well 
as  in  the  secondary.  Equation  (9.1-16)  now  becomes 


9  z\Ils  ds!  +  j( 0  9  (An  •  dSi  +  A12  •  ds2) 

Js  l  Js  1 


(9.2-la) 


An  is  the  vector  potential  at  the  surface  of  the  primary  circuit  due  to  the  current 
Ix  in  circuit  1;  A12  is  the  vector  potential  at  the  surface  of  the  primary  circuit  due 


(1)  (2) 

(1)  Primary  circuit 

(2)  Secondary  circuit 

Figure  9.2-1  Two  coupled  circuits,  potential  difference  between  AB  =  Vln)\  CD  is  a  load 
resistance. 
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to  the  current  I2  in  circuit  2.  The  corresponding  equation  for  the  secondary  circuit 
is 


}  44  ds2  +  ;o) 

S2 


ds2  +  A2i 


(9.2-lb) 


It  has  been  shown  (Chapter  3)  that  the  contribution  to  the  vector  potential  at  any 
point  in  space  due  to  the  current  Is  in  an  element  ds'  of  a  conductor  is 

dA  =  4  e  ~JkoR  ds'  (9.2-2) 

4  R  v  ' 

Hence,  for  the  coupled  circuits  shown  in  Fig.  9.2-1, 

Au  =  ds[  (9.2-3a) 

47T  J51  Rn 

The  element  ds[  is  at  the  axis  of  the  circular  conductor.  Equation  (9. 2- 3a)  is  valid 
for  any  conductor  and  is  a  good  approximation  even  on  the  surface  except  within 
distances  of  sharp  bends  comparable  with  the  radius  of  the  wire.  Corresponding 
to  (9.2-3a), 


Au  =  7^  <fi  e  ~JkoRl2  ds'2  (9.2-3b) 

47T  Js 2  xyi2 

A22  =  7 ^  e~>koR22  ds'2  (9. 2- 3c) 

47T  Js2  xv 22 

A2i  =  ~  y  ^e~fkoR2'  ds[  (9.2-3d) 

47T  J51  xv21 

If  (9.2-3a-d)  are  substituted  in  (9. 2-la, b),  two  simultaneous  equations  are  ob¬ 
tained  in  which  the  distributions  of  current  are  the  unknowns  and  they  depend  on 
the  configuration  of  the  circuit.  The  general  equations  become 


Ve 


10 


=  f  44  dsx  +  j 

Js  1 


4tt 


•SI 


ds1  •  f 

Js  1 


I! 


Is  — 


R 


e-jkoRn  ds| 


11 


•  VoU  ^  ^  L2s  _  _ 


+  ^  1 1  ds‘  •  t 


K 


e  -jkoRn  ds> 


0  =  9  44  ds2  +  j 


S  2 


4tt 


+  J 


.  P-oW 


4tt 


ds - 


S2 


I'ls 


ds2  •  j 


4 


R 


e  ~jk0R22  ^8' 


^22 


52 


si  R21 


e -jkoRn  ds; 


(9.2-4a) 


(9.2-4b) 


In  general,  it  is  not  possible  to  solve  these  equations  to  obtain  the  distributions  of 
current. 
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9.3  DEFINITIONS  OF  IMPEDANCES ,  COEFFICIENT 
OF  COUPLING ,  AND  INDUCED  VOLTAGE 


Equations  (9.2-4a,b)  can  be  reduced  to  standard  form  by  introducing  dimensionless 
distribution  functions  fiis^  and  f2(s2)  for  the  currents.  Reference  currents  are 
chosen  at  the  center  of  the  generator  ($!  =  0)  in  the  primary  circuit  and  at  the 
center  of  the  load  (s2  =  0)  in  the  secondary  circuit.  The  complex  amplitudes  of 
the  currents  at  these  points  are,  respectively,  ho  and  I20.  The  currents  at  other 
points  in  the  circuit  are  given  by 

hs  =  hofiM  (9.3-la) 

hs  =  hof2(S2)  (9.3-lb) 


where /x^x)  and/2(s2)  are  dimensionless  complex  distribution  functions. 

Using  (9. 3-la, b)  in  (9.2-4a,b)  the  following  standard  forms  are  obtained: 


with 


and 


V\q  —  /m-Zn  +  hnZ 


10^11 


20^12 


0  —  ImZ21  +  IonZ 


20^22 


Z\\  —  Z\  +  Z\ 
Z22  —  Zl2  +  z§ 


z\  =  f  zifM  ds 1 

Js\ 

Z‘2  =  f  4/2^2)  ds2 

ds  2 


(9.3-2a) 

(9.3-2b) 


(9.3-3a) 

(9.3-3b) 


(9.3-4a) 


(9.3-4b) 


z\  =  r  f  • *0  = 

i  10  js* 


z% 


Z\2  — 


J<* 


20 


J<*> 


20 


T  (A22  ’  ds 2)  — 


S2 


t  (Ai2  •  ds^  = 


s\ 


Z2\  — 


yw 

ho  Js 2 


(A2i  •  ds2)  — 


4tt 

jtoV'O 

4tt 

/<»Mo 

4tt 

Wo 

4tt 


•n 


ds1  •  <£  e-jkoRn 


S\ 


R 


11 


S2 


ds 


e  -jkoR22  ^S' 


S2 


R 


22 


<t 


S 1 


dsx 


S  2 


e  -jkoRn 

R  2 


12 


S2 


ds 


e  -jkaRzi  ds[ 


S\ 


R 


21 


(9.3-5a) 


(9.3-5b) 


(9.3-6a) 


(9.3-6b) 


The  complex  coefficient  Zn  is  the  self-impedance  of  the  primary  referred  to 
710;  Z22  is  the  self-impedance  of  the  secondary  referred  to  I20;  Zl2  is  the  mutual 
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impedance  of  the  primary  referred  to  I10;  Z21  is  the  mutual  impedance  of  the 
secondary  referred  to  /20.  Each  impedance  is  changed  if  another  reference  current 
is  selected.  Therefore,  the  impedances  are  functions  not  only  of  the  geometrical 
configuration  of  the  circuit  (which  determines  the  distribution  of  current)  but  also 
of  the  arbitrarily  selected  reference  current.  The  part  Z‘  of  the  self-impedance  is 
the  internal  impedance;  the  part  Ze  of  the  self-impedance,  the  external  self-imped¬ 
ance.  The  former  depends  primarily  on  the  internal  impedance  per  unit  length  of 
the  contour  of  the  conductor,  the  latter  entirely  on  the  interaction  of  currents  in 
various  parts  of  the  same  circuit.  Both  self-  and  mutual  impedances  are  complex. 
The  real  part  is  the  self-  or  mutual  resistance,  the  imaginary  part,  the  self-  or  mutual 
reactance.  All  the  impedances  are  measured  in  ohms. 

The  simultaneous  equations  (9.3-2a,b)  are  readily  solved  for  I10  and  /20.  Thus 


I 


10 


_ y 10-^22 

Z\\Z22  ~  z12z21 


Ve 

v  10 _ 

Z12Z21/Z22 


(9.3-7a) 


ZiiZ22  “  ZnZ 


12-^21 


(9.3— 7b) 


The  driving-point  impedance  is  defined  to  be  the  ratio  of  the  driving  potential 
difference  V\0  across  the  terminals  AB  to  the  current  entering  one  and  leaving  the 
other  terminal.  That  is, 


Ve  Ve 

zAB  =  =  (9.3-8) 

1A  lB 

This  definition  implies  that 

IA  =  1B  (9.3-9) 

Assuming  (9.3-9)  to  be  true,  (9.3-8)  with  (9.3-7a)  gives 

ZA.  =  Zn-Z&  =  zJl-Z?&)  (9.3-10) 

^22  \  ^  11^22/ 

A  complex  coefficient  of  coupling  between  the  circuits  is  defined  to  be 


jjy  .  Z12Z21 
12  ~  7  7 

(9.3-11) 

Loose  coupling  exists  when 

kj2  <  1 

(9.3-12) 

so  that 

Zab  ~  Zu 

(9.3-13) 

It  is  to  be  noted  that  Zu  in  (9.3-13)  and  Zn 
same.  This  follows  from  the  fact  that  fi{sx)  in 

in  (9.3-10)  are  not  in  general  the 
(9.3-4a)  and/j(5i)  in  (9.3-5a)  are 
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altered  if  the  relative  orientation  or  the  distance  separating  the  two  circuits  is 
changed.  The  self-impedance  of  the  primary  circuit  is  not  only  a  function  of  the 
primary  but  also  of  the  secondary  insofar  as  this  contributes  to  the  distribution  of 
current  in  the  primary. 

This  fact  may  be  clarified  by  considering  the  following  two  cases.  First,  let 
the  secondary  be  removed  completely  so  that  A12  and  Z12  vanish.  Regardless  of 
the  choice  of  reference  points,  the  second  term  on  the  right  in  (9.3-2a)  vanishes, 
leaving 

Vio  =  hoZn  (9.3-14) 

with  Zn  defined  by  (9.3-5a)  in  which  the  distribution  of  the  function  fi(s[)  is 
determined  entirely  by  interactions  between  currents  in  the  several  parts  of  the 
primary  circuit  alone.  Now  let  the  secondary  be  brought  close  to  the  primary,  but 
let  the  circuit  be  broken  at  s2  =  0  so  that  /20  vanishes.  The  second  term  in  (9.3- 
2a)  is  again  zero,  but  this  time  because  /20  vanishes,  not  Z12.  Since  a  zero  current 
at  s2  =  0  does  not  in  general  mean  that  the  current  /20  must  be  zero  or  even  small 
elsewhere  in  the  circuit,  it  is  clear  that  the  distribution  function  f^s'^  is  determined 
not  only  by  interactions  between  currents  in  different  parts  of  the  primary,  but  by 
the  interactions  of  currents  in  the  primary  with  currents  in  the  secondary.  It  cannot, 
therefore,  be  the  same  as  with  the  secondary  absent,  so  that  Zn  is  different  in  the 
two  cases.  Therefore,  the  self-impedance  of  a  circuit  as  defined  in  (9.3-5a)  is  not 
simply  a  constant  of  the  geometry  of  a  circuit  but  a  function  of  the  proximity  and 
distribution  of  currents  in  coupled  circuits. 

The  following  term  in  (9. 3 -2a),  that  is, 

V'u  =  -I20 Z,2  (9.3-15) 

is  the  voltage  induced  in  the  primary  by  the  current  in  the  secondary.  The  corre¬ 
sponding  term  in  (9. 3 -2b), 

VL  -  -I10Z21  (9.3-16) 

is  the  voltage  induced  in  the  secondary  by  the  current  in  the  primary.  With  this 
notation,  (9.3-2a,b)  become 

Vfo  +  V{2  =  I10Zn  (9.3-17a) 

V*21  =  hoZ22  (9.3-17b) 

In  the  case  of  loose  coupling  as  defined  in  (9.3-12), 

V‘10>V{2  (9.3-18) 

so  that 


/mZ 


10^115 


F2i  —  I2qZ22 


(9.3-19) 


The  foregoing  analysis  for  two  circuits  with  one  driven  is  readily  extended  to 
n  circuits  with  any  number  driven.  There  are  n  simultaneous  equations  such  as 
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(9.3-4a,b)  and  (9.3-5a,b)  with  n  integrals  in  each  in  addition  to  one  involving  z‘. 
If  there  is  no  generator,  the  left  side  is  zero.  If  distribution  functions  and  reference 
currents  are  introduced  for  the  currents,  the  equations  for  the  n  circuits  corre¬ 
sponding  to  (9.3-2a,b)  are 


Vio 

Vb 


n 


2  hozv 


;  =  i 


n 


2  vz 2, 


j=  i 


(9.3-20) 


n 


2 

;  =  i 


IjoZnj 


The  coefficients  Zkj  in  which  k  =  j  are  the  self-impedances  defined  by  expressions 
similar  to  (9.3-3)  with  (9.3-4)  and  (9.3-5);  the  coefficients  Zkj  with  k  +  j  are 
mutual  impedances  defined  by  expressions  like  (9.3-6a,b). 

The  Rayleigh -Carson  reciprocal  theorem  may  be  used  to  show  that 


Z,y  =  ZJt  (9.3-21) 

It  follows  that  irrespective  of  circuit  configuration  or  choice  of  reference  currents 
(which  must  remain  unchanged  once  they  have  been  chosen) ,  the  mutual  impedance 
in  circuit  i  due  to  circuit  j  is  the  same  as  the  mutual  impedance  in  circuit  j  due  to 
circuit  i.  In  particular,  for  circuits  i  and  /, 


v 


f.(s' ) 

JJ±LL  e  -jkoRi,  ds[ 

R , 


ij 


Sj 


e  jkoR/i  dsl 


(9.3-22) 


9.4  NEAR-ZONE  ELECTRIC  CIRCUITS 

The  general  formulation  of  the  equations  for  electric  circuits  is  complicated  pri¬ 
marily  because  the  distribution  of  current  is  a  function  of  the  configuration.  If  the 
circuits  are  confined  to  the  near  zone  and  are  so  restricted  that  all  the  distribution 
functions  such  as  may  be  set  equal  to  unity,  the  problem  is  simplified  con¬ 
siderably.  The  conditions  as  formulated  for  two  circuits  are  as  follows: 

/A)  =  f2(s2)  =  1  (9.4-1) 

Mu  ^  koR.22  ^  1?  k()R\2  ^  1;  ^0-^21  ^  1  (9.4—2) 

If  these  conditions  are  satisfied,  it  is  possible  to  write 

fi(Si)e~^j  =1;  i  =  1, 2;  j  =  1,  2  (9.4-3) 
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in  each  integral  in  (9.3-3a,b)  to  (9.3-6a,b).  These  integrals  become 


Z{  =  f  z[  dsx\ 

Js\ 


Zf  = 


z?  = 


4  IT 

4ir 


s\  Js i 


zi  = 

ds-^  *  ds-^ 
Rn 

ds%  *  d&2 


Zo  ds 


2  ^2 


S  2 


(9.4-4) 


jXV,  *f  =  0 


(9.4-5) 


52  ^52 


=  ^2=0 


(9.4-6) 
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- 1?  1 1 : V*  -  ** 


i?12  —  0 


(9.4-7) 


^21  — 


0 

4ir 


12 

ds2  •  ds{ 


51  ^52 


—  /A* ;  ^21  —  ® 


(9.4-8) 


21 


All  the  integrals  in  (9.4-5)  to  (9.4-8)  are  real,  so  that  for  two  coupled  circuits 
with  no  parts  in  common  to  both,  Zf  and  Ztj  are  pure  imaginaries.  Furthermore, 
the  integrals  themselves  are  independent  of  the  frequency  and  are  functions  of  the 
geometry  of  the  circuit  alone.  It  follows  that 


X\  —  wLf;  L\  = 


X2  —  o>Ll; 
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^12  ~ '  a)^12  j 
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dsx  • 

ds'2 
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ds[ 
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An  •  ds1  (9.4-9) 


'2 


A22  •  ds2  (9.4-10) 


=  ji\l2-dSl  (9.4-11) 

io  d5l 


51  JS  2 
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21 


-  i  t 


ds2  (9.4-12) 


The  primed  elements  ds'  are  along  the  axis,  the  unprimed  elements  ds  along  the 
surface  of  the  circuit.  Lf  and  L§  are  the  external  self-inductances  of  the  primary 
and  secondary  circuits,  respectively.  L12  and  L21  are  the  mutual  inductances  of  the 
primary  circuit  due  to  the  current  in  the  secondary  circuit  and  in  the  secondary 
circuit  due  to  the  current  in  the  primary,  respectively.  It  is  seen  from  (9.4-11)  and 
(9.4-12)  that  L12  =  L21  in  near-zone  circuits.  The  integrals  of  (9.4-11)  and  (9.4- 
12)  are  known  as  the  Neumann  formulas. 

The  formulas  (9.4-4)  to  (9.4-8)  are  simpler  than  (9.3-4a,b)  to  (9.3-6a,b). 
The  integrals  of  (9.4-4)  to  (9.4-8)  are  functions  only  of  the  geometry  and  of  the 
internal  impedance  per  unit  length  of  the  circuit.  They  are  independent  of  distri¬ 
bution  functions  and  reference  points  for  current.  It  is  possible  therefore  to  define 
the  impedance  of  coils,  capacitors,  and  resistive  elements  in  a  manner,  that  is 
independent  of  the  configuration  of  the  circuit  connecting  them. 
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9.5  QUASI-NEAR-ZONE  CIRCUITS 


The  special  case  of  near-zone  or  conventional  circuits  defined  by  (9.4-1)  and  (9.4- 
2)  is  a  good  approximation  for  electric  circuit  theory  since  this  is  based  on  the 
assumption  that  the  conditions  in  (9.4-1)  and  (9.4-2)  are  very  well  satisfied. 
However,  as  the  frequency  increases,  it  is  evident  that  the  simple  special  theory  is 
inadequate.  The  differences  between  the  special  theory  and  the  general  theory  may 
be  investigated  by  examining  the  border-line  case  between  them.  The  distribution 
function  /iC^)  and  the  phase  factor  e  ~J’koRu  are  expanded  in  power  series  and  one 
term  beyond  the  leading  term  (which  is  unity)  is  retained. 


g  -jkoRu  =  1 


kpRu 

2! 


klR\ i 

3! 


(9.5-1) 


Since  the  exact  form  of  the  distribution  function  /i  (^ )  cannot  be  determined  from 
(9. 3 -4a)  an  approximate  method  is  used  which  depends  on  the  fact  that  the  prin¬ 
cipal  contribution  to  significant  higher-order  terms  in  the  factor  f\{si)e  ~ik{)Ru  is 
from  the  exponential  factor  rather  than  from  /i(si).  Hence  the  approximation 


=  1 


(9.5-2) 


may  be  retained  in  the  evaluation  of  Zf. 

If  (9.5-1)  and  (9.5-2)  are  substituted  in  (9.3-5a),  the  inner  integral  becomes 


-ikoRnds 
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klR\ i 
2 


1  - 


klR\ i 


ds[  (9.5-3) 


Js\Js\  R 


11 


(ds!  •  ds[ ) 


(9.5-4) 


where  only  the  leading  terms  have  been  retained.  Equations  (9.5-2)  and  (9,5-4) 
are  good  approximations  whenever  the  following  inequality  is  true: 

k20R2u  <  1  (9.5-5) 


This  is  the  condition  for  the  quasi-near-zone  circuits. 

In  the  evaluation  of  Zf,  (9.5-2)  is  a  reasonable  approximation  for  all  closed 
loops  of  any  shape  that  satisfy  (9.5-5)  for  all  values  of  Rn.  If  (9.5-4)  is  substituted 
in  (9. 3 -5a),  real  and  imaginary  terms  are  obtained  in  the  form  Z\  —  R\-\-  jX f.  The 
imaginary  term  is  simply  (9.4-9): 


With  |x0w  =  kola,  the  real  term  is 


(9.5-6) 


(9.5-7) 
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When  £0  =  12Cbr  ohms  is  substituted  in  (9.5-7),  it  becomes 


R\  =  — (f  R‘l1(ds1'ds[)  ohms  (9.5-8) 

JsiJsi 

The  general  formula  (9.5-7)  may  be  evaluated  for  a  plane  loop  of  any  shape.  In 
rectangular  coordinates, 

R\x  =  (*  _  x')2  +  (y  _  y')2  =  x2  +  x '2  +  y2  +  y'2  -  2(xx'  +  yy ')  (9.5-9a) 

ds1'ds[  =  dxdx'  +  dydy'  (9.5-9b) 

If  (9.5-9a,b)  are  substituted  in  (9.5-8),  all  the  integrals  are  around  a  closed  path. 
Integrals  of  the  types  f  dx,  f  x  dx,  and  f  x2  dx  vanish,  so  that 


(x2  +  x'2  +  y2  +  y'2)(dxdx'  +  dydy')  =  0 


and 


(xx1  dx  dx'  +  yy'  dy  dy')  =  0 


The  remaining  integrals  are 


The  integrals  that  involve  primed  coordinates  give 


(9.5-10) 


(9.5-11) 


(xx'dydy'  +  yy' dxdx')  =  j>xdyj)x'dy'  +  j>y  dxj> y'  dx'  (9.5-12) 


=  cpjc'  dy'  —  Qy'  dx' 


(9.5-13) 


where  is  the  area  enclosed  by  a  contour  along  the  axis  of  the  conductor.  Similarly, 


(9.5-14) 


where  is  the  area  enclosed  by  a  contour  along  the  surface  of  the  conductor. 
Since  conductors  of  small  radius  have  been  assumed  in  this  analysis,  a  satisfactory 
approximation  is 


and 


(9.5-15) 


R2!  dSi  •ds[=  -  AS2 


(9.5-16) 


The  substitution  of  (9.5-16)  in  (9.5-8)  results  in 

R\  =  20^  ohms  (9.5-17) 

This  formula  may  be  used  as  an  approximation  for  the  external  or  radiation  resist¬ 
ance  of  any  quasi-near-zone  circuit  for  which  the  condition  (9.5-5)  is  satisfied. 
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It  is  clear  from  (9.5-17)  that  every  ac  circuit  that  encloses  a  finite  area  has 
a  nonvanishing  external  or  radiation  resistance.  At  low  frequencies,  kQ  =  2tt//c  is 
so  small  that  R\  is  insignificant.  At  high  frequencies,  kQ  may  be  so  large  that  (9.5- 
5)  is  not  satisfied  and  (9.5-17)  is  not  a  good  approximation.  Simple  circuits  which 
satisfy  the  condition  in  (9.5-5)  and  in  which  the  external  or  radiation  resistance 
is  important  are  loop  antennas.  The  electrically  small  loop  antenna  is  often  the 
source  of  the  electromagnetic  field  in  waveguides.  Used  as  a  receiving  antenna,  it 
is  a  probe  for  the  detection  of  electromagnetic  fields.  Such  loop  antennas  are  usually 
rectangular,  square,  or  circular  in  shape.  For  a  rectangle  of  length  s  and  width  b. 


R\  —  20koS2b2  ohms 


(9.5-18) 


For  a  square  of  side  s. 


R\  =  20(k0s)4  ohms 


(9.5-19) 


For  a  circle  of  mean  radius  b. 


R\  =  20tt2(A:o6)4  ohms 


(9.5-20) 


The  self-inductances  of  these  simple  circuits  can  be  calculated  from  (9.5-6). 
For  a  rectangle  of  length  s  and  width  b  with  wire  of  radius  a. 


Lf 


M<) 

TT 


b  In 


2  bs 


a(b  +  D) 


+  x  In 


2  bs 


a(s  +  D ) 


+  2{a  +  D  —  b  —  s) 


where  D  is  the  diagonal  of  the  rectangle  given  by 


D  =  (s2  +  b 2) 


1/2 


For  a  square  of  side  s,  the  substitution  of  s  =  b  in  (9.5-21)  gives 

2|XoS  /,  s  a 
Lf  =  In-  +  -  -  0.774 
tt  \  a  s 


(9.5-21) 


(9.5-22) 


(9.5-23) 


In  most  cases,  als  is  negligible,  so  that 


L\  = 


2fi0s 


fin  -  —  0. 


77 


tt  \  a 


If  st  =  4s  is  the  total  length  of  wire, 


(9.5-24) 


2tt  \  a 


(9.5-25) 


For  a  circular  loop  of  radius  b  (wire  radius  a)  satisfying  the  condition  k^b2  <  1 , 

O  U 

Lf  =  (x0^l  In - 2 

a 


(9.5-26) 
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In  terms  of  the  total  length  of  wire  st  =  2ir b, 


2tt 


In  -  -  1.76 
a 


(9.5-27) 


A  comparison  of  (9.5-27)  with  (9.5-25)  shows  that  the  external  self-inductance 
of  a  loop  of  wire  of  length  st  is  very  nearly  the  same  when  the  loop  is  a  circle  as 
when  it  is  a  square  if  st/a  is  large.  Equation  (9.5-27)  is  therefore  a  good  approx¬ 
imation  for  loops  that  do  not  differ  greatly  in  shape  from  a  circle  or  square  if  s,  is 
the  total  length  of  wire. 


9.6  MUTUAL  IMPEDANCE  IN  QUASI-NEAR-ZONE  CIRCUITS 

If  each  of  two  coupled  circuits  is  quasi-near-zone  so  that  it  is  correct  to  use  (9.5- 
6)  and  (9.5-7)  with  subscripts  1  and  2  in 

Z\  =  R\+  jX f;  ZI  =  Re2  +  jXe2  (9.6-1) 

the  self-impedance  of  each  circuit  is  unaffected  by  the  proximity  of  the  other  circuit 
and  its  evaluation  has  been  discussed  in  Sec.  9.5.  The  mutual  impedances  are 
obtained  from  the  general  integrals  (9.3-6a,b)  with  the  substitution  f(s)  =  1  in 
each: 


Wo  I 
4tt 


ds1  •  9 


<J  52 


0  —jkoR\2 


g—jkoR2\ 


51 


(9.6-2a) 


(9.6-2b) 


The  real  and  imaginary  parts  give  expressions  for  the  mutual  resistances  and 
reactances. 


sin  k0R12 


5  2 


12 


(9.6-3a) 


51 


cos  k0R12 


52 


12 


(9.6-3b) 


Expressions  for  R21  and  X21  are  obtained  from  (9.6-3a,b)  by  interchanging  the 
subscripts  1  and  2.  It  is  to  be  noted  that  whereas  the  size  of  each  circuit  is  restricted 
to  the  near  zone,  the  distance  between  the  circuits  is  completely  unrestricted.  If 
the  circuits  are  close  together  so  that  each  is  in  the  near  zone  with  respect  to  the 
other,  that  is, 


(9.6-4) 

\ 


^0-^12  ^  1>  koR2i  ^  1 
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then 


sin  k0R12 


12 


•  •  • 


cos  k0R12 


•  •  • 


(9.6-5a) 

(9.6-5b) 


Since  fsi  \S2  (ds2  •  ds x)  =  0,  the  leading  term  in  (9.6-3a)  is  obtained  from  the  second 
term  in  (9.6-5a).  Then 


ds1  *  <P  R\ 2  ds2 


=  -5  n 


Rj2(ds1  •  ds2) 


(9.6-6a) 


12 


PoO) 

A'H 


ds  j  *  ds2 


R 


12 


(9.6-6b) 


The  mutual  resistance  term  is  very  small  at  low  frequencies.  At  radio  frequencies, 
the  approximations  of  (9.6-4)  are  usually  not  valid  and  (9.3-6a,b)  have  to  be 
used. 


9.7  INTERNAL  IMPEDANCE  OF  A  CIRCULAR 
PARALLEL-PLATE  CAPACITOR 

A  useful  circuit  element  in  alternating  current  networks  is  the  parallel-plate  ca¬ 
pacitor.  In  its  simplest  form  it  consists  of  two  parallel  circular  metal  plates  (region 
1)  each  of  radius  b  and  thickness  d  and  separated  by  a  dielectric  (region  2)  with 
very  small  thickness  w  {w  <  b,  w  <  k).  At  the  center  of  its  outer  side  each  plate 
is  connected  to  a  long  cylindrical  conductor  or  wire  of  radius  a  as  shown  in  Fig. 
9.7-1.  The  z  axis  is  the  axis  of  symmetry;  the  origin  of  the  cylindrical  coordinates 
p,  0,  z  is  at  the  center  of  the  dielectric  disk  between  the  metal  plates.  The  dielectric 
is  a  simple  medium  characterized  by  the  complex  permittivity  e2  =  ee2  —  jcre2/w, 
it  is  a  good  dielectric  with  (cre2/<*>ee2)2  <  1.  The  losses  in  the  highly  conducting  metal 
plates  are  negligible  so  they  can  be  treated  as  if  perfect  conductors  in  the  interior 
of  which  all  fields  vanish. 

Since  rotational  symmetry  obtains  and  the  properties  of  interest  are  related 
to  the  principal  current  Iz,  the  current  and  field  distributions  in  the  dielectric  can 
be  analyzed  in  terms  of  the  z  component  of  the  vector  potential.  The  appropriate 
differential  equation  is  (3.9-6).  However,  since  the  thickness  w  of  the  dielectric 
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2 


Figure  9.7-1  Circular  parallel  plate 
capacitor  in  series  with  a  long  conduc¬ 
tor. 


is  a  very  small  fraction  of  a  wavelength  ( w  <  X),  Az  is  essentially  constant  in  z 
between  the  metal  plates  so  that  d2AJdz2  ~  0  and  the  relevant  equation  reduces 
to 


1  d_ 
P  dp 


P 


dA2z 

dp 


+  k\A2z 


w  w 

—  <  z  <  — 
2  2 


The  solution  is 


A2z(p)  =  DMk#)  =  A2  z(b) 


h(k2p) . 
J0(k2bY 


p  <  b 


(9.7-1) 


(9.7-2) 


Here 


k2  =  p2  -  jo- 2  with  02  ~  (ovjto^; 


CTe2 

2 


Po 

ee2 


(9.7-3) 


Also, 


(9.7-4) 


The  electric  and  magnetic  fields  in  the  dielectric  are  given  by  (3.9-22a,b)  with  k2 

/ 

=  k2.  That  is, 

E2z(p)  =  -ja)A2z(p);  B2Q(p)  =  -  (9.7-5) 

dp 

It  follows  that 


E2z(  p)  =  £2,(6) 


MkiP). 

Uk2by 


E2q(p)  —  B2Q(b) 


h(k2p) 

J\(k2b) 


(9.7-6) 


The  current  that  enters  the  lower  capacitor  plate  from  the  wire  is  Iz.  By 
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Stokes’s  theorem  with  the  contour  s  =  2i m  and  a  cap  surface  S1  =  rra2  that  is  a 
flat  disk  across  the  conductor, 


5  BQ(a)a  dQ  =  |x0  1  2i TbBQ(a)  =  Iz 

S 


(9.7-7) 


With  the  same  contour  s  =  2tt«  but  a  cap  surface  S2  that  encloses  the  entire  metal 
plate,  Stokes’s  theorem  gives 


BQ(a)a  dQ 


-y'a)e0 


fb 

Ez(p)2ttp  dp  +  y'a>e2  E2z(p)2ttP  dp 

a  JO 


(9.7-8) 


The  integral  over  the  edge  of  the  dielectric  with  area  2i xbw  is  neglected  since  it  is 
small  and  Ep  on  its  surface  is  also  small.  The  first  integral  in  (9.7-8)  is  over  the 
outside  surface  of  the  plate  where  Ez{ p)  is  very  small  compared  to  E2z{ p)  on  the 
inside  of  the  plate.  Hence  this  integral  can  be  neglected.  It  follows  that 


b 

E2z{ p)2itp  dp 


(9.7-9) 


With  (9.7-6)  that  gives 


jai2E2z{b)[b  ya>e2  •  2TtbE2z(b) 

h  ~  Jo  Jo(M2"p  dp  =  kMklb)  h(k*b) 

77  /  \  _  1  h  k2b  j0(k2p) 

E2zKP)  ~  .  _ 


(9.7-10) 


y'a)e2  rtb2  2  Jx{k2b) 


(9.7-11) 


Similarly , 


^2e(p)  — 


P^oh  Ji(k2P) 
2i xb  Ji{k2b) 


(9.7-12) 


The  surface  density  of  charge  on  the  inside  surface  of  the  lower  plate  is 

th(p) - £2^2z(p) 


(9.7-13) 


That  on  the  upper  plate  is  the  negative  of  that  on  the  lower  plate.  Evidently, 


•n(p) 

*n(0) 


Me 1 

E2z(  0) 


JoikiP) 


(9.7-14) 


This  gives  the  radial  distribution  of  charge  on  the  lower  plate.  When  \k2b\  <  1, 
h{k2p)  ~  1  and  the  charge  per  unit  surface  is  the  same  at  all  radii. 

The  internal  impedance  of  the  capacitor  is  Z 1  =  wz\  where 


Ez(b)  =  1  k2b  J0(k2b ) 
h  vb2  2yo)e2  J^b) 


(9.7-15) 


Most  capacitors  are  used  at  frequencies  that  are  sufficiently  low  so  that  \k2b\  <  1. 
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In  this  case  Jo(k2b )  ~  1,  J\(k2b)  ~  k2b! 2,  so  that 


Z'  =  wz‘ 


Trb2  j(oi2  Trb2(<r2e  +  ywe^) 


(9.7-16) 


Let  C0  =  e2eir/)2/w  be  the  capacitance,  =  wla2(mb2  the  internal  series  resistance 
of  the  capacitor.  Then  the  internal  impedance  of  the  capacitor  is 


Z'  = 


R‘o  o)2C02  o)C0 


(9.7-17) 


At  higher  frequencies  Z'  =  wz',  where  z'  is  given  by  (9.7-15). 


9.8  IMPEDANCE  OF  A  CIRCULAR  CAPACITOR 
IN  A  QUASI-NEAR-ZONE  CIRCUIT 

Figure  9.8-1  shows  a  circular  capacitor  symmetrically  connected  in  a  rectangular 
loop  of  wire  with  a  point  generator  at  AB.  The  internal  impedance  Z'  determined 
in  Sec.  9.7  is  the  impedance  between  the  edges  D  and  E.  In  order  to  determine 
the  self-impedance  of  the  entire  circuit  as  observed  at  AB,  it  is  necessary  to  evaluate 
(9.2- la)  around  the  circuit 

Vfo  =  z\Ils  ds1  +  yo)0  (An  •  dsx)  (9.8-1) 

J  51  JS  l 

The  contour  integration  for  the  first  term  in  (9.8-1)  can  be  carried  out  around  a 
closed  contour  along  the  surface  of  the  wire  forming  the  rectangle  from  B  to  C, 
then  radially  outward  along  the  outer  surface  of  the  capacitor  plate  and  around  its 
edge  to  D,  straight  across  from  D  to  E  along  the  edge,  and  radially  inward  to  F 
and  finally  back  to  A  along  the  rectangle.  From  A  to  C  and  from  F  back  to  A,  the 
circuit  is  like  any  other  rectangle.  For  a  uniform  wire  with  an  internal  impedance 
z‘w  and  length  sw,  the  result  is 

I\Z  iw  =  Iiz‘wsw  (9.8-2) 

The  contribution  by  the  radial  integral  from  C  to  D  is  always  negligible  for  highly 


E 

D 


Figure  9.8-1  Circuit  with  capacitor. 
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conducting  plates.  It  follows  that  the  entire  internal  impedance  of  the  capacitor  is 
given  by 

Z'  =  Zf  (9.8-3) 

where  Z!  is  defined  in  (9.7-17). 

In  order  to  determine  the  contribution  to  the  external  impedance  of  the 
rectangle  in  Fig.  9.8-1  by  the  capacitor,  it  is  necessary  to  examine  the  second 
contour  integral  in  (9.8-1).  If  the  rectangular  loop  is  sufficiently  large  so  that  to 
a  good  approximation  rotational  symmetry  exists  on  the  outer  surfaces  of  the 
capacitor  plates,  the  only  contributions  to  the  vector  potential  directed  radially 
along  the  plates  are  due  to  radial  currents  in  the  plates  themselves.  The  contri¬ 
butions  to  the  second  line  integral  in  (9.8-1)  due  to  integrations  radially  along  the 
plates  and  axially  across  their  combined  edges  are  negligible  compared  with  the 
integration  around  the  rest  of  the  circuit.  Therefore,  the  external  impedance  of  the 
capacitor  may  be  neglected  and  an  excellent  approximation  of  the  entire  impedance 
is  the  internal  impedance  Z!  between  the  edges  of  the  wire  surfaces  of  the  plates 
as  determined  in  Sec.  9.7.  The  impedance  of  a  capacitor  is  independent  of  the  rest 
of  the  quasi-near-zone  circuit  provided  that  connecting  wires  are  perpendicular  to 
the  plates. 


9.9  MUTUAL  IMPEDANCE  OF  COAXIAL  RINGS  OF  WIRE 

The  calculation  of  the  impedance  of  loosely  wound  single-layer  coils  depends  on 
the  previous  determination  of  the  self-impedance  of  a  single  circular  ring  of  wire 
and  the  mutual  impedance  of  two  such  rings  arranged  coaxially.  Since  the  self¬ 
impedance  can  be  obtained  directly  from  the  integral  for  mutual  impedance  by  a 
simple  specialization  of  the  parameters,  it  is  convenient  to  solve  first  the  problem 
of  mutual  impedance  of  two  coaxial  rings  of  different  size. 

Consider  two  coaxial  circular  wire  rings  of  radii  b1  and  b2.  The  radii  bx  and 
b2  as  well  as  the  axial  separation  h  of  the  rings  are  sufficiently  small  so  that  all 
elements  of  both  rings  are  in  the  near  zone  with  respect  to  one  another.  That  is, 

k0R12  <  1;  k0Ru  <4  1;  k0R22  <  1  (9.9-1) 

As  shown  in  Fig.  9.9-1,  R12  is  the  distance  between  an  element  dsx  on  the  inner 
edge  of  one  ring  and  an  element  ds^  on  the  axis  of  the  wire  of  the  other  ring;  Rn 
is  the  distance  between  an  element  ds1  on  the  inner  edge  and  an  element  ds[  on 
the  axis  of  the  wire  of  one  and  the  same  ring.  R22  is  defined  like  Rn  but  for  the 
second  ring.  Subject  to  (9.9-1),  each  ring  has  a  current  that  is  sensibly  uniform  in 
amplitude  around  the  ring.  Therefore,  the  distribution  functions  /i(si)  and  f2(s2) 
for  the  currents  Ils  and  /2,  may  be  set  equal  to  unity,  and  the  subscript  s  may  be 
omitted.  Let  the  positive  direction  for  current  in  each  ring  be  taken  in  the  direction 
of  increasing  0.  Each  ring  may  be  assumed  driven  by  a  slice  generator  at  0  =  0. 
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Figure  9.9-1  Coaxial  rings  of  wire. 


The  quasi-near-zone  formula  for  the  mutual  impedance  Z12  =  R12  +  jX12  of  ring 
1  due  to  the  current  I2  in  ring  2  is  obtained  from  (9.6-6a,b).  It  is 

Z12  =  R\2  +  jX12  =  Ri2  +  7coL12  (9.9—2) 

with 


4tt 


dsx  •  ds 


t 

2 


S\JS2 


12 


24tt 


R\2  (ds1  •  ds2) 


(9.9-3) 

(9.9-4) 


The  cylindrical  coordinates  (p,  0,  z)  of  the  two  elements  are 

ds\  (^^e^O);  ds'2  (b2,$2,h)  (9.9-5) 

The  radii  ax  and  a2  of  the  wires  are  assumed  to  be  small  compared  with  b1}  b2,  and 
h.  That  is, 


a\  <  b\\  a2  <  b2\  a\  2  <  h 2  (9.9-6) 

The  distance  between  the  elements  ds1  and  ds2  is  most  easily  obtained  by  deter¬ 
mining  first  the  distance  r12  between  ds1  and  the  projections  of  ds2  onto  the  plane 
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of  ring  1.  This  plane  is  shown  in  Fig.  9.9-2,  from  which 

r12  =  [b\  +  bl  -  2b1b2  cos  (0!  -  02)]1/2  (9.9-7) 

The  distance  R12  between  dsx  and  ds2  follows  directly. 

R\2  =  (h2  +  r22)y2  =  [h2  +  b2  +  b2  -  2b1b2  cos  (0X  -  02)]1/2  (9.9-8) 


Figure  9.9-2  Construction  for  deter¬ 
mining  rl2  for  coaxial  rings. 


Since  the  elements  dsx  and  ds2  are  tangent  to  the  circles  and  hence  perpen¬ 
dicular  to  the  radii  drawn  from  the  common  axis  of  the  circles  to  the  elements,  the 
angle  between  ds1  and  ds2  is  the  same  as  the  angle  between  these  radii.  Hence 

ds1  •  ds2  =  ds1  ds2  cos  (0X  —  02) 


Also, 

ds1  -  bi  dQi,  ds2  =  b2  d%2 
so  that  (9.9-3)  and  (9.9-4)  become 

L  =  ]^o  f2lT,  ,0  f2lT _ b2c os(9i  -  92)^92 _ 

12  4ttJo  1  1  Jo  [h2  +  b2  +  b2  —  2ft1ft2cos(01  —  02)]1/2 


(9.9-9) 

(9.9-10) 


*2tt 


bx 


2tt 

[h2  +  b2  +  b\-  2bd)2cos(§x  -  02)]ft2cos(0!  -  02)d02 


(9.9-11) 


The  evaluation  of  (9.9-10)  may  be  carried  out  as  follows.  Let  <J>  =  02  —  0X; 
dcj>  =  d%2.  Since  the  integration  is  completely  around  the  ring,  the  starting 
point  is  of  no  consequence  and  the  limits  are  unchanged.  With  (1  +  cos  cj>)  = 
2  cos2(cJ>/2),  (9.9-10)  becomes 


(2cos2|<j>  -  l)dcj> 

[h2  +  (b1  +  b2)2  -  46162cos2icJ>]1/2 


4-17  Jo 


0 


(9.9-12) 
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Let  the  following  change  in  variable  and  in  limits  be  made  in  the  second  integral 
in  (9.9-12),  which  will  be  denoted  by  A:  cj>  =  it  -  2i |>;  dcj>  =  -2  dv|>.  At  cj>  =  0, 
vj>  =  tt/2;  at  cj>  =  2tt,  v|>  =  —nx/2.  Thus,  with  cos  i cj>  =  cos  (stt  -  i)>)  =  sin  4», 


'tt/2 


A  =  2 


(2  sin2  4»  -  \)d\\f 


-W2  [h2  +  (&!  +  b2)2  —  46^2 sin2 v)i] 


1/2 


(9.9-13) 


Here  the  denominator  can  be  factored  into 


[h2  +  ( bl  +  62)2]1/2(1  -  A:2sin2v|/) 


1/2 


(9.9-14) 


with  the  parameter  k2  given  by 


k2  = 


^b]b 


h2  +  (bi  +  b2) 


(9.9-15) 


Using  (9.9-14)  in  (9.9-13)  and  noting  that  the  integrand  is  independent  of  a  change 
in  the  sign  of  v|>, 


A 


[h2  +  (b1  +  b2)2] 


211/2 


•tt/2 


2  sin2  v)i  d\\f 


•tt/2 


d\\i 


|_ Jo  (1  -  A:2sin2v)i)1/2  Jo  (1  -  A:2sin2v|i)1/2J 


(9.9-16) 


The  integrand  of  the  first  integral  in  (9.9-16)  is  equivalent  to 


_2 
k 2 


L(1  -  k 2  sin2  v|i) 


1/2 


(1  -  k2  sin2  v)i) 


1/2 


(9.9-17) 


as  can  be  verified  directly.  Hence  (9.9-16)  is  equivalent  to 


A 


is2  +  (ft,  +  ft2)2] 


1/2 


•tt/2 


k 2  Jo 


(1  -  k2  sin2  v|>)1/2  di|; 


•tt/2 


+  [k2~  1 


d\\i 


\/v  /  jo  (1  -  k2  sin2  v)i)1/2J 

The  two  integrals  in  (9.9-18)  are  of  a  standard  type  known  as  complete  elliptic 
integrals  of  the  first  and  second  kinds .  They  are  denoted  by 

/  \  /-*>  *  . 


(9.9-18) 


&Tk 


d\\f 

o  (1  —  kz  sin2  v|i) 


1/2 


(9.9-19) 


•tt/2 


0 


(1  —  k2  sin2  v)i)1/2  d\\i 


(9.9-20) 


The  parameter  k  is  often  represented  in  the  form  k  =  sin  a,  so  that 


•tt/2 


d\\i 


o  (1  -  sin2  a  sin2  v)i) 


1/2 


sin2  a  sin2  v|i)1/2  d\\i 


(9.9-21) 

(9.9-22) 
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For  every  value  of  the  parameter  k  or  a,  each  integral  defines  a  definite  number. 
These  numbers  are  extensively  listed  in  standard  tables.  With  the  notations  (9.9- 
19)  and  (9.9-20)  in  (9.9-16),  this  may  be  substituted  for  the  second  integral  in 
(9.9-12).  The  integration  with  respect  to  0!  can  be  performed  directly  to  give  2tt. 


_ Pq2^i^2 _ 

[h2  +  {bx  +  b2)2f2 


With  (9.9-15)  this  reduces  to 

Ln  =  VoibM1'2 


(9.9-23) 


(9.9-24) 


This  is  the  final  formula  for  the  mutual  inductance  of  two  circular  rings  entirely 
within  the  near  zone  with  respect  to  each  other.  When  the  rings  have  the  same 
radius,  b1  -  b2  =  b  and  k  =  2 b/[h2  +  (2 b)2]112. 

The  mutual  resistance  R12  is  quickly  determined  from  (9.9-11).  With  the 
change  in  variable  <J>  =  0X  —  02, 


24tt  Jo 


2  7T 

[(h2  +  b\  +  b2)b2 coscj)  -  Ib^lcos2^] dcj> 


(9.9-25) 


This  is  readily  integrated  to  give 


Co 

6tt 


ko^iS: 


(9.9-26) 


where  Sx  -  i tb\  and  S2  =  7tb2  are  the  areas  enclosed  by  the  two  rings.  With  £0  = 
120tt  ohms, 

R\2  =  20WA  (9.9-27) 

The  mutual  resistance  of  two  coaxial  rings  with  uniform  currents  depends  on  the 
area  of  each  ring  but  not  on  their  axial  separation. 


9.10  SELF-IMPEDANCE  OF  A  CIRCULAR  RING 


The  external  self-impedance  of  a  single  ring  of  wire  of  radius  b  measured  to  the 
inner  edge  and  driven  by  a  point  generator  at  0  =  0  is  readily  obtained  with  (9.9- 
24)  and  (9.9-27).  It  is 


with 


Z\  =  R\+  jX f  =  R\  +  ywLf 


ds1  •  ds[ 


R 


ii 


(9.10-1) 

(9.10-2) 


R211(ds1  •  ds[) 


siJs  1 


(9.10-3) 
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These  expressions  are  the  same  as  (9.9-3)  and  (9.9-4)  except  that  the  primed 
element  is  in  the  center  of  the  wire  in  ring  1  with  radius  ( b,  +  a,)  instead  of  in 
ring  2.  The  unprimed  element  is  on  the  inner  edge  of  the  ring,  that  is,  at  the  radius 
b,.  Accordingly,  (9.10-2)  and  (9.10-3)  are  like  (9.9-3)  and  (9.9-4)  with  (b,  + 
a,)  written  for  b2  and  h  =  0.  It  follows  from  (9.9-24)  that 


L\  ~~  +  «i)]1/2 


(9.10-4) 


with 


2|>i(6i  +  a,)\ 


2b1  +  a. 


2~i 


1/2 


2b,  +  a. 


(9.10-5) 


The  quantity 


k'  =  ( 1  -  k2)1/2 


2b,  +  a. 


(9.10-6) 


is  small  because  the  following  inequality  has  been  imposed:  a\  <  b2.  The  elliptic 
integrals  can  be  expanded  in  series  in  powers  of  the  small  quantity  k' .  Subject  to 
a2  <  b2,  which  is  equivalent  to  {k')2  <  1,  it  is  sufficient  to  retain  the  leading  terms. 
These  are 


(9.10-7) 

(9.10-8) 


With  these  values  in  (9.10-4)  and  with  b,  >  a„ 

L\  =  ^(ln  -  2 

\  C 


(9.10-9) 


in  agreement  with  (9.5-26).  This  may  be  written  in  terms  of  the  total  length  of 
wire  in  the  ring,  st  =  27tb,: 


Mo  a* 
2it 


(9.10-10) 


The  external  or  radiation  self-resistance  Re,  is  obtained  directly  from  (9.9-27)  with 
the  substitution  of  ( b ,  +  a,)  for  b2 .  In  most  cases,  a,  is  sufficiently  small  so  that 
Tt(b,  +  a,)2  =  Ttb2  =  S,.  Then 

R\  =  20  k%S\  (9.10-11) 

It  is  interesting  to  note  that  for  loops  which  are  confined  to  the  near  zone,  the 
self-inductance  depends  primarily  on  the  total  length  of  wire  in  a  way  that  is  roughly 
independent  of  the  shape  of  the  loop,  whereas  the  radiation  resistance  depends 
entirely  on  the  area. 
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The  total  self-impedance  of  a  circular  loop  is 

Zn  =  Z(  +  Zf  =  (R[  +  Ri)  +  j{X[  +  coLf)  (9.10-12) 

R\  and  X\  are  given  by 

Ri  =  r[st;  X[  =  x\st  (9.10-13) 

where  r[  and  x\  are  the  internal  resistance  and  reactance  per  unit  length  of  a  circular 
conductor  with  rotationally  symmetrical  current.  For  a  loop  that  is  large  compared 
with  the  radius  of  the  wire,  the  distribution  of  current  in  a  cross  section  departs 
only  in  a  negligible  degree  from  rotational  symmetry.  Formulas  for  r[  and  x\  are 
in  Sec.  3.9. 

As  a  numerical  example,  consider  a  circular  loop  of  copper  wire  with  circum¬ 
ference  0.245  m  and  radius  of  wire  4  x  10-4  m  at  a  frequency  of  159  x  106  Hz. 
This  satisfies  the  condition  for  the  near  zone,  k0Rn  <  1,  since  k0Rn  =  0.26  with 
Ru  the  diameter.  With  (9.10-10)  and  (9.10-11), 

Lf  =  A  t  76\  =  0  228  x  10~6  H 
2tt  \  a  ) 

X\  =  coLf  =  228  a 


R\  =  20 k%S{  =  0.056  a 

At  the  given  high  frequency  and  with  cr  =  5.8  x  107  S/m,  |x  =  |x0,  and 


JJLO) 

2<t 


it  follows  that 

R[  =  X[  =  0.245  x  1.31  =  0.321  a 

Hence 

Zn  =  (R[  +  Ri)  +  j{X\  +  Xf)  =  0.38  +  J228  a 
The  corresponding  values  for  the  square  made  of  the  same  wire  are 


2tt 


In  —  -  2.16 
a 


=  0.209  x  10~6  H 


X\  =  wLf  =  209  a 


Ri  =  20(k0s)4  =  0.034  a 


R[  =  X[  =  0.321  a 


Zn  =  0.35  +  j 209  a 

The  difference  between  R[  +  Ri  for  the  circle  and  the  square  is  due  to  the  greater 
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external  or  radiation  resistance  of  the  circle;  the  difference  in  the  values  of 
X[  +  X\  is  due  to  the  greater  external  self-inductance  of  the  circle. 


9.11  IMPEDANCE  OF  A  HELICAL  COIL 

The  circuit  of  Fig.  9.11-1  consists  of  a  point  generator  between  A  and  B\  of  a 
helical  coil  of  wire  of  total  length  sc,  radius  of  turns  b,  and  pitch  of  turns  p  between 
C  and  D\  and  of  a  rectangle  of  connecting  wire.  The  dimensions  of  the  rectangle 
are  sx  and  s2.  All  the  wire  is  the  same  in  size  and  material;  its  radius  is  a.  The 
circuit  as  a  whole  satisfies  the  condition  for  the  quasi-near  zone  so  that  the  distri¬ 
bution  function  is  unity  and  the  current  uniform.  The  impedance  of  the  circuit  is 

Zn  =  (R\  +  R\)  +  j(X[  +  X\)  (9.11-1) 

The  internal  resistance  and  reactance  R[  and  X[  may  be  computed  from  the  formulas 
for  r[  and  x\  (Sec.  3.9)  for  a  straight  wire  of  length  st  if  the  turns  of  the  helix  are 
far  enough  apart  so  that  the  distribution  of  current  in  the  interior  of  the  conductor 
is  approximately  rotationally  symmetrical.  If  the  turns  are  close  together,  more 
intricate  formulas  must  be  derived  for  r[  and  x\  taking  into  account  the  departure 
from  rotational  symmetry.  For  simplicity,  it  will  be  assumed  below  that  the  coil  is 
loosely  wound  whenever  numerical  values  of  r[  and  x\  are  required.  The  internal 
impedance  of  the  circuit  of  total  length  of  wire  st  is 


Z\  =  R[  +  jX[-, 

The  contribution  due  to  the  coil  is 

R\  = 

r{s» 

X[  =  x[st 

(9.11-2) 

Zjc  =  R[c  +  jX[c ; 

R\c  = 

r[sc\ 

X\c  =  x\sc 

(9.11-3) 

Figure  9.11-1  Circuit  including  a  heli¬ 
cal  coil.  A  point  generator  is  between  A 
and  B. 


( 
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The  external  reactance  and  resistance  in  (9.11-1)  are  defined  by  (9.5-6)  and 


(9.5-7) 


ds^  *  ds^ 


SUSl  R 


11 


Rh  dsx  •  ds[ 


(9.11-4) 

(9.11-5) 


As  usual,  ds[  is  an  element  along  the  axis  of  the  wire;  ds1  is  an  element  along  the 
surface  of  the  wire  at  its  inner  edge;  Rn  is  the  distance  between  ds1  and  ds[. 
Because  the  wire  forming  the  coil  is  not  in  the  same  plane  as  the  rest  of  the  circuit, 
the  exact  evaluation  of  (9.11-4)  and  (9.11-5)  is  difficult.  The  problem  is  very 
much  simplified  if  certain  approximations  are  made.  These  depend  on  the  fact  that 
the  uniform  current  in  the  helix  may  be  considered  to  be  equivalent  approximately 
to  a  current  directed  along  the  axis  of  the  coil  from  C  to  D  (Fig.  9.11-1)  and  a 
series  of  equal  currents  in  identical  circular  rings  spaced  at  axial  distances  p.  That 
is,  in  evaluating  the  external  impedance,  the  circuit  of  Fig.  9.11-1  is  replaced  by 
that  of  Fig.  9.11-2.  It  is  assumed  that  the  gaps  in  the  axial  conductor  between  C 
and  D  are  very  small,  as  are  those  in  the  circular  rings.  The  two  radial  conductors 
extending  from  the  axis  to  the  circumference  of  each  ring  are  very  close  together, 
almost  parallel,  and  have  equal  and  opposite  currents.  Since  they  are  either  at  right 
angles  to  other  conductors  or  are  symmetrically  placed  with  respect  to  conductors 
carrying  equal  and  opposite  currents,  all  integrations  along  them  cancel.  That  is, 
the  currents  in  these  pairs  of  conductors  contribute  nothing  to  the  external  imped¬ 
ance.  In  the  arrangement  in  Fig.  9.11-2  contributions  to  the  contour  integral  when 
one  of  the  elements  ds1  and  ds[  is  on  a  circle  of  wire  and  the  other  is  not  are  zero 
because  either  the  elements  are  mutually  perpendicular  so  that  dsx  •  ds[  vanishes 
or  another  pair  of  elements  exists  with  an  equal  contribution  of  opposite  sign.  The 


Figure  9.11-2  Circuit  approximately 
equivalent  to  that  of  Fig.  9.11-1.  For 
simplicity,  the  cross  section  of  the  wire 
is  not  shown. 
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integral  for  the  complete  circuit  thus  separates  into  two  independent  parts  in  the 
quasi-near-zone  case.  The  first  part  is  the  rectangle  of  wire;  the  second  part  consists 
of  the  circular  loops  of  wire.  The  contour  integrals  for  the  circuit  thus  reduce  to 
components  that  have  already  been  evaluated,  namely,  a  rectangle  and  coaxial 
circular  rings.  It  is  necessary  merely  to  add  together  all  the  contributions.  These 
include  the  external  self-impedance  of  the  rectangle  Zer,  the  external  self-impedance 
of  n  identical  coaxial  rings,  and  the  sum  of  all  mutual  impedances  between  ring  i 
and  rings  j  =  1  to  n  —  1,  with  i  taking  on  all  values  from  1  to  n.  The  external 
impedance  of  the  rectangle  is  Zf,  the  external  self-impedance  of  ring  number  i  is 
Zeu,  the  mutual  impedance  between  ring  i  and  ring  /  is  Zf;.  Assuming  the  radius  a 
of  the  wire  to  be  sufficiently  small,  these  impedances  are  given  below: 

Zer  —  Rer  +  jXer  =  Rer  +  ju>Ler  (9.11-6) 

with 


Rer  —  2Qk,Qs\s2 


(9.11-7) 


Si  In 


a[Sl  +  (si  +  sir2] 


+  So  In 


2siS2 


a[s2  +  (s?  +  sl)in] 


+  2 [a  +  (si  +  si)1'2  ~Si  -  s2] 


as  given  in  (9.5-18)  and  (9.5-21)  with  appropriate  changes  in  symbols. 

Zu  =  Reu  +  jX%  =  Rft  +  juLtf 


(9.11-8) 

(9.11-9) 


with 


Kh  =  20rr2(M)4 


Leu  =  ^i0b  In 


8  b 


a 


(9.11-10) 

(9.11-11) 


as  given  in  (9.10-11)  and  (9.10-9). 

=  Rfj  +  ]Xfj  =  Rfj  +  ja >L?y 

where,  using  (9.9-27)  and  (9.9-24)  with  bx  ~  b2  ~  b, 


and 


Rfj  =  20^2(k0by 


2b 

(h2j  +  4  b2)m 


1 

[1  +  (h^bfY2 


(9.11-12) 

(9.11-13) 

(9.11-14) 


(9.11-15) 
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The  axial  distance  between  coil  i  and  coil  j  is  denoted  by  h^.  Since  the  pitch  is 
uniform, 

hu  =  p\i  ~  j\  (9.11-16) 

Let  the  ratio  of  pitch  to  diameter  be  denoted  by 


P_ 

2b 


With  (9.11-16)  and  (9.11-17),  (9.11-15)  becomes 

k  = _ I _ 

"  [1  +  5 2(i  -  /)2]12’ 

The  external  impedance  of  the  circuit  is  given  by 


Rf 


+ 


n 


n 


+  ^  +  22^ 

y=i  /=i 


(9.11-17) 


(9.11-18) 


(9.11-19) 


The  evaluation  of  the  double  sum  of  the  Lfy  is  straightforward  but  tedious  if  there 
are  many  turns.  If  the  pitch  and  diameter  are  given,  the  elliptic  integrals  for 
successive  values  of  ktj  as  defined  in  (9.11-18)  may  be  obtained  from  tables  or 
curves,  and  L,y  evaluated  for  i  +  j  using  (9.11-14).  The  number  of  turns  may  be 
halved  if  it  is  recalled  that  according  to  the  reciprocal  theorem,  L,y  =  Lyf.  That  is, 


i  £  U,  =  £  L„  +  2(  £  Ly  +  i  L2i  +  •  ■  •  +  J  (9.11-20) 

j= 1 1-=1  j=1  \j=2  y=3  / 

If  the  pitch  is  large  compared  with  the  radius  of  the  wire  so  that 

p 2  >  a 2  (9.11-21) 

the  contributions  to  the  double  sum  by  all  but  the  first  two  turns  on  each  side  of 
every  coil  are  negligible.  The  condition  (9.11-20)  is  also  the  one  required  to  permit 
calculation  of  the  internal  impedance  using  formulas  that  imply  rotational  symmetry 
in  the  interior  of  the  wire.  The  determination  of  the  double  sum  of  the  R-  is  simple 
because  Reu  -  Retj  =  20tt2(/c06)4.  Hence 

Reu  =  Rer  +  n2Reu  =  20  k%{s\sl  +  n2iT2b4)  (9.11-22) 


As  an  example,  consider  a  coil  of  five  turns  with  radius  equal  to  pitch 


b  =p 

so  that 


(9.11-23) 


(9.11-24) 


The  radius  of  the  wire  satisfies  (9.11-21).  The  possible  values  of  (i  =  j),  i  +  j 
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include  1,  2,  3,  4,  so  that  Ltj  for  the  corresponding  four  values  of  ktj  are  required. 
These  values  are  tabulated  below: 


•  • 

l  =  J 

K 

2 

ka 

Kij 

E 

K 

Ly 

1 

0.895 

2.24 

1.34 

1.18 

2.25 

0.37  \xQb 

2 

0.707 

2.83 

2.12 

1.35 

1.85 

0.12  (x0fe 

3 

0.555 

3.60 

3.04 

1.44 

1.72 

0.04(Xofe 

4 

0.447 

4.46 

4.01 

1.48 

1.66 

0.02  \xQb 

2  Lu  = 


2  *' 

j= 3 

i  £» 


;= 4 


^45  — 


J  =  2 


i; 


=  |x06(0.37  +  0.12  +  0.04  +  0.02) 

=  0.55|x06 

(9.11-25a) 

=  |x06(0.37  +  0.12  +  0.04) 

=  0.53|x06 

(9.11-25b) 

=  |x06(0.37  +  0.12) 

=  0.49|x06 

(9. 11 -25c) 

=  0.37|x06 

(9.11-25d) 

5  5  \ 

+  2  Ltj  +  2  L3;-  +  L45  1  =  2(1.95)p,06 

;  =  3  ;  =  4  / 

=  3.90|x06 

(9.11-26) 

The  external  inductance  of  the  entire  circuit  including  the  five-turn  coil  is 


Lfi  =  Ler  + 


5  In 


86 


a 


-  2  +  3.90 


8  6 


=  Ler  +  | x0b  I  5  In - 6.11 


a 


(9.11-27) 


To  continue  the  numerical  data,  let  the  length  of  wire  in  the  coil  be  sc  —  0.245  m 
so  that  the  length  of  each  turn  is  0.049  m.  Since  this  length  is  [p2  +  (2it6)2]1/2  and 
p  =  b,  it  follows  that 

6(1  +  4tt2)1/2  =  0.049  m 


or 


p  =  6  =  0.77  cm 


(9.11-28) 


Let  the  radius  of  the  wire  be 

a  =  0.04  cm  (9.11-29) 

Let  the  rectangle  be  a  square  of  side  3.85  cm  so  that  the  coil  replaces  one  of  the 
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four  sides.  Hence,  with  (9.5-24), 


Ler  =  0'077  X  47  (in  ^  -  0.77  1  =  0.114  x  10~6  H 


77 


x  107 


0.04 


The  use  of  (9.11-27)  leads  to 


,  ,  0.77  x  10-2  x  4'ir  /  6.16  ,  ,  ,  TT 

Lfj  =  Ler  H - - I  5  In  ~  r~r  —  6.11  I  H 


107 


0.04 


(9.11-30) 


(9.11-31) 


Lfj  =  0.295  x  10-6  H  (9.11-32) 

It  is  interesting  to  compare  this  value  with  a  square  with  the  same  total  length  of 
wire  (i.e.,  st  =  sc  +  3  x  3.85  =  36.05  cm).  The  external  self-inductance  of  the 
square  is 


0.1802  x  4'ir 
T7  X  107 


0.77 


=  0.336  x  10~6  H 


(9.11-33) 


The  small  rectangle  with  one  side  replaced  by  a  loosely  wound  coil  of  five  turns  is 
seen  to  have  a  somewhat  smaller  external  self-inductance  than  the  larger  square 
with  the  same  total  length  of  wire.  The  difference  is  of  order  of  magnitude  of  10 
percent. 

If  the  rectangle  is  very  long  compared  with  its  width  and  both  are  great 
compared  with  the  radius  of  the  wire,  it  is  possible  to  write 

a2  <  s\  <  s\  (9.11-34) 

The  self-inductance  of  the  straight  piece  of  wire  forming  one  of  the  short  sides  of 
a  long  rectangle  is  independent  of  the  rest  of  the  rectangle.  If  the  helical  coil 
between  C  and  D  in  Fig.  9.11-1  or  its  approximate  equivalent  in  Fig.  9.11-2 
replaces  one  of  the  short  sides  of  a  long  rectangle,  the  external  inductance  of  the 
coil  between  C  and  D  is  also  independent  of  the  rest  of  the  rectangle.  The  axial 
wire  through  the  center  is  equivalent  to  the  side  of  the  rectangle,  and  the  circular 
rings  are  symmetrically  placed  as  discussed  above.  Hence  the  independent  self¬ 
inductance  of  a  helical  coil  of  length  CD  =  s2  is 

L%  =  LU  +  i  i  (9.11-35) 

j=  1  i=  1 

The  value  of  LeS2  is 

lu  =  )^L2^_x\  (9J1_36) 


For  the  five-turn  helix  analyzed  above, 


Fo  ^2 

2-17 


a 


1 


+  p<)6 


a 


6.11 


(9.11-37) 
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If  the  rectangle  is  very  long  with  shorter  sides  s2  =  3.85  cm  and  the  coil  is  dimen¬ 
sioned  as  above,  the  following  inductances  are  computed: 


0.0385  x  4tt 
2tt  x  107 


=  0.0405  x  10~6  H 


(9.11-38) 


The  contribution  to  the  inductance  by  the  circular  rings  is  the  same  as  before,  so 
that  the  external  self-inductance  of  the  loosely  wound  helical  coil  is 

L%  =  (0.0405  +  0.185)  x  10~6  =  0.226  x  10-6  H  (9.11-39) 
The  value  may  be  compared  with 

L\  =  0.228  x  10~6  H  (9.11-40) 

for  a  circular  loop  with  the  same  total  length  of  wire  and  with 

Li  =  0.209  x  10~6  H  (9.11-41) 

for  a  square  with  the  same  length  of  wire. 


9.12  INDUCTANCE  OF  A  LONG ,  CLOSELY  WOUND  COIL 


If  a  helical  coil  of  radius  b  and  axial  length  hc  has  a  single  layer  of  n  closely  wound 
turns,  the  double  sum  2”=1  2”=1  L,y  in  (9.11-35)  may  be  evaluated  approximately 
by  a  double  integral.  The  integral  is  obtained  by  replacing  the  unit  of  summation 
1  by  (n/hc)  dz  in  forming  the  integral.  The  limits  in  the  sum,  1  and  n,  become  0 
and  hc  in  the  integral.  Thus  the  following  approximation  is  made: 


/=  1  «  =  1  V*c 


rhc  rhc 

LzlLZ2dz1dz2 

U  J  U 


(9.12-1) 


This  approximation  improves  as  the  coil  becomes  more  like  a  uniform  sheet  of 
current  around  a  cylinder  of  the  same  diameter  as  the  coil.  In  (9.12 — 1), 


Z\Z2 


(9.12-2) 


with 


2b 

[(z2  -  z,f  +  4b2]112 


(9.12-3) 


The  axial  distance  between  the  two  elements  dzx  and  dz2  is  (z2  -  zx).  The  evaluation 
of  the  integrals  in  (9.12-1)  is  tedious  but  can  be  carried  out  in  closed  form  to  give 


K( tt/2,  k )  +  (tan2  a 


1)£(it/2,  k) 


sin  a 


tan2  a 


(9.12-4) 
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where 


k  — 


2b 


(h2c  +  4b2) 


1/2 


=  sin  a 


(9.12-5) 


and 


tan  a  = 


2b 


(9.12-6) 


The  term  LS2  in  (9.11-35)  contributes  a  negligible  amount  so  that  (9.12-4)  is  the 
entire  external  self-inductance  of  the  coil.  The  factor 


2t \Lec 
I x0n2b 


4tt 


K( it/2,  k )  +  (tan2  a  -  1)E(tt/2,  k) 


tan 2  a 


sin  a 


(9.12-7) 


is  tabulated  in  standard  tables.  The  internal  impedance  of  a  long,  closely  wound 
coil  is  not  easily  determined  because  rotational  symmetry  certainly  does  not  obtain 
even  approximately  in  the  interior  of  the  wires  forming  the  winding  and  will  not 
be  analyzed  here. 


9. 13  THE  LOOP  ANTENNA:  THE  INTEGRAL  EQUATION 
FOR  THE  CIRCULAR  TRANSMITTING  LOOP 


The  formulation  discussed  in  this  section  is  for  relatively  thin  loops.  The  loop 
antenna  consists  of  a  circular  ring  of  perfectly  conducting  wire  immersed  in  an 
infinite  isotropic  homogeneous  medium  characterized  by  the  real  effective  relative 
constitutive  parameters  \xr,  eer,  and  aer  and  driven  by  an  idealized  delta-function 
generator.  Let  the  center  of  the  loop  coincide  with  the  origin  of  a  system  of 
cylindrical  coordinates  p,  0,  and  z  as  shown  in  Fig.  9.13-1.  The  loop  lies  in  the 
plane  z  =  0  with  the  generator  at  0  =  0.  It  is  assumed  that  the  radius  b  of  the 
loop  is  large  compared  with  the  radius  a  of  the  wire  and  that  the  latter  is  small 
compared  with  the  wavelength.  That  is, 

a2  <  b2;  \ka\2  <  1  (9.13-1) 

where  k  is  the  propagation  constant 

k  =  -  jae  (9.13-2) 

The  total  current  in  the  conductor  at  0'  is  7(0')  in  the  direction  ds'  =  b  d%' .  The 
integral  equation  for  7(0')  is  obtained  from  the  boundary  condition  that  requires 
the  tangential  component  of  the  electric  field  to  vanish  at  the  surface  of  the  perfectly 
conducting  wire  except  in  a  narrow  region  at  0  =  0  across  which  a  voltage  Vq  is 
maintained.  Thus,  since  E  =  -Vcj>  -  yo> A, 


-  Veo  8(0) 


13$ 

p  00 


+  j(oAe 


? 


b 


P  =  b 


(9.13-3) 
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Figure  9.13-1  Circular  loop  antenna. 


The  scalar  and  vector  potentials  at  the  element  ds  =  b  dQ  on  the  surface  of  the 
wire  at  0  are  given  by 

c}>  =  -i-r  |  tf(0')W(0  -  0')  dW  (9.13-4a) 

4tT€  J  tt 

Aq  =  T-\  I(Q')W(Q  -  0')  cos  (0  -  0')  d%'  (9.13-4b) 

4tt  J  -  tt 

where  the  kernel  is 


with 


where 


W(Q  “  e'}  =  2^ 


’tt  ^-jkr 

tt  r 


+  A2 


1/2 


(9.13-4c) 


(9.13-4d) 


A  =  2a  sin  (9.13-4e) 


Note  that  (9.13-4b)  with  (9.13-4c)  assumes  that  the  total  current  is  given  by 

7(0)  =  2TtaKQ(Q)  (9.13-5) 
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where  Kq(Q)  is  the  surface  density  of  current  on  the  perfectly  conducting  loop.  The 
delta-function  generator  at  0  =  0  is  so  defined  that  bEQ  d%  =  Vq.  The  equation 
of  continuity  for  the  currents  and  charges  in  the  loop  is 

i^dP  +  lu,qm  =  0  (9-13_6) 


With  (9.13-6)  and  (9.13-4a),  it  follows  that 


ck}> 

00 


TT 


4tt €(db  J 


—  TT 


0/(0')  _0_ 
00'  00' 


W(Q  -  0')  d%' 


(9.13-7) 


Use  has  been  made  of  the  fact  that  (0/00)  W(0  -  0')  =  -(0/00')W(0  -  0').  This 
integral  may  be  integrated  by  parts  to  give 


0(J> 

00 


7 


02 


TT 


4rte(db  d02  J  - 


/(0')W(0  -  0')  d%' 


(9.13-8) 


TT 


With  (9.13-8)  and  (9.13-4b)  substituted  in  (9.13-3),  the  following  integral  equa¬ 
tion  is  obtained: 


V§  5(0)  = 


A 

4tt 


TT 


—  TT 


K(Q  -  0')/(0')  dQ' 


(9.13-9) 


where  the  kernel  is 


K(Q  -  0') 


kb cos(0  -  0')  + 


J__02_ 

kb  002 


W(Q  -  0') 


(9.13-10) 


£  has  been  defined  earlier  as 


M; 

a* 

e 


(9.13-11) 


A  solution  of  the  integral  equation  (9.13-9)  may  be  sought  with  the  aid  of 
Fourier-series  expansions  of  the  kernel  and  of  the  current.  First,  let  the  dimen¬ 
sionless  quantity  W(0  —  0')  be  expanded  as  follows: 


W(Q  -  0')  -  2  Kme~]m (0-0,)  (9.13-12) 


The  coefficients  Km  can  be  evaluated  if  both  sides  of  (9.13-12)  are  multiplied  by 
ejn<)  and  integrated  with  respect  to  0  from  -  it  to  it.  Thus 


TT 


—  TT 


W(0  -  0>'M0  d% 


TT 

Kne^'  d%  + 

—  TT 


n  —  1 


cc 


2  +  2  )Kme 

—  »  n  + 1 


yw0' 


ertn-m)Q’ 

—  TT 


(9.13-13) 
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where  the  term  m  =  n  in  the  sum  has  been  separated  and  is  written  first  on  the 
right.  Since  the  last  integral  in  (9.13-13)  is  zero,  it  follows  that 


Kn  =  ^-\  W(Q  -  e')^0-0')  d%  =  K_n 

Z'Xt  J  —  TT 

The  next  step  is  to  substitute  (9.13-12)  in  (9.13-10)  to  obtain 

K(Q  -  0')  =  jy  [e'<0-0')  +  e-''<0-0T|  2  Kme -m(0-0') 


(9.13-14) 


Since 


1  r)2  30 

+  —  —  V  K  p-y/n(0-0') 

to  002  "  ™ 


(9.13-15) 


—  oc 


—  DC 


(9. 13- 16a) 


and 


2  =  2  £„-ie'yn(0“0,) 


—  oc 


—  DC 


(9.13-16b) 


it  is  evident  that 


K(Q  -  0')  =  2  ^-Me-e-) 


—  DC 


where 


(9.13-17) 


^  +  1  ^ n  —  l)  ^ 


—  n 


It  follows  that  the  integral  equation  (9.13-9)  reduces  to 


we)  =  2  an\  e“yn(0~0,)  7(0')  dQ' 

4lT  —  3C  1  —  IT 


(9.13-18) 


(9.13-19) 


The  final  step  in  the  formal  solution  of  (9.13-19)  is  to  expand  the  current  in  a 
Fourier  series  as  follows: 


/(8)  =  2  4^'"“ 


(9.13-20) 


—  oc 


where  the  coefficients  are  given  by 


4  =  ^  r  l(0')e>M'  d»' 

Zl T  J  ~  TT 


(9.13-21) 
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A  comparison  of  (9.13-19)  and  (9.13-21)  shows  that 


*Y 

V§8(9)  =  2 

Z*  —  cc 


(9.13-22) 


This  is  a  Fourier  series  with  the  coefficients  (jX/2)anIn.  The  coefficients  are  given 
by 


- !p  =  ^  V® (0)e'”»  dQ  =  ^ 

if  use  is  made  of  the  properties  of  the  delta  function.  Thus 

1  =  ^ 

"  i™n 


(9.13-23) 


(9.13-24) 


so  that 


cc 


/(0)  =  2  = 


—  cc 


-;Vq  /  J_  +  2  V  cos  ”9 

^tt  \a0  i 


(9.13-25) 


The  admittance  is 


y  = 


m  =  zlt  i 

Veo 


+ 

\«o  1  aj 


(9.13-26) 


This  completes  the  formal  solution  of  the  integral  equation  (9.13-9)  for  the  current 
in  the  circular  loop. 

The  evaluation  of  (9.13-25)  and  (9.13-26)  depends  on  the  determination 
of  the  an  as  defined  in  (9.13-18).  With  the  notation  <I>  =  0  -  0'  and  A  =  2a 
sin  (W/2),  the  coefficients  Kn  in  (9.13^14)  may  be  expressed  as  follows: 


K  =J- 

4i72  J  - 


t t  fir  pjn<Pp—  jkbR(<&) 

— — — —  d<t> 

TT  J  ~TT  i?(<F) 


(9.13-27a) 


where 


(j>  ^4^ 

bR(<t> )  =  r  =  b  [  4  sin2  —  +  — 


1/2 


(9.13-27b) 


If  the  order  of  integration  is  interchanged  and  the  variable  of  integration  is  changed 
from  'F  to  A,  (9. 13-27 a)  may  be  expressed  in  the  equivalent  form 


K  =  -  J2”  Km(A)  77== 
tt  Jo  v4a2  -  A 


(9.13-28a) 


where,  for  n  >  0, 


tt  g~jkbR(< i>) 

_  t  -  d<l> 


*(<*>) 


—  IT 


(9.13-28b) 
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The  following  difference  relation  is  satisfied: 

_  _  /  f2lT  p  —jkbR(<t>)  (f) 

A„  =1  K„  +  1  -  K„  =  i  Jo  +  sin  -  d3>  (9.13-28C) 

With  the  conditions  (9.13-1),  that  is,  \ka\2  <  1  and  a2  <  b 2  and  with 

A  <  2a  <-  (9.13-29a) 

n 

it  is  a  satisfactory  approximation  to  set 

fl(4>)  =  2  sin  ^  (9.13-29b) 

so  that  (9.13-28c)  is  given  by 

A;  =  i-  P"  p  —  j2kbsin(<P/2)  +j(,n  +  l/2)4>  rf(J)  (9.13-30a) 

2tt  Jo 

where  terms  of  the  order  ( a2/b 2)  have  been  neglected.  This  integral  may  be  ex¬ 
pressed  in  the  form 


A„  =  Kn  +  1  -Kn  =  a2n  +  l(2  kb)  +  jJ2n  +  l{2kb)  (9.13-30b) 

where 

J2n  +  i(x)  =  ~  I  cos  [*  sin  <b  —  (2 n  +  l)d>]  d$>  (9.13-31) 

7t  JO 

is  the  Bessel  function  of  order  (2 n  +  1)  and 

(lan  +  iW  =  —  I  sin  ix  sin  ^  ~  (2«  +  1)^]  d<I>  (9.13-32) 

7T  Jo 


is  the  Lommel- Weber  function  of  order  (2 n  +  1).  With  the  recurrence  formula 
(9.13-30b),  all  the  Kn  can  be  determined  if  K0  is  known.  The  evaluation  of  K0 
from  (9.13-28b)  may  be  formulated  as  follows: 


_  i  r2iT  p-jkbR(<t>)  _  i  if217 

*»  =  2 ni  *(*)  +  2^  1  m 


(9.13-33) 


If  the  approximation  (9.13-29b)  is  introduced  in  the  first  integral  in  (9.13-33), 
this  becomes 


_1_ 
2  TT 


r2TT  e-jkbR(<t>)  _  J 

0  R(< J>) 


_1_ 
2  TT 


r2iT  ^  —]2kb  sin  (<t>/2)  _ 

o  2  sin  (<T/2) 


•2A:6 


dx 


J 


2tt 


e-jxsm<P 


1 

2 


•2kb 


0 


f2Ar6 

fl0(x)  dx  +  j  I  /0(j\:)  dx 

J  () 


(9.13-34) 
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where  n0(x)  =  (1/tt)  Jo  sin(x  sin  <1>)  dA>  and  J0(x)  =  (1/tt)  / J  cos(x  sin  <1>)  d<4>. 
The  second  integral  in  (9.13-33)  may  be  expressed  as  follows: 

1_  p _ dsb _  =  1  f 1 _ dt _ 

tt  Jo  {[2  sin  (<D/2)]2  +  A2/b2}112  _  it  Jo  [(1  -  t2)(t2  +  A2/4b2)]m 

=  -  F  (w,  =  -  K(W)  (9.13-35) 

TT  \  2  /  TT 


where  =  (1  +  A2/4b2)~1/2  and  Ar(3€)  is  the  “complete”  elliptic  integral  of  the 
first  kind.  With  (9.13-1)  it  is  clear  that  $6=1  and  $6'2  —  1  -  $62  <  1.  In  this 
case  the  elliptic  integral  K(M)  can  be  expanded  in  a  series  with  the  leading  term 

K(X)  =  In  ~  =  In  j  (9.13-36) 


It  follows  that 


Hence 


J_  f2n  d<!>  ^  l  8b 

2tt  Jo  i?(<l>)  tt  A 


•2  kb  rlkb 

n0(x)  dx  +  j  /0(x)  dx 


(9.13-37) 


(9.13-38) 


This  formula,  in  conjunction  with  (9. 13 -30b),  permits  the  evaluation  of  all  K„. 
Thus 


n~  1 


-  K0  +  2 


0 


With  (9.13-30a)  this  formula  becomes 


Kn  =  K0  +  I-  e~j2kb  s'n<p  (  2  ej{2m  +  l)A  d<t> 


TT  JO 


0 


However,  since 


n  —  1 


^  gj(2m  +  1)4>  _ 


0 


ej2n<p  ~  1 

2 j  sin  $ 


and  since  from  (9.13-38)  and  (9.13-34)  after  a  change  of  variable 

_  18  b  If17  e~j2kbsin<p  -  1  ^ 

=  -  In  —  +  —  :  —  d<$> 

tt  A  2tt  Jo  sin  <£> 


it  follows  that 


_  i  ou  i  r  tt 

=  —  Jn  _  _ —I  (g>  ~j2kb  sin  <J>  +j2n® 


TT 


A  2tt  Jo 


(e 


0~: 


d< D 


sin  $ 


(9.13-39) 


(9.13-40) 


(9.13-41) 


(9.13-42) 
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The  integral  may  be  rearranged  in  the  form 


'tt 

0 


—j2kb  sin<J> 


pj2n<t> 

r-,d<t> 

sin  $ 


d 3> 
sin  $ 


(9.13-43) 


If  the  same  procedure  used  in  (9.13-34)  is  applied,  the  first  integral  may  be 
expressed  in  terms  of  Bessel  functions  and  Lommel- Weber  functions.  The  last 
integral  yields  the  harmonic  series.  Thus 


2  y  i 

TT  m  =  Q  '2,171  +  1 


1  r2kb 

2  Jo 


[a2„(x)  +  jj2n(x)]  dx 


(9.13-44) 


This  formula  is  valid  only  when  (9. 13 -29a)  is  satisfied,  that  is,  when  A  <  bln .. 

To  obtain  a  formula  that  is  not  restricted  by  (9.13-29a)  the  following  integral 
is  useful: 


p-jk  Vb2<J>2  +  A2 

P)n<7>  H _ 

[ b 2d>2  +  A2] 1/2 


which  can  be  evaluated  to  give 


~i  H ?’  b1 


=  -  3f0  \A 

TT 


(9.13-45) 


=  (t  +  In  \a 

TT  \  2 


-  k2}  (9.13-46) 


where  HIq{x)  is  the  modified  Bessel  function  of  the  second  kind  and  order  0.  The 
approximate  expression  on  the  right  is  valid,  subject  to  (9.13-29a).  It  is  readily 
verified  that  the  difference  between  Nn  and  Kn  is  independent  of  A ,  at  least  when 
n  is  not  too  large.  It  follows  that  this  difference  can  be  determined  for  all  values 
of  A,  and  specifically  when  A  is  small.  Note  that 
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With  (9.13-47c),  (9.13-44)  becomes 
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•2  kb 
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IT 


2  Jo 


[a2„(x)  +  jJ2n(x)]  dx  (9.13-48a) 


where 


n  —  1 


C„  =  In  An  +  7  —  2  ^ 

m  = 


=  0  2/72  +  1 


(9. 13 -48b) 


It  is  noteworthy  that  both  C„  and  the  integral  on  the  right  in  (9.13-48a)  are  of  the 
order  of  magnitude  of  1  In2,  whereas  %0{nAlb )  approaches  ( Ttb/2nA)e~nAlb  as 
n  —>  oo.  Thus  (9.13-48a)  is  not  valid  when  n  >  b/A  since  %0{nAlb )  decreases  more 
rapidly  than  the  rest  of  the  terms.  Fortunately,  this  does  not  cause  any  difficulties 
in  the  final  formula. 

If  (9.13-38)  and  (9.13-48a)  are  substituted  in  (9.13-28a),  the  final  result 
obtained  for  unrestricted  n  is 
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(9.13-49a) 


K-n  =  Kn  =  - 
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'2kb 
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[a2„(x)  +  jj2n(x)]  dx  (9.13-49b) 


where  I0(na/b )  is  the  modified  Bessel  function  of  the  first  kind.  Note  that  the 
product  %0(na/b)I0(na/b)  approaches  (' nb/2na )  as  n  -»  °o,  so  that  it  remains  the 
dominant  term.  This  means  that  (9. 13 -49b)  is  valid  for  all  values  of  n. 

The  values  of  Kn  in  (9.13-49a,b)  can  be  substituted  in  (9.13-18)  to  evaluate 
an.  That  is, 


kb 

a"  =  y 


{Kn  +  \  +  Kn- 1) 


kbK" 


(9.13-50) 


For  sufficiently  large  values  of  n,  Kn  +  l  +  Kn_x  =  2Kn,  so  that 
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a 


n 


kb  -  - 1  *. 


(9.13-51) 


where  K„  is  given  by  (9.13-49b). 


9. 14  THE  ELECTRICALLY  SMALL  LOOP:  CURRENT 
AND  IMPEDANCE 

In  many  respects  the  electrically  small  loop  is  of  greater  practical  importance  than 
larger  loops,  owing  to  its  applications  in  direction  finding  and  in  probing  to  measure 
and  explore  magnetic  fields.  In  these  uses  its  properties  when  electrically  small 
specifically  make  it  uniquely  useful;  and  regardless  of  the  frequency  involved,  the 
loop  must  be  kept  electrically  small  if  its  utility  is  to  be  preserved. 
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The  general  formulas  for  the  current  and  the  admittance  of  a  circular  loop 
are  readily  specialized  to  the  electrically  small  loop  since  by  definition  this  is  small 
enough  to  make  the  first  terms  in  the  Fourier  series  satisfactory  approximations. 
This  condition  is  denoted  by 

\kb\  <  1  (9.14-1) 

As  \kb\  approaches  zero,  a0  as  given  in  (9.13-18)  also  becomes  vanishingly  small; 
whereas  all  an,  n  >  0,  become  infinite.  It  follows  that  with  \kb\  sufficiently  small 
the  series  (9.13-25)  and  (9.13-26)  reduce  to  the  first  term.  Moreover,  since  with 
n  =  0,  (9.13-18)  gives 

kb 

a0  =  —  (K,  +  *_,)  =  kbK,  (9.14-2) 

it  follows  that 


/<0)  =  ~^dbK1V°’  Z°  =  i'”W>Kl  (9.14-3) 


Thus  an  important  characteristic  of  the  electrically  small  loop  is  the  constancy  of 
the  current  around  the  loop. 

The  quantity  Kx  in  (9.14-3)  is  readily  evaluated  from  (9.13-49b)  subject  to 
(9.14-1)  and  the  previously  assumed  condition  (9.13-1),  namely,  a 2  b2.  With 
the  approximate  formulas 


-  by  +  In 


it  follows  directly  that 
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it  \  a 
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so  that 


-^r  k4b4  +  ;&)|x6Un  — 


2  +  -  k2b 2 


(9.14-4) 

(9.14-5) 


(9.14-6) 


(9.14-7a) 


Alternatively,  with  S  =  i tb2  (the  area  enclosed  by  the  perfectly  conducting  loop), 


■y-  k4S 2  +  /o>|jii> 
6tt 


2  +  -  k2b2 


(9.14-7b) 


If  the  loop  is  not  perfectly  conducting  but  has  an  internal  impedance  per  unit  length 
given  by  z*  =  r'  +  jx\  the  quantity  Z1  =  2n bz*  may  be  added  to  (9.14-7b). 
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If  the  medium  in  which  the  loop  is  immersed  is  air,  £  =  £0  =  120it  ohms, 
k  =  k0  is  real.  It  follows  that  the  leading  real  and  imaginary  terms  are 


Z0  —  Rq  +  K  ~~  20koS2; 


(9.14-8) 


which  is  in  agreement  with  (9.10-11)  and  (9.10-9). 

If  the  medium  is  dissipative  so  that  k  =  (3  -  ja  is  complex,  the  leading  real 
and  imaginary  terms  are 


7  p2(p2  -  3a2) b4  +  %  a$2b3 
6  3 


+  /a>|x6 


(9.14-9) 


where  =  ^(jx^/e^)172.  Unless \a  is  very  small,  the  first  term  in  (9.14-9) — which 
is  the  radiation  term — is  negligible,  and  the  resistance  is  determined  by  ohmic 
dissipation  in  the  medium. 


9.15  CIRCULAR  LOOPS  OF  MODERATE  SIZE,  k0b  <  2.5 


The  evaluation  of  the  distribution  of  current  1(0)  in  a  loop  that  is  unrestricted  in 
size  requires  the  summation  of  the  series  in  (9.13-25),  that  is, 
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+  22 

n=  1 


cos  n% 


(9.15-1) 


where  an  is  given  by  (9.13-50)  or  (9.13-51)  in  terms  of  Kn.  An  approximate  formula 
for  Kn  in  (9.13-49b)  is 

1  (khVn+1 

Kn~-  (In  n0  -  In  n)  -  j  ^  +  2)  (9.15-2) 

where 


n 


o 


2b 

—  e~y 

a 


or 


(9.15-3) 


This  is  a  good  approximation  for  kb  ^  2.5  and  n  ^  5.  Thus 
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(9.15-4) 


When  \kb\  <  2.5,  the  first  five  terms  of  (9.15-1)  provide  the  principal  contribution: 
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Qn 


+  ¥(0) 
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where 
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An  approximate  expression  for  /(0)  is 
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(9.15-6) 


(9.15-7) 


(9.15-8a) 


(9. 15 -8b) 


A  suitable  parameter  for  expressing  the  circumference  to  radius  ratio  of  the 
antenna  is 


Note  that 


n 

-  -  3.226 
2 


(9.15-9) 


(9.15-10) 


Graphs  of  A(0)  and  /2(0)  are  in  Fig.  9.15-1  and  of  the  coefficients  l/an  with 
n  =  0,1,  2,  3,  4  in  Fig.  9.15-2  for  real  values  of  k  =  p  and  a  range  of  values  of 
O.  The  distributions  of  current  for  (36  in  the  range  0  to  2.5  are  shown  in  Fig. 
9.15-3,  where  the  magnitudes  and  phases  referred  to  7(0)  are  shown,  f l  = 
2  In  (2tt6/«)  =  10  for  which  2tt6/«  =  150. 

The  admittance  is  Y  =  G  +  jB  =  1(0) /Vq.  In  the  general  case  of  dissipative 
media,  the  normalized  admittance  is  given  by 


Y  =  -/(l  -  ya/p)  /J_  +  2y  1 
A  it£o  \a0  i  un 


(9.15-11) 


where  an  is  given  by  (9.13-50),  K0  by  (9.13-49a),  and  Kn  by  (9.13-49b).  The 
propagation  constant  k  in  an  is  complex  and  is  given  by 


k  =  (3  —  ja  =  a)  i  (x 
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j  =  wVpi  [ f(p )  -  jg(p)\  (9.15-12) 
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d  (deg) 

Figure  9.15-1  Functions  7,(0)  and  /2(ct>). 


where  p  =  o/we  is  the  loss  tangent  and  f(p )  and  g(p )  are  the  functions  defined 
(Chapter  2)  by 

f{p)  ±  jg(P )  =  VI  ±  jp  (9.15-13) 

with 


f(p)  =  cosh  sinh  1  pj',  g(p)  =  sinh  {X  sinh  1  p j  (9.15-14) 


f(p)  and  g(p)  are  tabulated  in  Appendix  II.  The  normalizing  factor  A  in  (9.15- 
11)  is  defined  by 


A  =  —f(p)  -  P£0/<*>M' 

A/  M,'r 


(9.15-15) 
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Figure  9.15-2a  Real  parts  of  the  functions  1  /a,„  1/a,,  and  l/«2. 


where  er  =  e/e0  and  |xr  =  (x/|x0  are  the  relative  permittivity  and  permeability  of 
the  medium  in  which  the  loop  is  immersed.  For  air,  A  =  1. 

The  formula  (9.15-1)  is  approximated  by  a  sum  over  a  finite  number  of 
terms.  A  Fourier  series  solution  with  20  terms  is  satisfactory  for  determining  the 
admittance  of  wire  loops  which  are  made  of  wire  that  is  not  too  thick  (O  >  10) 
and  which  are  not  too  large  ((36  ^  2.5)  when  in  air  or  in  an  arbitrary  dissipative 
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Figure  9.15-2b  Imaginary  parts  of  the  functions  1  /a0,  !/«,,  1  la2. 


medium.  The  approximation  is  excellent  for  the  conductance,  and  somewhat  less 
accurate  for  the  susceptance.  Graphs  of  the  normalized  admittance  Y/ A  =  G/ A  + 
)Bl A  are  shown  in  Fig.  9.15-4.  Note  that  the  admittance  is  insensitive  to  the  size 
of  the  loop  when  a/p  approaches  unity.  This  is  true  particularly  of  loops  near 
antiresonance  that  have  a  high  driving-point  admittance. 


9. 16  THE  ELECTROMAGNETIC  FIELD  OF  CIRCULAR  LOOP 
ANTENNAS 


The  electromagnetic  field  of  a  circular  loop  antenna  with  the  distribution  of  current 
given  by  (9.15-1)  or,  in  alternative  form,  by 
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e 


jn<P 
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(9.16-1) 
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Figure  9.15-2c  Real  and  imaginary  parts  of  the  functions  l/a3  and  l/a4. 


may  be  determined  from  the  vector  potential  at  an  arbitrary  point.  Consider  the 
loop  shown  in  Fig.  9.16-1,  which  lies  in  the  xy  plane  with  its  center  at  the  origin 
of  the  rectangular  coordinates  x,  y,  z  and  the  spherical  coordinates  R0,  0,  and  O 
as  shown.  The  current  in  the  element  b  dO'  at  O'  around  the  loop  is  /(O')  as  given 
in  (9.16-1).  The  element  of  vector  potential  dA  at  the  point  x,  y,  z  or  R0,  0,  O 
(Fig.  9.16-1)  due  to  this  increment  of  current  has  the  components 

—  ii  p  ~jkR 

dAx  =  — ^  /(O')  — —  sin  O'  b  dO'  (9.16-2) 

4  7T  R 

ii  p-jkR 

dAv  =  -p-  /(O')  — —  cos  O'  b  dO' 
y  47 t  R 


(9.16-3) 


Normalized  admittance,  Yf  A  (mS) 
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Figure  9.15-4  Normalized  admittance  of  circular  loop  antenna  in  a  dissipative  medium; 
Wu’s  theory  ft  =  10. 


igure  9.16-1  Vector  potential  due  to  elemen 
int;  (b)  at  point  in  plane  of  loop. 
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where 

R  =  Vz2  +  s2  =  V ( R0  cos  0)2  +  s2  (9.16-4a) 

and  by  the  law  of  cosines 

s2  =  ( R0  sin  0)2  +  b2  -  2bR0  sin  0  cos  (O  -  O')  (9.16-4b) 

It  follows  that  at  sufficient  distance  from  the  center  of  the  loop  such  that 

b2  R20  (9.16-5) 

R  =  R0  -  b  sin  0  cos  (O  -  O')  (9.16-6) 

The  components  of  the  vector  potential  (due  to  all  currents  in  the  loop)  at  points 
that  satisfy  (9.16-5)  are  given  by 


—  b  UL  £  jkRo 

Arx  =  —jj—  Jo  /(O')e'*bsin0cos(<1>-<1>')  sin  O'  dO'  (9.16-7a) 
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A f,  =  —  — —  I  /(O')e^fesinecos(*-*')  cos  O'  dO'  (9.16-7b) 


4-77  R0  Jo 


The  spherical  components  of  the  vector  potential  are  given  by 

Are  =  ( Arx  cos  O  +  Ary  sin  O)  cos  0 
A#  =  {—Arx  sin  O  +  Ary  cos  O) 

These  are  illustrated  in  Fig.  9.16-2.  It  may  be  shown  that 
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y 


Figure  9.16-2  Spherical  components 
Are„  and  Ar^n  of  the  far-zone  vector  po¬ 
tential  Arn  =  xArxn  +  yAryn. 


The  electromagnetic  field  is  given  by 

Er  =  -M&4'e  +  4>A$>)  (9.16-10a) 

B''  =  —jk(4>Are  -  &4&)  (9.16-10b) 

where  Are  and  Ar<$>  are  in  (9.16-9a,b).  For  loops  of  moderate  size,  \kb\  2.5,  the 
principal  contributions  to  the  current  are  from  the  first  three  terms  in  the  series. 
For  obtaining  far-field  patterns,  the  contributions  from  higher-order  terms  are 
usually  negligible.  The  electric-field  patterns  for  the  individual  modes  with  n  =  0, 
1,  and  2  are  readily  obtained.  Note  that 
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(9.16— 11a) 
(9.16-llb) 


^*0 


a0 


Jx{kb  sin  0) 


r 

00 


2'rr<2a> 

a0 


Jx{kb  sin  0) 


(9.16-12) 

(9.16-13a) 


(9.16-13b) 
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(9. 16- 16b) 
(9. 16- 17a) 
(9. 16- 17b) 

(9. 16- 17c) 


Each  of  these  three  modes  contributes  the  principal  part  of  the  field  in  particular 
ranges  of  the  radius  b  of  the  loop.  When  the  loop  is  electrically  small  so  that  \kb\ 
<  1,  the  largest  mode  current  is  I0  ~  l/a0.  Therefore,  the  electromagnetic  field 
consists  primarily  of  Eq  and  B6  with  small  contributions  from  the  higher  modes. 
When  \kb\  ~  1,  the  largest  mode  current  is  Ix  ~  1  !ax  and  the  electromagnetic  field 
is  given  by  E[  and  with  relatively  small  contributions  from  the  other  modes. 
When  \kb\  ~  2,  /2  ~  l/a2  is  larger  than  other  modes,  so  E2  and  B2  dominate  the 
field. 

The  distribution  of  a  resonant  component  of  current  constitutes  a  standing 
wave  around  the  loop  which  in  the  case  of  /i(9>)  has  maxima  at  <I>  =  0  and  tt  and 
minima  at  T>  =  ±  tt/2,  where  the  concentration  of  charge  is  the  greatest.  The  charge 
per  unit  length  has  a  positive  maximum  of  =  tt/2  and  it  has  a  minimum  at  T>  = 

—  Tr/2. 
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The  electromagnetic  field  maintained  by  the  resonant  current  Ii(&)  is  given 
by  (9.16-15a-c)  with  kb  =  1.  Thus 
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The  field  patterns  in  principal  planes  are  readily  obtained.  Thus 
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£4,(0,O)  =  O; 


J7r 

^01 


e, 


IT 


£i,(e.o)  =  - 

/4'rr(2a)  ^(sin  0) 


;4'Tr<2a) 


a 


/o(sin0)  - 


^(sin©) 

sin0 


a 


sin  0 


cos  0; 


FL 


e.fl=o 


The  maximum  field  is  in  the  directions  0  =  0  and  tt.  It  is 


a 


a 


(9.16-21) 


(9.16-22) 


E'qA 0,  <F)  =  ;27rQ(°  sin  <F;  £4,(0,  <F)  =  cos  $  (9.16-23) 


The  field  El(0,  9>)  in  the  principal  planes  due  to  the  dipole-mode  current  /i(9>)  is 
shown  in  Fig.  9.16-3. 


9.17  THE  SMALL  LOOP:  ELECTROMAGNETIC  FIELD 

The  electrically  small  loop  with  \kb\  <  1  has  numerous  practical  applications.  When 
\kb\  <  1,  the  electromagnetic  field  given  in  (9. 16- 13a, b)  and  (9. 16- 15a, b)  may  be 
simplified  since  the  leading  term  in  the  expansion  of  the  Bessel  functions  in  powers 
of  \kb\  is  adequate.  Thus,  with  £x(x)  =  x/2,  J[(x)  =  J0(x)  -  Jx(x)lx  =  1/2, 

E6  =  kb  sin  0  (9.17-la) 

ao 


E;  =  +  <1 »Ei, 


(9.17-lb) 
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y 


(a) 


(b)  (c) 


Figure  9.16-3  Dipole-mode  field  £/(0,<t>)  of  a  circular  loop  antenna  in  air  with 
kb  —  $b  =  1 .  The  location  of  the  loop  and  the  direction  of  the  dipole-mode 
currents  I i(<t>)  are  indicated,  (a)  Horizontal  pattern  of  Em{ixl2,  <t>);  £0,(r t/2,  0) 
=  0;  (b)  vertical  pattern  of  £*,(0,  0);  (c)  vertical  pattern  of  £ei  (0,  tt/2). 


where 


^  .  —/2'TrQa)  ^  ^ 

Ere l  =  - cos  0  sin  <P; 

Cl-y 


_  —jlitQid 

E^  =  - cos  €> 

ax 


(9.17-lc) 


The  resultant  field  of  the  smaller  circular  loop  with  \kb\  <  1  is 

Id?  A  A  A 

Er  =  irQo)  —  [4>  sin  0  -  ;TO1(0  cos  0  sin  cos  T>)] 

a0 


(9.17-2a) 


kU  A  A  A 

W  =  -TtQk  —  sin  0  +  ;T01(4>  cos  0  sin  ^  cos  T>)]  (9.17-2b) 

a0 


Sec.  9.17  The  Small  Loop:  Electromagnetic  Field 


389 


where  the  relative  amplitudes  of  the  two  modes  are  given  by  the  coefficient 

r„,  =  g;;  \kb\  <  1  (9.17-3) 

It  is  readily  shown  with  (9.13-18)  that  when  \kb\  — >  0,  aja 1  — >  -  (kb)2  so  that  T01 
— >  -2 kb.  A  curve  of  the  ratio  T01  for  k  =  3,  a  =  0  is  shown  in  Fig.  9.17-1. 
Clearly,  the  dipole  mode  with  n  =  1  contributes  significantly  to  the  far  field  unless 
\kb\  is  extremely  small. 

The  currents  that  maintain  the  field  (9.17-2a,b)  are  given  by 


w  +  w 


1  2  cos 

a0  di 


(9.17-4) 


where  the  first  term  is  the  circulating  mode  (n  =  0)  and  the  second  term  is  the 
dipole  mode  (n  =  1).  The  ratio  2ajax  of  the  amplitude  of  the  current  in  the  dipole 
mode  to  that  in  the  circulating  mode  is  also  shown  graphically  in  Fig.  9.17-1.  The 
current  in  the  loop  when  =  0.4  is  shown  in  a  solid  line  in  Fig.  9.17-2  for  the 
entire  loop.  In  the  same  figure  are  shown  the  circulating  part  of  the  current  /0(^), 


0  0.1  0.2  0.3  0.4  0.5 


Figure  9.17-1  Ratio  of  the  amplitude 
of  the  far  field  of  a  circular  loop  main¬ 
tained  by  currents  in  the  dipole  (n  =  1) 
mode  to  that  maintained  by  currents  in 
the  circulating  mode  ( n  =  0). 
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Figure  9.17-2  Current  distribution  on  small  loop,  $b  =  0.4  and 
ft  =  2  In  (2tt bid)  =  10. 


and  the  algebraic  sum  of  I0  and  the  dipole-mode  current  1^).  Only  the  susceptive 
part  of  the  current  is  shown  in  Fig.  9.17-2  since  the  conductive  part  is  quite  small. 
The  electric  field  Er(0,  9>)  in  the  plane  0  =  tt/2  is  a  circle  given  by 


E'(0,<F)  =  <t>F4 


(9.17-5) 


as  shown  in  Fig.  9.17-3a.  In  the  plane  =  0,  tt, 


E'(0,  0)  =  4>F4(0,  0); 


E%{Q,  0)  =  F4O(0,  0)  =  ^<2(0  —  sin  0 

a0 

Eq(S,  0)  =  0 


(9.17-6) 


This  is  the  figure-eight  pattern  shown  in  Fig.  9.17-3b.  In  the  plane  9>  =  ±tt/2, 


Ei0, 


7T 


=  OEi 


TT 


TT 


0,  -  +  QEre\  0,  - 


sin  0 


=  E'0t |  9, 


TT 


kb 

ao 


r01  cos  0 


(9.17-7a) 

(9.17-7b) 


(9.17-7c) 


These  fields  are  shown  in  Fig.  9.17-3c  for  kb  =  0.5  for  which  T01  =  0.65.  The 
contribution  to  the  field  by  the  dipole  mode  ( n  =  1)  is  the  figure-eight  pattern 
with  maxima  in  the  broadside  direction  ±z  of  the  loop.  As  the  radius  of  the  loop 
is  decreased,  the  size  of  this  figure  eight  decreases  relative  to  the  sizes  of  all  the 
other  patterns  shown  which  are  maintained  by  the  circulating  ( n  =  0)  mode. 
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y 


(0, 0)  =  o 
$  =  0,  * 


(b) 


Figure  9.17-3  Field  patterns  £(0,<l>)  in  principal  planes  of  circular  loop  kb  =  0.5  and 
r01  =  0.65. 


The  admittances  of  the  small  loop  are  given  by 


where 


Y  =  T0  +  Yx  = 


(9.17-8) 


(9.17-9) 

(9.17-10) 


The  impedances  associated  with  the  circulating  currents  /0($)  and  the  dipole-mode 
currents  /j(O)  are  in  parallel,  so  that  the  resultant  impedance  given  by  the  current 
« 0)  +  /i(0)  is 


Z0Zi 


Zq  +  Zl 


(9.17-11) 


It  is  desired  to  determine  the  significance  of  Zl  on  Z  for  loops  with  \kb\  <  1. 
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The  formula  for  Z0  is  in  (9.14-7a);  the  formula  for  Zx  may  be  derived  in  a 
similar  manner.  They  are  obtained  with 


a0  =  kbKt  = 


kbD  k*bA 


TT 


7 


a  -  kb(K  +K\  -  ° 

“ 1  “  2  (*2  +  *o)  kb~  *  kb 


7 


k2b 2 


(9. 17- 12a) 


(9. 17- 12b) 


where 


D  =  ln—  -2  +  ^  k2b 2 
a  3 


(9. 17- 12c) 


Hence 


Z0  =  kAbA  +  ju\jubD 


(9.17-13a) 


Z  =  —  fc2fr2  -  /  ^ 

1  6  2ooeh 

When  the  loop  is  in  air,  k  =  k0  and  £  =  £0  so  that 


(9.17-13b) 


Z0  —  7?0  T  Zx  — 


7 


wQ 


where 


Ro  =  ^  Kb4; 


R  i  =  ^T2  *2oi>2 


(9.17-14a) 


(9. 17- 14b) 


L0  =  I  In  —  -  2^;  Q  =  2e0b  / ( In  ^ 


-  2 


a 


a 


(9. 17- 14c) 


The  radiation  resistance  7?!  of  the  dipole  mode  ( n  =  1)  is  two  orders  of  magnitude 
greater  than  R0,  the  radiation  resistance  of  the  circulating  mode  ( n  =  0).  When 
k0b  is  small,  Rx  is  in  series  with  the  high  capacitive  reactance  Xx,  whereas  R0  is  in 
series  with  the  low  inductive  reactance  It  follows  that  I0  greatly  exceeds  when 
k0b  is  sufficiently  small  and  Z1  has  little  effect  on  the  radiation  field. 


PROBLEMS 

1.  Calculate  the  impedance  of  a  rectangular  loop  of  sides  1  m  by  2  m  made  of  copper  wire 
of  diameter  3  mm  and  driven  at  a  frequency  of  5  MHz.  If  the  current  in  the  loop  is  5  A, 
what  is  the  radiated  power?  Repeat  if  the  same  wire  forms  a  circle  instead  of  a  rectangle. 

2.  Calculate  the  impedance  of  a  circular  loop  of  wire  20  cm  in  diameter  in  the  presence  of 
a  completely  closed  identical  loop.  The  distance  between  their  centers  is  10  cm.  The  first 
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loop  is  driven  by  a  slice  generator  at  50  MHz.  Both  loops  are  made  of  copper  wire  of 
radius  1  mm.  What  power  is  radiated  if  a  current  of  1  A  is  in  the  driven  loop? 

3.  A  square  loop  is  constructed  of  a  single  turn  of  heavy  copper  wire  (radius  1  mm;  ct  = 
5.8  x  107  S/m).  The  square  has  sides  1  m  long.  It  is  driven  at  the  center  of  one  side  by 
a  generator  operated  at  10  MHz,  maintaining  a  potential  difference  of  1  kV  rms. 

At  a  distance  of  100  km  from  the  driven  loop  is  an  identical  receiving  loop  but 
with  a  load  of  1  H  connected  at  the  center  of  one  side.  The  two  loops  are  in  the  same 
plane  with  parallel  pairs  of  sides. 

(a)  Determine  the  impedance  seen  by  the  generator  in  the  driven  loop  and  the  current 
in  the  loop. 

(b)  What  power  and  what  fraction  of  the  total  power  are  radiated? 

(c)  Determine  the  magnitude  of  the  current  in  and  potential  difference  across  the  load 
in  the  receiving  loop. 

4.  (a)  Repeat  Problem  3  if  the  center  of  each  loop  is  2.5  m  above  a  perfectly  conducting 

half-space  and  the  planes  of  the  loop  are  perpendicular  to  the  conducting  surface, 
(b)  Repeat  Problem  3  if  the  planes  of  the  loops  are  parallel  to  the  conducting  plane. 

5.  Calculate  the  inductance  of  a  helical  coil  of  six  turns  with  pitch  equal  to  one-half  the 
radius  of  the  coil  which  is  5  cm.  The  radius  of  the  wire  is  0.05  cm. 

6.  Investigate  the  impedance  of  an  equilateral  triangle  of  wire  driven  at  one  apex  if  the 
conditions  for  the  quasi-near  zone  apply. 

7.  Most  commercial  television  receivers  have  a  loop  antenna  for  UHF  reception  mounted 
on  the  back  of  the  set.  Such  an  antenna  is  shown  in  Fig.  P9-7.  The  operating  frequencies 
(voice  and  picture  signals)  for  two  UHF  stations  are: 

Channel  38:  614-620  MHz 

Channel  56:  722-728  MHz 

(a)  Using  the  center  frequencies  of  617  and  725  MHz,  calculate  the  electrical  size  of  the 
above  loop  ( k0b )  for  each  channel.  Also  calculate  H  =  2  In  (lirb/a)  for  the  antenna. 

(b)  Using  graphs  in  the  literature  (e.g.,  Fig.  9.3.7,  King  and  Harrison,  Antennas  and 
Waves)  obtain  the  input  impedance  of  the  antenna  at  the  two  center  frequencies. 
Use  the  graph  for  CL  closest  to  your  calculated  value. 


7|in. 


* 


No.  12  wire  —  diameter  0.081  in. 


300-£2  twin-lead 
transmission  line 


Figure  P9-7 


394 


Electromagnetic  Field  Formulation  of  Electric  Circuit  Theory  Chap.  9 


(c)  If  the  current  distribution  on  the  loop  is  assumed  to  be  constant,  what  is  the  radiation 
resistance  of  the  loop  at  the  two  frequencies?  Is  this  assumption  valid? 

(d)  Calculate  the  characteristic  impedance  of  the  intermediate  section  of  transmission 
line. 

(e)  Assuming  that  the  designer  of  this  loop  antenna  tried  to  match  the  real  part  of  the 
loop  impedance  to  the  characteristic  impedance  of  the  transmission  lines,  do  you 
think  he  used  resistance  obtained  from  the  constant-current  analysis  for  the  loop  or 
the  correct  value  obtained  in  (b)? 


k 


Transmission -Line 

Theory 


Transmission  lines  are  among  the  most  interesting  and  useful  electric  circuits.  Their 
primary  application  is  to  serve  as  the  connecting  link  between  various  more  or  less 
distant  electrical  components,  such  as  a  generator  and  a  transmitting  antenna,  an 
antenna  and  a  radio  or  television  receiver,  or  the  wiring  in  a  house  or  factory  and 
the  distant  alternator.  A  different  application  is  to  electrical  measurements.  At 
high  frequencies  suitably  designed  transmission  lines  can  be  used  as  high-precision 
tools  for  measuring  wavelength,  conductivity,  permittivity,  inductance,  and  capac¬ 
itance  . 

To  understand  the  operation  of  transmission  lines,  it  is  necessary  to  determine 
the  distributions  of  current  and  potential  difference  and  the  transfer  of  energy  along 
them  with  various  terminating  impedances.  This  is  accomplished  by  deriving  and 
then  solving  the  basic  differential  equations.  The  equations  for  the  current  and 
voltage  along  a  transmission  line  can  be  obtained  with  the  help  of  electric  circuit 
theory  or  directly  from  general  electromagnetic  theory.  The  electric-circuit  theory 
method  is  approximate  to  the  extent  that  it  ignores  radiation.  The  transmission 
line  is  divided  into  small  elements  each  of  which  is  represented  by  an  equivalent 
circuit  with  lumped  constants  and  this  is  then  analyzed  using  Kirchhoffs  laws. 
Formulas  for  the  lumped  constants — capacitance,  conductance,  resistance,  in¬ 
ductance — must  be  determined  separately.  The  electromagnetic-theory  method 
proceeds  from  the  fundamental  principles  and  equations  for  the  electromagnetic 
field.  It  is,  therefore,  completely  general.  It  yields  not  only  the  underlying  differ- 
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ential  equations  for  the  voltage  and  current  but  also  the  formulas  for  the  line 
constants  and  the  conditions  that  determine  their  validity. 

10.1  THE  DERIVATION  OF  THE  DIFFERENTIAL  EQUATIONS 
OF  THE  TRANSMISSION  LINE  USING  CIRCUIT  THEORY 

The  short  section  of  two-wire  line  to  be  analyzed  is  shown  in  Fig.  10.1 -la.  The 
two  conductors  are  identical,  circular  in  cross  section  each  with  radius  a.  The 
distance  between  centers  is  b.  A  short  section  of  coaxial  line  is  shown  in  Fig.  10.1- 
lb.  The  inner  conductor  has  a  radius  a1.  The  concentric  outer  conductor  has  an 
inner  radius  a2  and  an  outer  radius  a3.  In  carrying  out  the  analysis  each  section  of 
length  A z  is  treated  as  equivalent  to  the  circuit  shown  in  Fig.  10.1-2  with  fixed 
values  of  r,  l,  c,  and  g  per  unit  length.  The  replacement  of  each  length  Az  of  a 
transmission  line  by  the  circuit  of  Fig.  10.1-2  implies  that  all  such  lengths  are 


A  [  Bx 


B  2 


A2 


(b) 


Figure  10.1-1  Sections  of  infinite 
transmission  line:  (a)  two-wire  line; 
(b)  coaxial  line. 
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\r\Az  \hAz  p  \l\Az  \r\Az 


Figure  10.1-2  Equivalent  circuit  of  a  section  of  an  infinite  transmission  line. 


exactly  alike.  This  condition  is  true  only  for  an  infinitely  long  line.  Near  the  ends 
of  a  line  of  finite  length  the  line  parameters  r,  l,  c,  and  g  differ  from  their  values 
far  from  the  ends.  Furthermore,  the  load  is  usually  coupled  to  the  conductors  of 
the  line  in  a  short  region  near  their  common  junctions.  If  the  inductance  and 
capacitance,  as  well  as  resistance  and  leakage  conductance  per  unit  length,  are 
treated  as  constants  independent  of  the  location  of  the  element  A z  along  the  line 
and  if  the  distributed  coupling  between  line  and  load  is  ignored,  the  error  introduced 
becomes  a  part  of  the  load  impedance.  It  can  always  be  reduced  and  often  made 
negligible  by  making  the  separation  of  the  conductors  of  the  line  sufficiently  small 
compared  with  both  the  length  of  the  line  and  the  wavelength.  The  equivalence 
between  the  circuits  of  Figs.  10.1-1  and  10.1-2  is  generally  true  subject  to  the 
following  restrictions: 

b  <  X  for  a  two-wire  line 


a2  <  X  for  a  coaxial  line 

The  circuit  of  Fig.  10.1-2  may  be  analyzed  as  follows:  Since  Az  is  small,  the 
currents  and  the  potential  difference  at  the  point  z  +  Az  may  be  expressed  in 
terms  of  the  currents  and  potential  difference  at  the  point  z  using  Maclaurin’s 
expansion: 


Z  +  Az 


“  h  + 


a  -  *  a  ¥  * 


(10.1-1) 


V 


z  +  Az 


=  vz  + 


f  1  -  *  m  ¥  * 


(10.1-2) 


The  application  of  Kirchhoff’s  voltage  law  around  the  rectangle  formed  by  the 
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input  and  output  terminals  of  the  section  results  in  the  following  equation: 


5  (hz  +  hz+Az)  (ri  +  Mi)  Az  +  Vz+Az 

—  5  ( I2z  +  hz  +  Az)  ir2  +  M2)  Az  —  =  0 


(10.1-3) 


With  (10.1-1)  and  (10.1-2)  this  gives 


1 

2 


2  hz  + 


dh 

dz 


A  z  + 


(ri  +  /w/i)  Az 


1 

2 


24,  + 


dz 


Az  + 


(r2  +  M2)  Az 


+ 


dV 

dz 


Az  + 


0 


(10.1-4a) 


A  rearrangement  of  terms  and  division  by  Az,  which  is  then  allowed  to  approach 
zero,  reduces  (10.1 -4a)  to 


hz(r  1  +  Mi)  -  hz  (r2  +  M2)  + 


dV 

dz 


=  0 


(10.1-4b) 


For  a  balanced  two-wire  line  that  is  arranged  symmetrically,  the  following  relation 
is  satisfied: 


l2z  =  -Iu  =  -Iz  (10.1-5) 

For  a  coaxial  transmission  line,  (10.1-5)  is  satisfied  for  the  currents  on  the  inner 
conductor  and  on  the  inner  surface  of  the  outer  conductor. 

The  following  notation  is  convenient  for  a  balanced  two-wire  line  or  a  coaxial 

line: 

r  =  r1  +  r2\  l  =  lx  +  l2\  z  =  r  +  ;W  (10.1-6) 

r,  l,  and  z  are  the  total  resistance,  inductance,  and  impedance  per  unit  length.  Note 
that  boldface  z  is  used  here  to  distinguish  it  from  the  coordinate  z.  For  the  two- 
wire  line,  with  identical  conductors,  rx  =  r2  and  /x  =  l2. 

The  substitution  of  (10.1-5)  and  (10.1-6)  in  (10.1 -4b)  gives 


Kirchhoff’ s  current  law  is  next  applied  at  the  point  P  noting  that  the  voltage 
across  PP'  is  i(Vz  +  Vz+Az ).  Thus 

Iu  =  Iu* u  +  i  (V;  +  +  (g  +  jmc)  Az  (10.1-8) 

The  use  of  (10.1-1)  and  (10.1-2)  and  the  division  by  Az  of  the  resulting  expression 
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yields  the  following  equation  in  the  limit  as  A z  approaches  zero: 


(10.1-9) 


In  (10.1-9)  y  is  the  total  shunt  admittance  per  unit  length: 


y  =  g  +  ;<*>c  (lo.i-io) 

The  first-order  differential  equations  (10.1-7)  and  (10.1-9)  are  the  transmission¬ 
line  equations.  The  following  second-order  differential  equations  are  readily  de¬ 
rived  from  (10.1-7)  and  (10.1-9): 


d2V\ 
dz2  )  z 


(10.1-11) 

(10.1-12) 


The  complex  propagation  constant  y  and  complex  wave  number  k  are  defined  as 
follows: 

y 2  =  yz  =  (g  +  /coc)  ( r  +  /<*>/)  =  -k2  (10.1-13) 

They  can  be  expressed  in  terms  of  their  real  and  imaginary  parts.  Thus  y  =  a 
+  ;|3,  =  (3  —  /a.  The  law  of  conservation  of  electric  charge  is  expressed  by  the 

equation  of  continuity.  In  complex  form  it  is 


dz 


+  jwqz  -  0 


(10.1-14) 


where  qz  is  the  charge  per  unit  length  on  one  conductor.  With  (10.1-9)  it  follows 
that 


(10.1-15) 


10.2  POTENTIAL  FUNCTIONS  AS  THE  FOUNDATION 
OF  TRANSMISSION-LINE  THEORY 


It  was  shown  in  Sec.  3.7  that  the  scalar  and  vector  potential  functions  cf>  and  A 
satisfy  the  following  equations  in  simple  nredia: 

V2(f>  +  A:2cf)  =  0 

V2A  +  A:2A  =  0 


(10.2-la) 

(10.2-lb) 
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The  solutions  of  (10.2- la, b)  give  the  scalar  and  vector  potentials  at  all  points  in 
a  homogeneous  isotropic  medium  due  to  distributions  of  charge  and  current  in 
arbitrary  configurations  of  conductors.  These  are  the  Helmholtz  integrals  [(3.8— 
19)  and  (3.8-20)]: 


(10.2-2) 


(10.2-3) 


in'  is  the  charge  density  on  the  surface  element  da'  of  the  conductor,  J'  is  the 
volume  density  of  current  in  the  interior  volume  element  di'  at  Q'(x' ,  y' ,  z').  The 
potentials  due  to  these  charge  and  current  distributions  are  calculated  at  a  point 
Q{x,  y,  z )  outside  the  conductors  in  the  medium  in  which  they  are  embedded.  The 
distance  between  the  source  point  Q'  (x1 ,  y' ,  z')  locating  the  element  of  charge 
r\'  dv'  or  current  J'  di'  on  or  in  the  conductor  and  the  field  point  Q{x,  y,  z)  where 
the  potential  is  calculated  as 

R  =  [(x  -  x'f  +  (y  -  y'f  +  (z  -  z')2]m  (10.2-4) 

The  integration  in  (10.2-2)  is  carried  out  over  all  charged  surfaces;  that  in  (10.2- 
3)  over  the  interior  of  all  current-carrying  conductors.  It  was  shown  in  Chapter  3 
that  the  Helmholtz  integrals  were  derived  by  taking  full  account  of  all  the  boundary 
conditions.  If  the  current  density  is  expressed  in  Cartesian  coordinates, 


J  =  xJx  +  y Jy  +  z  Jz 

The  vector  potential  has  three  components,  given  by 

A  =  xAx  +  y Ay  +  z  Az 


with 


A, 

Ay 

Az 


(10.2-5) 

(10.2-6) 


(10.2-7a) 

(10.2-7b) 


(10.2-7c) 


If  all  the  conductors  are  of  sufficiently  small  cross  section,  as,  for  example,  a 
conductor  of  circular  cross  section  with  radius  a  satisfying  the  condition 

\ka\  <  1  (10.2-8) 

the  total  axial  current  and  the  total  charge  per  unit  length  can  be  defined  in  each 
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conductor.  The  potentials  calculated  from  currents  and  charges  in  a  cylindrical 
conductor  of  small  cross  section  along  the  z  direction  are  given  in  the  cylindrical 
coordinates  p,  0,  z  by 


2tt 


i n'adQ' 
o 


(10.2-9a) 


J'z  p'  dp'  dW 


(10.2-9b) 


Since  the  conductors  are  assumed  to  be  electrically  thin,  /0  and  /p  are  negligible 
and  the  components  Ae  and  Ap  (or  Ax  and  Ay)  are  not  required. 

It  has  been  shown  that  with  (10.2- la,  b)  the  scalar  and  vector  potentials  are 
related  by  the  Lorentz  condition 

V  •  A  +  ;  - 4>  =  0 

to 

so  that  with  A  =  z Az, 

HA  k2 

^  =  0  (10.2-10) 
dz  to 


10.3  THE  DERIVATION  OF  THE  TRANSMISSION-LINE 

EQUATIONS  USING  ELECTROMAGNETIC  FIELD  THEORY 

In  Sec.  10.1  the  transmission-line  equations  derived  by  network  theory  apply  strictly 
only  to  an  infinitely  long  line  in  which  every  section  is  like  every  other.  It  is  therefore 
appropriate  initially  to  apply  the  methods  of  electromagnetic  theory  to  derive  the 
transmission-line  equations  for  balanced  infinitely  long  two-wire  lines. 

Figure  10.3-1  shows  a  uniform  two-wire  line  extending  along  the  z  axis  of  a 
rectangular  coordinate  system.  The  two  wires  lie  in  the  yz  plane  with  the  center 
of  wire  1  at  y  =  b/2  and  the  center  of  wire  2  at  y  =  —  b/2.  The  radius  of  each 
wire  is  a  and  it  satisfies  the  inequality 

\ka\  <  1  ,  (10.3-1) 

For  the  present  it  is  assumed  that  the  inequality 

b2  >  a2  (10.3-2) 

is  also  satisfied  so  that  distributions  of  current  and  charge  in  each  conductor  may 
be  assumed  to  be  approximately  rotationally  symmetrical.  Let  the  section  of  line 
to  the  right  of  the  plane  z  =  sorw  =  s-  z  =  0be  designated  the  load.  The 
distance  along  the  axis  of  each  conductor  to  the  left  of  this  plane  to  the  axial 
elements  dw'  at  points  Q[  and  Q'2  is  w' .  The  total  axial  current  at  the  point  Q[  in 
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u—  -  Load  plane 


Figure  10,3-1  Section  of  infinite  two-wire  line. 


conductor  1  is  hz  (w')  and  the  charge  per  unit  length  is  qx(w').  The  conditions  for 
a  balanced  line  are  assumed  to  be  satisfied: 

4*0)  =  -lXz  O)  =  ~lz  (w);  q2(w)  =  ~qx{w)  =  -q(w)  (10.3-3) 

On  the  surface  of  the  conductors 

A2z(w)  =  -Au  (w);  ())2(w)  =  -4>i(w)  (10.3-4) 

The  current  and  charge  per  unit  length  satisfy  the  one-dimensional  equation 
of  continuity 

-  /o>g(w)  =  0  (10.3-5a) 


The  corresponding  equation  for  the  potentials  with  d/dw 
(10.2-10).  It  is 


dAz{w) 

dw 


—<\>(w)  =  0 

O) 


The  general  relation 

E  +  /o)A  =  —  Vcf> 

becomes 


-  d/dz  is  given  by 


(10.3-5b) 


(10.3-6a) 


5cj> 

dw 


5<1>  _  .  . 

T~  ~  Ez  +  jmAz 
dz 


(10.3-6b) 
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for  the  z  component.  The  following  equations  are  obtained  by  differentiation  and 
substitution: 


d2(f> 
dw 2 


+  k2  4>  = 


dEz 

dw 


(10.3-7a) 


d2 Az 

—  +  k2Az 
dw2 


k\ 

J—Ez 

0) 


(10.3-7b) 


If  the  conductors  are  perfect  Ez  =  0  on  their  surfaces  and  4>  and  Az  satisfy 
the  homogeneous  equations 


d2<|> 

dw2 


+  k2<\>  =  0 


(10.3-8a) 


^  +  k2Az  =  0 
dw2 


(10.3-8b) 


The  potential  differences  between  equipotential  rings  around  the  surfaces  of 
conductors  1  and  2  at  opposite  points  Q1  and  Q2  at  equal  distances  w  from  the 
plane  of  the  load  at  w  =  0  are  defined  as  follows  with  (10.3-4): 

F(w)  =  ((^(w)  -  <MV)  -  2<|)i(w)  (10.3-9) 

Wz(w)  -  Alz(w)  -  A2z(w)  =  2 Au(w)  (10.3-10) 

The  differential  equations  satisfied  by  F(w)  and  Wz(w )  are  obtained  readily  as  a 
combination  of  (10.3-7a,b),  (10.3-9),  and  (10.3-10).  They  are 

®  +  evw  =  £(En  -  £ «,)  (10.3-lla) 

d2W  k2 

—A1  +  k2Wz(w)  =  j  (Eu  -  E2z)  (10.3— lib) 

OW  (O 


where  Eu  and  E2z  are  defined  on  the  surfaces  of  the  imperfect  conductors. 

The  potential  differences  F(w)  and  W(w)  can  be  evaluated  with  (10.2-9a,b). 

Thus 


V(w)  = 


1 


2776 


oc 


—  oc 


q(w')PL(w,w')  dw' 


Wz(w)  = 


JE 
2  TT  J  - 


OC 


Iz(w')PL(w,w')  dw' 


where 


PL(w,w')  = 


e  -  jkRa  g-jkRb 


R 


a 


R 


w')2  +  a2]1/2\ 


(10.3-12a) 

(10.3-12b) 


(10.3-13) 


Pb  =  [(w  ~  W)2  +  b2]1/2 


(10.3-14) 
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Now  let  the  charge  per  unit  length  and  the  current  at  the  point  Q'  be  expanded 
in  Taylor  series  in  terms  of  the  charge  per  unit  length  and  the  current  at  the  point 
Q.  The  zero-  and  first-order  terms  are 


q(w')  -  q(w)  +  (w'  -  w)  + 


dw 


(10.3-15a) 


Iz(w')  =  Iz(w)  +  {w' 


dw 


(10.3-15b) 


With  the  equation  of  continuity  (10.3-5a),  it  follows  that  (10.3-15a,b)  become 


q(W)  =  q(w)  +  ^  (w<  -  w) 

Iz(w')  =  Iz(w)  +  j<aq(w)(w'  -  w) 


(10.3-16a) 

(10.3-16b) 


The  substitution  of  (10.3-16a,b)  into  (10.3-12a,b)  gives  the  general  expressions 
for  the  potential  differences  along  an  infinite  line.  They  are 


V(w)  = 


1 


Wz(w)  = 


2'TT€ 


A 

2tt 


q(w)K0(w)  + 


1  d%(w)  Kt(w) 
/(*>  dw2  k 


(10.3-17a) 


Iz(w)K0(w)  +  j<aq(w) 


K\(w) 


(10.3-17b) 


where 


oc 


K0(w)  =  PL(w,w')  dw' 


—  oc 


oc 


—  oc 


1 


1 


Ra  R 


oc 


dw'  +  [^(a)  -  F(b )]  dw'  (10.3-18) 


—  oc 


Uw) 


CO 


=  (w'  -  w)PL{w,w')dw' 


—  CO 


CO 


with 


CO 


1  1 

(wf  -  w)  \  —  -  —  )  dw'  +  J  {wf  -  w)[F(a)  -  F(b )]  dwf  (10.3-19) 

"a  ”b. 


—  CO 


F(a)  = 


g  jkRa  _  ^ 


R 


m 


a 


g-jkRb  _  1 


(10.3-20) 


It  can  be  shown  by  direct  evaluation  that  the  first  integrals  in  (10.3-18)  and  (10.3- 
19)  are 


oc 


—  oc 


a 


(10.3-21) 
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j  ^  (w  -  w')Q-  -  jj-J  dw'  =  0  (10.3-22) 

Subject  to  the  condition 

\kb\2<  1  (10.3-23) 

the  second  integrals  in  (10.3-18)  and  (10.3-19)  are  negligible.  Over  that  part  of 
the  integration  for  which  ( w '  -  w)2  is  large  compared  with  b2  and  a2,  Ra  and  Rb 
differ  negligibly  from  \w'  -  w\  and  from  each  other.  It  follows  that  F(a )  =  F{b), 
so  that  F(a )  -  F(b)  does  not  contribute  to  the  integrals.  The  principal  contributions 
to  the  integrals  occur  when  \w'  -  w|  is  small,  so  that  Ra  and  Rb  are  of  order  of 
magnitude  b.  When  this  condition  is  true, 

\k2b2\  ~  \k2R2\  <  1;  e^kR  =  1  -  jkR  -  k2R2  +  jk3R3  (10.3-24) 
where  R  may  be  either  Ra  or  Rb.  Hence 

\F(a)  -  F(b) |  =  | k*(Rb  -  R„)  -  jk\Rl  -  Rl)\  (10.3-25) 


The  integrand  of  the  first  integral  is 


b 


(10.3-26) 


The  ratio  of  the  integrand  in  the  first  to  that  in  the  second  integral  in  both 
(10.3-18)  and  (10.3-19)  is 

1  :  | k2RaRb  -  jk3RaRb(Rb  +  RJ\  (10.3-27) 

over  the  range  where  (10.3-24)  is  valid.  So,  with  (10.3-24),  the  second  integral 
is  negligible.  Therefore,  for  the  infinitely  long  line,  subject  to  (10.3-23), 

K0(w)  =  K0  =  2  In  -  (10.3-28) 

Cl 


Kx{w)  =  0  (10.3-29) 

It  is  to  be  noted  that  the  radiation  from  transmission  lines  is  determined  from  the 
imaginary  part  of  (10.3-27),  which  is  made  negligible  by  the  imposition  of  (10.3- 
23). 

With  (10.3-28)  and  (10.3-29),  the  potential  differences  at  a  point  Q  along 
the  transmission  line  are 


where 


dlz(w)  1 
dw  y 


W2(w)  =  Iz(w)  le 


+  /coc  ss  /o> 


0>7T€ 

J  In  (b/a) 


(10.3-30) 

(10.3-31) 

(10.3-32a) 
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If  the  transmission  line  is  in  a  medium  which  is  dissipative,  €  is  a  complex  quantity 
given  by 


and 


€ 


(10.3-32b) 


__  7T(Te 

g  In  (b/a)  ’ 


_jre£_> 

In  ( b/a.y 


(10.3-32c) 


These  are  the  leakage  conductance,  the  capacitance  and  the  external  inductance 
per  unit  length  of  the  infinite  two- wire  line.  Note  that  in  a  dissipative  medium  k 
is  complex 

k2  =  a)2pi  =  -zey  (10.3-33a) 

ze  =  ;co/e  is  the  external  impedance  per  unit  length  of  the  parallel  line.  The  as¬ 
sumption  of  uniform  current  and  charge  per  unit  length  is  adequate  in  evaluating 
the  potential  differences  and  constants  for  an  infinite  line. 

Equation  (10.3-30)  is  one  of  the  two  first-order  differential  equations  for  the 
two-wire  lines.  The  other  is  obtained  from  (10.3-6b)  with  (10.3-9)  and  (10.3-10). 
Thus 


-  E2z(w)  (10.3-33b) 

where  Eu{w)  and  E2z(w)  are  the  axial  tangential  components  of  the  electric  field 
at  the  surfaces  of  the  two  conductors.  The  electric  field  is  proportional  to  the  total 
current: 


Elz(w)  =  Iu{w)z\  =  Iz(w)  |  (10.3-34a) 

E2z(w)  =  h Z{w)z2  =  -Iz(w)  |  (10.3-34b) 

hz(w)  ~  ~hziw)  f°r  a  balanced  line  and  z‘2  =  z\  for  identical  conductors.  Hence 

zi  =  z'i  +  zl2  (10.3-34c) 

The  quantity  z'  =  r‘  +  jx‘  is  the  internal  impedance  per  unit  length  of  the  two- 
wire  line  which  was  defined  in  (3.9-50)  and  is  given  by 


1  +  / 

zl  =  rl  +  ixl  =  — - 

3  lira 


2crc 


(10.3-35) 


for  high  frequencies  with  aVwp-c(Tc  ^  10.  <rc  is  the  conductivity  of  the  conductors, 
z'  =  2zi  for  a  two-wire  line.  The  substitution  of  (10.3-34a)  and  (10.3-31)  into 
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(10.3-33b)  gives 


dV(w) 


dw 


(z‘  +  j<ale)Iz(w ) 


With  (10.3-32a)  substituted  in  (10.3-30), 


dlz{w) 


dw 


(g  +  /wc)  V(w) 


(10.3-36a) 


(10.3-36b) 


(10.3-36a,b)  are  the  one-dimensional  transmission-line  equations.  With  -dldz  = 
d/dw  and 


z  =  z'  +  ;a)/e  =  r'  +  /a)(/'  +  le)  =  r  +  ;co  /  (10.3-37) 

(where  boldface  is  used  for  z  to  avoid  confusion  with  the  coordinate  z)  the  equations 
are 


-  dV(z) 


dZ 


=  Zlz(z) 


(10.3-38) 


~  dlz(z) 

dZ 


=  yv{z) 


(10.3-39) 


which  are  (10.1-7)  and  (10.1-9)  derived  using  network  theory.  The  application 
of  network  theory  is  valid  provided  that  the  following  conditions  are  satisfied  for 
a  two- wire  line. 


(1)  The  two  conductors  are  parallel  and  identical 

(2)  \ka\  <  1 

(3)  \kb\2  <  1  (10.3-40) 

(4)  b 2  >  a 2 

(5)  The  line  is  infinitely  long 


10.4  THE  COAXIAL  LINE 


The  infinitely  long  coaxial  line  consisting  of  conductor  1  of  radius  ax  in  a  conducting 
sheath  2  of  inner  radius  a2  and  outer  radius  a3  is  shown  in  Fig.  10.4-1.  The  analysis 
of  the  coaxial  line  may  be  carried  out  in  a  manner  similar  to  that  used  for  the  two- 
wire  line.  The  conditions  (10.3-3)  for  the  current  and  charge  are  postulated  here. 
Then  the  potentials  at  an  arbitrary  point  <2(p,  0,  w)  in  the  dielectric  medium  (ax 
<  p  <  a2)  are  given  by 


0 


oc 

q(w')Pf,(w,  w',  0')  dw' 


—  oc 


2tt 


(10.4-1) 
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Figure  10.4-1  Coaxial  line. 


AZ(W )  = 


4  77  JO 


2tt  C 00 


Iz(w')PJw,  w’,  0')  dw' 


—  oc 


dW_ 

2  IT 


(10.4-2) 


where 


PJw,  w',  0')  = 


g  jkRP  g  )kR$ 


(10.4-3) 


Rp  =  [(w  -  w'f  +  p2] 


211/2 


(10.4-4) 


Rs  =  [(h’  -  w'f  +  s2]1/2;  s2  =  p2  +  a2  -  2a2p  cos  0'  (10.4-5) 

The  charge  per  unit  length  and  the  total  current  in  each  conductor  are  defined  as 
follows  in  terms  of  the  surface  density  of  charge  r\  and  the  axial  component  of  the 
volume  density  of  current  Jz. 


q^w)  =  2'ira1ini(w) 

q2(w)  =  2TTa2r\2(w)  =  -q^w) 


Iu{w)  =  2tt  J1z(w,  p)p  dp 

J  0 


(10.4-6a) 

(10.4-6b) 


(10.4-7a) 


hz{w)  =  2 tt  J2z{w,  p)p  dp  =  - Ilz(w ) 


(10.4-7b) 


In  defining  s  in  (10.4-5)  it  is  assumed  for  simplicity  that  the  entire  current  hz{w) 
is  concentrated  in  a  thin  layer  on  the  inner  surface  of  the  sheath  as  for  a  perfect 
conductor.  For  a  good  but  imperfect  conductor,  the  field  in  the  sheath  is  included 
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in  the  evaluation  of  the  internal  impedance.  It  is  to  be  noted  that  only  Rs  in 
Pp(w,  w',  0')  involves  0'. 

In  the  evaluation  of  (10.4-1)  and  (10.4-2)  for  the  infinite  line,  q{w')  may 
be  replaced  by  q{w)  and  Iz{w')  by  Iz(w),  as  shown  for  the  two-wire  line.  This  leaves 
only  Pp{w,  w' ,  0')  under  the  sign  of  integration.  The  integration  with  respect  to  z 
may  be  carried  out  just  as  for  the  two- wire  line.  The  condition 

\ka2\2  <  1  (10.4-8) 

is  imposed  to  eliminate  higher  modes,  as  discussed  in  Chapter  12.  The  steps  in  the 
analysis  are  the  same  as  in  (10.3-18)  to  (10.3-22)  and  lead  to 


f  Pp(w,  w',  0')  dw' 


dw'  =  2  In 


s 

P 


(10.4-9) 


With  the  coaxial  line,  there  is  in  addition  the  integration  with  respect  to  0'  which 
does  not  occur  with  the  two-wire  line.  Thus 


cf)(w)  = 


qiw) 

4776 


[In  (p2  +  a2  -  2a2P  cos  0')  -  2  In  p]  — 

0  2-77 


It  can  be  shown  with  the  help  of  a  table  of  integrals  that 


+«  =  ^  in  * 

2-776  p 


Similarly, 


P-  r  ,  a2 


Az(w)  =  f-  In  — 

2-77  p 


(10.4-10a) 


(10.4-10b) 


(10.4-11) 


The  potential  differences  between  points  Q\{ax,  0,  w)  and  Q2(a2,  0,  w)  on  the 
surfaces  of  the  two  conductors  are 


V(w)  =  cth(w)  ~^)2(w) 


q{w) 

2-776 


(10.4-12) 


Wz(w)  -  Alz(w) 


A2z{w)  =  y-  Iz(w)  In  — 

Cl -y 


(10.4-13) 


The  same  results  may  be  obtained  even  if  the  term  1/RS  is  omitted  in  (10.4-9)  and 
F(w)  is  evaluated  directly.  This  implies  that  the  potential  differences  may  be  de¬ 
termined  entirely  from  the  charges  and  currents  in  the  inner  conductor.  The  po¬ 
tential  differences  in  (10.4-12)  and  (10.4-13)  may  be  expressed  as  in  (10.3-30) 
and  (10.3-31),  that  is, 


dlz(w)  1 
dw  y 


Wz(w)  =  Iz(w)  le 


(10.4-14) 

(10.4-15) 
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with 


y  =  g  +  juc;  g 


2TTcre 

In  (a2/fli)’ 


2^ee 

In  {a2lax) 


(10.4- 16a) 


(10.4-16b) 


The  internal  impedance  per  unit  length  is  defined  as  for  the  two- wire  line, 

zl  =  z[  +  z2  (10.4-17) 

where  z\  and  zl2  are  the  internal  impedances  per  unit  length  of  the  inner  and  outer 
conductors.  At  high  frequencies  (a  V <ocrcfjic  2:  10) 


z 


i 

1 


1  +  7  /iM«> 

27TA!  a/  2crc’ 


1+7  j\^cM 

2tt a2  a/  2ac 


(10.4-18) 


If  the  same  procedure  is  followed  as  for  the  two- wire  line,  the  differential  equations 
obtained  are  the  same  as  (10.3-38)  and  (10.3-39)  with  the  line  parameters  given 
by  (10.4- 16a, b)  and  (10.4-17).  The  conditions  imposed  for  the  validity  of  these 
equations  are 

(1)  \ka2\2  <  1 


(2)  The  line  is  infinitely  long 


The  electric  and  magnetic  fields  in  the  dielectric  medium  in  the  coaxial  line 
are  obtained  from  the  potential  functions.  Since  there  is  rotational  symmetry  and 
Az  is  the  only  component  of  the  vector  potential,  the  following  relations  follow 
from  B  =  V  X  A: 


Hence,  with  (10.4-11), 


m4 

2ttp 


(10.4-19) 


(10.4-20) 


The  electric  field  is  given  by  E  =  —  Vcf>  —  ;<oA.  With  rotational  symmetry 
and  A  =  zAz,  the  only  transverse  component  of  the  field  is  E p: 


(10.4-21) 


where  cf>  is  given  by  (10.4- 10a, b). 
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10.5  STRIP  LINES 


There  are  many  applications  particularly  at  the  higher  frequencies  where  it  is  more 
convenient  to  have  flat  strip  conductors  instead  of  those  with  circular  cross  section 
discussed  in  Secs.  10.3  and  10.4.  Some  possible  forms  are  shown  in  Fig.  10.5-1. 
The  properties  of  strip  lines  do  not  differ  significantly  from  those  of  lines  with 
circular  cross  section.  The  capacitance  per  unit  length  may  be  determined  by  elec¬ 
trostatic  methods  irrespective  of  the  nature  of  the  cross  section  provided  that  the 
width  b  of  each  strip  and  the  distance  2 h  between  the  strips  are  both  small  compared 
with  the  wavelength. 

The  capacitance  per  unit  length  of  a  very  thin  strip  (conductivity  <rc,  perme¬ 
ability  | xc,  and  thickness  d)  in  a  homogeneous  infinite  medium  (dielectric  constant 
e,  permeability  |x,  and  small  conductivity  cr)  over  a  highly  conducting  infinite  plane 
surface  (conductivity  crc  and  permeability  |xc)  may  be  determined  by  conformal 
transformations  subject  to  the  inequalities  d  <  h  <  b.  It  is  given  by 


ebf(x) 
h  x 


v 

(10.5-1) 


T 

2  h 
1 


r//rs/x/x//v//yx////s 


Strip 

conductor 


T 

h 


Conducting  plane 
(b) 


Strip  Dielectric 


4* 


Strip 

conductor 


Air 


...nil  iiMii 


|;:|||i:|::ll;|;ill|:lii;.Dieiectric| 


✓//✓✓///// 


Conducting  plane 


Figure  10.5-1  Cross  sections  of  strip 
lines;  (a)  two-conductor  strip  line; 

(b)  strip  line  over  conducting  plane; 

(c)  strip  conductor  on  dielectric-coated 
conducting  plane  (microstrip); 

(d)  strip  conductor  in  dielectric  over 
conducting  plane  (sandwich  line). 
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where 


f(x)  =  1  +  x  +  In  (1  +  x); 


x  = 


tt  b 
2 h 


It  follows  that 


8  = 


le  = 


vb  f(x) 
h  x 

[xe  \x,h  x 


b  fix) 


The  approximate  internal  impedance  per  unit  length  z‘  = 


(10.5-2) 


(10.5-3) 


(10.5-4) 


^strip  T  2^piane  with 


7l  =z  — 

*  strip  ^ 


1  /oof xc  x[l  +  x  +  7t  —  2  In  (8/2)] 


2a. 


fix) 


(10.5-5a) 


1  /wa,  x(l  +  x) 

4lane  =  by]  2^  fix) 

where  crc  and  \xc  apply  to  the  conductor  and 

8  =  p2  -  1  +  p[p2  -  1]1/2;  p  =  1  +  ji 


(10.5-5b) 


(10.5-6) 


These  formulas  are  good  approximations  for  a  plane  of  finite  width  provided  that 
it  extends  on  each  side  a  distance  equal  to  the  width  b  of  the  strip. 


10.6  GENERAL  SOLUTION  OF  THE  DIFFERENTIAL 
EQUATIONS  FOR  AN  INFINITE  LINE 

The  first-order  differential  equations  for  the  scalar  potential  difference  and  the 
current  in  all  the  different  types  of  transmission  lines  analyzed  in  the  previous 
sections  have  the  form 


dV  dlz 

"  IF  =  zI«  ~Tz  =  yV  (ia6-1) 

where 

y  -  g  +  ;coc;  z  =  z‘  +  ;'oo/e  =  r 1  +  ;W  (10.6-2) 

It  is  customary  to  define  the  total  inductance  per  unit  length  by 

xl 

(0 


/  =  le  +  /'; 


(10.6-3) 
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Since  x‘  is  not  a  linear  function  of  frequency,  it  follows  that  V  is  dependent  on  the 
frequency.  The  formulas  for  le,  g,  c,  and  x 1  depend  on  the  cross  section  of  the 
conductor.  Since  the  equations  for  Iz  and  V  are  alike  in  form,  it  is  sufficient  to 
examine  one  of  them. 

The  differential  equation  for  the  voltage  is 


d2V 

dz2 


-  y2Vz  =  0 


(10.6-4) 


where  the  complex  propagation  constant  y  as  defined  in  Sec.  10.1  is 

y  =  Vzy  =  a  +  ;3  =  [(r1  +  /w/)(g  +  /a >c)]1/2  (10.6-5) 

The  general  solution  of  (10.6-4)  is  well  known  and  may  be  expressed  in 
different  forms: 


Vz  =  Bxeyz  +  B2e  yz  =  C1  cosh  yz  +  C2  sinh  yz 

=  D  cosh  (yz  +  0)  (10.6-6) 

Alternatively,  w  =  s  —  z  may  be  substituted  in  (10.6-6).  The  B’ s,  C’s,  D,  and  0 
are  complex  constants  of  integration.  The  expression  for  the  current  is  most  easily 
obtained  from 


zL  =  - 


dV 

dz 


(10.6-7) 


Thus,  for  the  exponential  form  in  (10.6-6), 

zlz  =  -y {B^z  -  B2e-^z) 


(10.6-8) 


It  is  now  convenient  to  introduce  Zc,Ahe  characteristic  impedance  defined  by 


Zc  = 


-  =  Re  +  jXt 


r  +  ;W 
£  + 


1/2 


(10.6-9a) 


The  characteristic  admittance  is 


1 


rc  =  -  =  gc  +  jB, 


(10.6-9b) 


The  current  is  then  given  by 


Iz  =  Yc(  -  Bxe*z  +  B2e-i*) 


(10.6-10) 


Now  consider  a  transmission  line  that  begins  at  z  =  0  and  continues  to  z  = 
s  =  oo.  For  physical  reasons  the  voltage  must  vanish  at  infinity  so  that  B1  =  0.  It 
follows  from  (10.6-6)  that  B2  is  the  voltage  V0  at  z  =  0.  Thus  for  an  infinitely 
long  line  (s  =  o°), 


V,  =  IzZc  =  IV 


(10.6-11) 
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The  multiplication  throughout  by  ei<x>t  and  the  selection  of  the  real  part  as  the 
solution  that  is  consistent  with  an  assumed  time  dependence  of  the  form 

'i’o(t)  =  F0  cos  a )t  =  Re(F0e;W)  (10.6- 12a) 

— which  refers  the  phase  to  the  maximum  value  of  the  time-dependent  voltage, 
vz(t ) — lead  to 

vz(t)  =  V0e~az  cos  (cot  -  3z)  (10.6-12b) 

This  solution  has  a  physical  interpretation.  The  voltage  vz  is  a  function  of  two 
independent  variables,  the  time  t  and  the  distance  z  along  the  wire.  At  a  fixed 
point  z  =  s,  the  voltage  varies  periodically.  The  potential  is  positive  on  one  wire 
and  negative  on  the  other  for  half  of  one  period.  The  amplitude  increases  from 
zero  to  a  maximum  of  VQe~az  and  then  decreases  to  zero  sinusoidally.  Then  the 
polarity  reverses  and  the  voltage  decreases  to  an  equal  negative  extreme  and  then 
is  again  reduced  to  zero.  The  phase  lag  of  the  voltage  at  z  behind  the  voltage  at 
z  =  0  is  (3z.  The  cycle  repeats.  The  same  variation  occurs  at  every  other  point  z, 
but  the  amplitude  V0e~az  is  different  and  the  phase  lags  that  at  z  =  0  by  (3z.  The 
amplitude  decreases  exponentially  and  the  phase  lag  increases  linearly  with  distance 
from  z  =  0. 

If,  instead  of  concentrating  on  a  fixed  point  along  the  line,  the  amplitude  all 
along  the  line  is  examined  at  a  given  instant,  such  as  t  =  0,  then 

v2(0)  =  V0e~“2  cos  pz  (10.6- 13a) 

At  a  quarter-period  later,  t  =  t/4, 

i^(t/4)  =  V0e~az  sin  (3z  (10.6- 13b) 

and  at  a  half-period  later,  t  =  t/2, 

vjjll)  =  -  cos  3z  (10.6-13c) 

These  three  distributions  are  shown  in  Fig.  10.6-1.  It  appears  that  as  time  passes, 
any  given  curve  such  as  the  one  for  t  =  0  moves  along  the  line  with  its  amplitude 
confined  between  the  limiting  curves  VQe~az  and  -V0e~az. 

This  motion  may  be  interpreted  by  considering  specifically  the  phase  of  the 
voltage,  that  is,  (o ot  —  (3z).  Points  and  contours  in  the  distribution  of  voltage  along 
the  semi-infinite  line  at  which  the  voltages  are  all  in  the  same  phase  relative  to  a 
complete  cycle  are  defined  by  if/  =  cot  -  3z  =  constant.  Since  the  trigonometric 
function  is  multivalued,  the  current  at  all  points  for  which  the  constant  differs  by 
2mx  ( n  is  any  integer)  is  in  the  same  phase  as  at  z  =  0.  The  currents  at  different 
times  and  different  points  along  the  line  which  differ  in  phase  by  integral  multiples 
of  2tt  are  defined  by 

o)t  —  3z  =  =  i|;0  —  2mr;  n  —  0,  1,  2,  3,  .  .  .  (10.6-14) 

where  i|/0  is  a  constant.  The  significance  of  this  relation  may  be  seen  by  first 
determining  the  distances  z  from  the  input  end  at  which  the  voltages  differ  instan- 
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Figure  10.6-1  Instantaneous  distribution  of  voltage  along  a  semi-infinite  line  at 
instants  differing  by  a  quarter  period. 


taneously  in  phase  by  integral  multiples  of  2tt  and  then  examining  what  happens 
to  these  particular  phases  with  the  passage  of  time.  Let  an  arbitrary  instant  tx  be 
selected.  The  points  characterized  by  voltages  in  the  phases  4>o  —  2mr  are  given 
by 


Zn  =  p  (M  -  *k)  +  2/mt)  ; 


n  =  0,  1,  2,  3,  .  .  . 


(10.6-15) 


The  distance  between  two  adjacent  points  differing  in  phase  by  2tt  is 


m+  1 


-  Zm  = 


2-77 

J 5 


m  is  any  integer 


(10.6-16) 


The  distance  is  the  same  for  all  choices  of  m  and  it  is  a  fundamental  constant  of 
the  distribution  called  the  wavelength  X.  Hence 


X  - 


2-77 


(10.6-17) 


At  any  given  instant  of  time,  voltages  along  the  semi-infinite  line  which  differ  in 
phase  by  2-77  are  separated  by  distances  X. 

The  points  in  the  distribution  characterized  by  voltages  in  a  particular  phase 
at  a  given  instant  have  now  been  determined.  It  remains  to  note  how  the  distance 
z  locating  any  one  such  point  varies  in  time.  Let  both  sides  of  (10.6-14)  be  dif¬ 
ferentiated  with  respect  to  time.  The  result  is 

dz 

w- p-=° 


(10.6-18a) 
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or 


dz  to  ,  ^  , 

^  -  (10.6-18b) 

< 

vp  is  the  velocity  with  which  a  given  phase  travels  along  the  line  and  is  termed  the 
phase  velocity.  If  the  distribution  of  voltage  is  viewed  along  the  entire  semi-infinite 
line  at  a  single  instant,  the  phase  lag  at  any  distance  z  from  0  (with  respect  to  the 
voltage  at  2  =  0  at  that  instant)  is  $z.  Thus  3  measures  the  phase  angle  characteristic 
of  a  given  semi-infinite  line  per  unit  length.  It  is  the  phase  constant  per  unit  length 
of  the  infinite  line  and  is  measured  in  radians  per  meter. 

The  amplitude  of  voltage  in  a  particular  phase  is  reduced  according  to  e~az. 
Thus  a  measures  the  logarithm  of  the  ratio  of  amplitudes  |V0/VZ|  per  unit  length. 


2 


(10.6-19) 


It  is  the  attenuation  constant  per  unit  length  of  the  line.  It  is  measured  in  nepers 
per  meter. 

If  the  phase  constant  3  is  a  linear  function  of  the  frequency  so  that 


3  =  ~  (10.6-20) 

v 

where  v  is  a  constant  independent  of  frequency,  then  the  phase  velocity  vp  is  the 
same  for  all  frequencies  and  equal  to  v  in  (10.6-20).  Under  all  other  conditions, 
the  phase  velocity  is  different  for  different  frequencies,  so  that  for  any  complex 
voltage  that  is  a  superposition  of  components  of  several  frequencies,  these  com¬ 
ponents  have  different  phase  velocities.  In  this  case  dispersion  is  said  to  occur. 


10.7  THE  TERMINATED  TRANSMISSION  LINE 

Practical  transmission  lines  are  necessarily  finite  in  length  extending  from  a  gen¬ 
erator  with  emf  VeQ  and  internal  impedance  Z0  at  2  =  0  to  a  load  impedance  Zs  at 
z  =  s  (Fig.  10.7-1).  It  follows  that  the  integrals  (10.3-21)  and  (10.4-9)  extend 
only  from  0  to  s  and  not  from  —  o°  to  +o°  as  for  an  infinitely  long  line.  For  the 
two-wire  line, 

w  =  £(£-  £) d 

b  w  +  Vw2  +  b2  2  +  V22  +  b2 

~  2  In - In - ,  -  In - (10.7-1) 

a  w  +  Vw2  +  a2  2  +  V22  +  a2 

where  w  =  s  —  2.  It  is  evident  from  this  expression  that  at  distances  from  the 
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z  =  0  z  =  s  Figure  10.7-1  Terminated  transmis- 

w  =  s  w  =  0  sion  line. 

ends  which  satisfy  the  inequalities  z2  b2,  w2  >  b2,  (10.7-1)  reduces  to  K0(w)  ~ 

K0  -  2  In  ( b/a ),  and  transmission-line  theory  as  developed  for  the  infinitely  long 
line  is  valid.  Within  short  distances  of  the  load  Zs  this  is  not  true.  In  particular,  at 
z  =  s  or  w  =  0,  K0(w)  ~  K0/2  =  In  (b/a).  This  means  that  the  line  constants  le, 
c,  and  g  as  defined  in  (10.3-32c)  are  actually  functions  of  w  and  le(w)  — »  le/2, 
c(w)  — »  2c,  g(w)  — »  2 g  as  the  load  is  approached.  Note,  however,  that  y(w)  = 
[z(w)y(w)]1/2  =  y  even  near  the  load. 

The  presence  of  a  load  impedance  at  the  end  z  =  s  of  a  transmission  line 
introduces  complications  in  addition  to  the  finite  length  of  the  line.  These  are 
associated  with  the  inductive  and  capacitive  coupling  that  may  exist  between  the 
load  impedance  and  the  adjacent  conductors  of  the  line.  These  may  be  positive  or 
negative  depending  on  whether  they  add  to  or  subtract  from  the  values  obtained 
from  the  integration  along  the  conductors  of  the  line.  If  interest  is  in  the  deter¬ 
mination  of  the  actual  impedance  of  a  particular  termination,  for  example,  an 
antenna  or  a  coil,  the  complete  evaluation  must  be  carried  out.*  For  most  purposes 
it  is  adequate  and  convenient  to  introduce  an  apparent  terminal  impedance  which 
takes  full  account  of  the  entire  effect.  It  is  the  impedance  that  is  obtained  by  direct 
measurement  on  the  particular  transmission  line  and  calculation  from  formulas  that 
use  the  constant  values  of  z(w)  and  y(w)  characteristic  of  the  infinite  line.  In  the 
following  analysis  of  the  finite  line,  all  terminal  impedances  are  assumed  to  be 
apparent  impedances.  In  many  cases  the  apparent  impedance  can  be  obtained  from 
the  actual  impedance  by  means  of  a  corrective  circuit  of  lumped  capacitances  and 
inductances.  When  the  cross-sectional  dimensions  of  the  line  are  sufficiently  small, 
the  apparent  impedance  differs  negligibly  from  the  actual  impedance. 

The  voltage  and  current  on  a  transmission  line  were  shown  in  Sec  10.6  to  be 

Vz  =  B^z  +  B2e~^z  (10.7-2a) 

h  =  T  (-B1e'<z  +  B*-”)  (10.7-2b) 

*This  is  illustrated,  for  example,  in  R.  W.  P.  King,  Transmission-Line  Theory.  (New  York: 
Dover  Publications,  Inc.,  1965). 
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Equation  (10. 7 -2a)  for  the  voltage  represents  the  superposition  of  voltages  in  two 
traveling  waves,  one  traveling  from  z  =  0  in  the  positive  z  direction  and  the  other 
traveling  toward  z  =  0  in  the  negative  z  direction.  If  these  voltages  are  denoted 
by  Vz+  and  V~ , 

V2+  =  B2e~yz  (10.7-3a) 

V~  =  Bxe+yz  (10.7— 3b) 


and 


vz  =  v;  +  v~ 


At  z  =  s,  Vz  -  Vs  the  voltage  across  the  load  is  given  by 


Vs  =  B^s  +  B2e 


■ys 


and  the  current  is  given  by 


1 


Is  =  +  B2e~ys)  = 


K 


(10.7-3c) 


(10.7-4a) 


(10.7-4b) 


(10.7-4a,b)  are  solved  for  Bx  and  B2  to  obtain: 

Bl  =  2Z  {Z‘  ~  Zc)C~V 


(10.7-5a) 


B ,  = 


Xl 

2Z. 


(Zs  +  Zc)eys 


(10.7-5b) 


The  expressions  for  the  voltage  and  current  (10.7-2a,b)  can  be  written  as  follows: 


Vz  =  £  [(Zs  -  Zc)e~y(s~z)  +  (Z.  +  Zc)e^->] 


(10.7-6a) 


L  = 


V. 


2  ZSZC 


l-(zs  -  Zc)e-y(‘-z>  +  (Zs  +  Zcy*-*>]  (10.7-6b) 


The  voltage  reflection  coefficient  at  any  point  z  along  the  transmission  line  is  given 
by  the  ratio  of  the  reflected  voltage  to  the  incident  voltage  at  that  point.  In  general, 
the  reflection  coefficient  (denoted  by  T2)  is  a  complex  quantity.  The  current  re¬ 
flection  coefficient  is  defined  in  a  similar  manner  and  is  the  negative  of  the  voltage 
reflection  coefficient.  In  particular,  the  voltage  reflection  coefficients  at  the  ter¬ 
minations  Zs  and  Z0  are  given  by 


Z, _ zc  _  Zp  Zc 

Zs  +  z;  0  “  z0  +  zc 


(10.7-7) 


where  Zs  is  the  load  impedance  at  z  =  5  and  Z0  is  the  impedance  of  the  generator 
or  any  impedance  in  series  with  the  generator  at  z  =  0.  Equations  (10.7-6a,b) 
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can  be  expressed  in  terms  of  the  reflection  coefficient  as  follows: 


Vx 

4 


Vs(Zs  +  Zc) 

2ZS 

K(ZS  +  zc) 
2  ZSZC 


(10.7-8a) 


(10.7-8b) 


The  voltage  and  current  along  a  transmission  line  can  also  be  expressed  in  terms 
of  the  generator  voltage  VeQ  and  the  reflection  coefficient  T0.  It  can  be  shown  that 


=  TgZ0  e-^  +  Tse~^2s-^ 

z  zc  +  z0  i  -  r0rs<r2^ 

Ve0  e~^z  -  Tse~^2s-Z^> 

z  ~  zc  i  -  r0rse-2^ 


(10.7-9a) 


(10.7-9b) 


When  s  — »  oo  or  when  Ts  — »  0  (matched  line),  the  expressions  for  voltage  and  current 
in  (10.7-9a,b)  reduce  to  the  form  in  (10.6-11).  These  expressions  may  also  be 
expressed  in  terms  of  w  =  s  —  z  and  the  instantaneous  real  solutions  are  obtained 
by  multiplying  by  eJ0>t  and  selecting  the  real  parts.  The  input  impedance  at  z  is 
given  by  Zinz  =  VJIZ. 

If  use  is  made  of  the  other  forms  of  Vz  given  in  (10.6-6),  the  following 
formulas  are  obtained  in  terms  of  w  =  s  —  z: 


VeZ 

Vz  —  ^  c  (Zs  cosh  y w  +  Zc  sinh  yw)  (10.7- 10a) 

Iz  =  ^  (Zs  sinh  yw  +  Zc  cosh  yw)  (10.7- 10b) 


where 


D  =  (Z2  +  Z0ZS)  sinh  y s  +  ZC(Z0  +  Zs)  cosh  y s  (10.7- 10c) 

These  expressions  involve  y  and  Zc  explicitly  together  with  the  terminal  impedances 
Z0  and  Zs;  the  reflection  coefficients  do  not  appear.  The  third  possible  form  of  the 
solution  is 


sinh  0O  cosh  (yw  +  0S) 
sinh  (y s  +  0O  +  0S) 


j  _  V o  sinh  0O  sinh  (yw  +  0S) 
7  Zc  sinh  (y s  +  0O  +  0S) 

where  the  complex  terminal  functions  are  defined  by 


00  =  Po  +  j®  0  =  coth  1 


(10.7-lla) 

(10.7-llb) 


(10.7-12a) 
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6S  =  Ps  +  s  =  coth 


(10.7-12b) 


Also, 


1  u  - 1  2RRc 

p "  2 tanh  *  +  x*  +  is 


.  i 

$  =  -  tan 


-i 


-2XR 


R2  +  X2  -  R 


(10.7-13) 


Note  that  when  X  =  0,  R  <  Rc,  $  =  W2  or  3tt/2;  when  X  =  0,  R  >  Rc,  $  =  0 
or  tt;  when  X  =  0,  R  =  Rc,  p  =  o°  (matched  line).  In  the  representation  of 
standing- wave  distributions  of  current  and  voltage  the  forms  (10.7- 10a ,b)  and 
(10.7-lla,b)  are  often  more  convenient  than  the  exponential  forms  (10.7-9a,b). 


10.8  GRAPHICAL  REPRESENTATION  OF  THE  NORMALIZED 
IMPEDANCE  OR  ADMITTANCE:  SMITH  CHART 


The  normalized  impedance  zx  -  rx  +  jxx  of  a  transmission  line  is  obtained  by 
dividing  the  impedance  by  the  characteristic  impedance  of  the  transmission  line. 
If  it  is  more  convenient  to  use  the  admittance,  the  normalized  admittance  is  obtained 
by  dividing  the  admittance  by  the  characteristic  admittance  (or  multiplying  by  the 


characteristic  impedance).  Since  both  the  resistance  and  the  reactance  can  vary 
from  zero  to  infinity,  it  is  necessary  to  have  a  graphical  representation  that  covers 
the  entire  range  of  values  of  rx  and  xx.  A  convenient  representation  of  the  resistance 
and  reactance  is  in  the  complex  plane  of  the  reflection  coefficient  T  in  polar  co¬ 
ordinates.  If  the  normalized  impedance  is 

z 

zi  =  z  =  rx  +  jxx 

(10.8-1) 

the  complex  reflection  coefficient  T  is 

r  =  iiy*  =  [ 

11  zx  +  1 

(10.8-2) 

If  zx  is  given  by 

zx  =  coth  6  =  coth  (p  +  /$) 

(10.8-3) 

r  =  e-2e 

(10.8-4) 

and 

|T|  =  e~2p;  =  -  2d> 

(10.8-5) 

A  circle  diagram  that  represents  graphically  the  transformation  from  the  complex 
values  of  zx  =  rx  +  jxx  to  the  complex  values  of  6  =  p  +  is  not  practical 

simultaneously  for  both  small  and  large  values  of  rx  and  xx .  A  circle  diagram  that 
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includes  the  entire  range  of  rx  and  xx  from  zero  to  infinity  is  obtained  with  the  use 
of  a  bilinear  transformation  from  the  complex  zx  plane  to  the  complex  z[  plane 
according  to 

2|  =  -%-r  (10.8-6) 


The  circles  of  constant  p  have  centers  in  the  z[  plane  at  r[  =  1,  x[  =  0  and  radii 
given  by  |e-20|  =  e~2p  =  |T|.  Equation  (10.8-6)  can  be  solved  to  derive  the 
equations  for  the  new  set  of  circles: 


1 

(ri  +  l)2 


(10.8-7a) 


1 


2 


X 


(10.8-7b) 


Equation  (10.8-7a)  is  the  equation  of  a  family  of  circles  of  constant  rx  in  the  z[ 
plane.  They  have  radii  1  l(rx  +  1)  with  centers  at  r[  =  1  +  rj(r,  +  1),  x[  =  0. 
Equation  (10.8-7b)  is  the  equation  of  a  family  of  circles  of  constant  xx  in  the  z[ 
plane  with  radii  H\x^  and  centers  at  r[  =  2,  x[  =  1  lxx.  The  two  sets  of  circles  are 
represented  graphically  on  the  Smith  chart  (Fig.  10.8-1).  |T|  is  the  radial  distance 
from  the  center  of  the  diagram  on  a  scale  that  has  the  value  1  for  the  bounding 
circle  rx  =  0.  This  follows  from  the  fact  that  the  circles  of  constant  p  in  the  z[ 
plane  are  circles  of  constant  |T|  =  e~2p.  In  the  range  p  =  0  to  |T|  changes  from 
1  to  0.  The  circles  of  constant  $  are  on  the  chart.  $  ranges  from  0  to  180°  clockwise 
around  the  circle. 

The  Smith  chart  is  convenient  for  the  graphical  solution  of  various  transmis¬ 
sion-line  problems  that  involve  impedances,  admittances,  and  reflection  coeffi¬ 
cients.  It  may  be  noted  that  a  similar  analysis  can  be  carried  out  for  the  normalized 
admittance  yx  =  gx  +  jbx.  Hence  the  circles  of  constant  rx  on  the  Smith  chart  also 
represent  circles  of  constant  gx  and  the  circles  of  constant  xx  represent  circles  of 
constant  bx. 

In  general, 


Z  = 


„  1  +  |r|ey<t> 

Zc  1  -  jr|e^ 


where  <(>  =  i|/  —  2(3s.  With  the  normalized  value 

Z 

Zi  =  =  ri  +  jx  i 


it  follows  that 


(10.8-8) 


(10.8-9) 


+  jxx 


1  +  |r|e^ 
1  -  \r\eto 


(10.8-10a) 


0.37 
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Figure  10.8-1  Smith  chart. 


and 


r\e 


;<t> 


Equating  magnitudes  in  (10.8- 10b) 

i  +  |r|: 


H  ~  1  +  jx  i 
n  +  l  +  jx  i 


r  i  - 


i  -  |r: 


(10.8-10b) 


(10.8-11) 
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which  is  the  equation  of  a  circle  with  its  center  on  the  horizontal  axis  of  Fig. 
10.8-2  at  a  distance  (1  +  |r|2)/(l  -  |r|2)  from  the  origin  and  with  the  radius 
2|r|/(l  -  |r|).  For  various  values  of  |r|,  the  circles  surrounding  the  point  (1,  0)  in 
Fig.  10.8-2  are  obtained.  When  the  angles  are  equated, 


(10.8-12) 


which  is  the  equation  of  a  circle  with  its  center  on  the  vertical  axis  at  a  distance 
1/tan  <}>  below  the  origin,  and  with  the  radius  1/sin  <}>.  For  various  values  of  4>,  the 
circles  passing  through  the  point  (1,  0)  are  obtained.  In  constructing  the  chart,  |T| 
is  real  and  positive,  and  the  circles  of  constant  4»  are  marked  with  the  value  of  (3s 
corresponding  to  —  <f>/2. 

The  circle  diagram  is  also  used  to  represent  the  admittance  with  +  jb1 
plotted  instead  of  rx  +  /xj .  Hence  the  diagram  may  be  used  to  determine  both  the 
normalized  admittance  and  the  normalized  impedance  with  the  same  numerical 
values  attached  to  the  coordinate  lines  marked  on  the  diagram. 


10.9  VOLTAGE  AND  CURRENT  DISTRIBUTION 
ON  A  TRANSMISSION  LINE:  RESONANCE , 
STANDING-WAVE  RATIO;  TRANSFER  OF  POWER 


The  variation  of  the  voltage -and  current  along  a  transmission  line  has  been  ex¬ 
pressed  in  two  forms  as  a  function  of  the  distance  w  =  s  —  z  from  the  load 
impedance  Zs  at  z  =  s  in  (10.7-10a,b)  and  (10.7-lla,b).  The  magnitudes  of  the 
voltage  and  current  are  most  conveniently  obtained  from  the  latter.  They  are 

|F2(w)|  =  [sinh2(aw  +  ps)  +  cos2((3w  +  <FS)]1/2  (10.9-1) 

*3  c 


where 


ye  c 

|/*(w)|  =  TT7T  [sinh2(aw  +  ps)  +  sin 2((3w  +  <FS)]1/2  (10.9-2) 

S0  =  [sinh2  p0  +  sin2  <F0]1/2  (10.9-3a) 

Ss  =  [sinh2(as  +  p0  +  ps)  +  sin2((3s  +  <F0  +  ^)]  (10.9-3b) 


When  the  losses  in  the  line  are  neglected  so  that  a  ~  0  and  the  termination  is  a 
pure  reactance  so  that  ps  ~  0,  the  distributions  reduce  to  the  following  very  simple 
forms: 


\Vz(w)\ 


ns0 

Ss 


cos  ((3w  +  <FS) 


(10.9-4a) 


V*qSq 

SsRc 


sin  ((3w  +  <FS) 


(10.9-4b) 
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Figure  10.8-2  Circle  diagram. 
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For  an  ideal  short  circuit,  =  tt/2;  for  an  ideal  open  circuit,  =  o.  Distri^^^R 
of  voltage  and  current  as  given  in  general  by  (10.9-1)  and  (10.9-2)  can 
in  practice  by  moving  a  loosely  coupled  voltage  detector  (dipole  antenna)*^^ 
current  detector  (loop  antenna)  along  one  conductor  of  the  line  while  all  'Otllf 
quantities  are  kept  constant.  Typical  distribution  curves  for  voltage  and  current 
are  shown  in  Fig.  10.9-1.  They  represent  standing  waves. 

The  amplitude  of  the  voltage  and  current  depend  on  the  driving  emf  V% ;  on 
the  impedance  of,  or  in  series  with,  the  generator  as  contained  in  S0;  and  on  the 
quantity  Ss  in  (10.9-3b),  which  contains  the  attenuation  due  to  the  line  (as),  due 
to  the  generator  (p0),  and  due  to  the  termination  (ps),  and  also  the  overall  effective 
electrical  length  0s  due  to  the  line,  <F0  due  to  the  reactance  of  the  generator  or  an 
impedance  in  series  with  it,  and  due  to  the  reactance  of  the  load.  With  fixed 
values  of  a,  p0,  and  ps,  the  quantity  Ss  can  be  minimized  and  the  amplitudes  \VZ\ 
and  \IZ\  maximized  by  setting 


0s  +  T>0  +  =  mr;  n  =  1,  2,  .  .  . 


(10.9-5) 


This  can  be  accomplished  by  tuning  the  reactances  at  the  load  or  generator  or  by 
adjusting  the  length  s  of  the  transmission  line  with  a  section  known  as  a  line  stretcher. 
When  (10.9-5)  is  satisfied  and  the  amplitudes  \VZ\  and  \IZ\  are  maximized,  the  line 
is  said  to  have  been  tuned  to  resonance.  The  condition  (10.9-5)  is  the  general 
condition  for  resonance  of  a  transmission  line. 

The  ratio  of  a  maximum  value  of  voltage  or  current  in  the  distribution  curve 
to  the  adjacent  minimum  is  known  as  the  standing-wave  ratio  (SWR).  Hence  the 
voltage  standing-wave  ratio  is 

sv  =  =  «>th  (a»’m,x  +  p.)  (10.9-6) 


The  current  standing-wave  ratio  is 

_  l/z(w)lmax 

7  “  |/,(hOU  = 


mm 


Imax 


=  coth  (awmax  +  ps)  =  5, 


(10.9-7) 


I  min 


Figure  10.9-1  Current  and  voltage  distributions  along  a  transmission  line. 
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For  a  low-loss  line  with  aw  ps,  this  reduces  to 


S  =  Sv  =  Sj  =  coth  ps  (10.9-8) 

The  standing-wave  ratio  is  particularly  useful  in  experimental  work  since  it  is  easily 
measured  by  means  of  a  movable  current  or  voltage  detector. 

With  (10.7-lla,b)  the  time-average  power  transferred  along  the  line  at  a 
distance  w  =  s  -  z  from  the  load  is 


P  =  Re  \  VJt  = 


z*-z 


e\2 
0, 


2 Zc  sinh2(ys  +  0O  +  0S) 


cosh  [aw  +  ft 


+  ;(pw  +  <&,)]  sinh  [aw  +  ps  -  ;(pw  +  <FS)]  (10.9-9) 


For  a  low-loss  line  with  Zc  ~  Rc,  this  expression  is  readily  reduced  to 


Pz  = 


e\2 
0, 


4RC  sinh2(y5  +  0O  +  0S) 


sinh  2(aw  +  ps) 


(10.9-10) 


The  power  dissipated  in  the  load  is  obtained  with  w  =  0;  the  power  dissipated  in 
the  line  and  load  is  obtained  with  w  =  s.  The  ratio  of  the  power  in  the  load  to  the 
total  power  supplied  to  the  line  is 


sinh  2ps 

sinh  2(as  +  ps) 


(10.9-11) 


The  ratio  of  the  power  dissipated  in  the  line  to  the  total  power  is  PL/PS  =  1  —  W. 
The  insertion  loss  L  in  the  line  is  defined  in  terms  of  the  power  to  the  load  without 
the  line  (5  =  0)  to  the  power  to  the  load  with  the  line  present.  It  is 


,  Pq  ,  sinh  2(as  +  ps) 

L  (dB)  =  10  log10  ~  =  10  log10  sinh 

When  the  termination  is  matched  so  that  Zs  =  Zc,  ps  =  00  and 


(10.9-12) 


>2pi 


w  = 


^2(o is  4-  p^) 


_  £  —  2as 


(10.9-13) 


PROBLEMS 


1.  (a)  A  balanced  four-wire  transmission  line  consists  of  identical  and  parallel  conductors 
(each  of  radius  a)  which  are  so  driven  that  conductors  1  and  3  on  one  diagonal  of 
a  square  of  side  b  are  in  parallel  as  are  conductors  2  and  4  on  the  other  diagonal. 
The  currents  are  I4  =  I2  =  —  Ix  =  —  /3  =  —  \  /,  where  I  is  the  total  current  in  the 
line.  Determine  the  constants  of  the  line. 

(b)  Repeat  part  (a)  when  adjacent  pairs  (instead  of  diagonal  pairs)  of  conductors  are 
in  parallel. 
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2.  The  inner  conductor  of  a  horizontal  coaxial  slotted  line  is  supported  along  the  entire 
length  by  a  wedge  of  polystyrene  (er  =  2.6)  which  occupies  a  9°  angle.  If  the  wavelength 
measured  along  the  line  is  1.2  m,  what  would  it  be  if  the  line  were  completely  air-filled? 

3.  A  transmission  line  terminated  at  z  =  s  in  its  characteristic  impedance  of  300  H  is  driven 
at  z  =  0  by  a  generator  with  an  emf  of  100  V  and  an  impedance  of  8  +  ;40  H.  The 
frequency  is  100  MHz.  The  attenuation  constant  of  the  line  is  0.01  N/m.  Determine  the 
time-dependent  current  and  voltage  at  z  =  10  m  if  the  instant  t  =  0  is  chosen  to  occur 
when  the  emf  has  a  positive  maximum  in  its  cycle. 

4.  The  amplitude  of  the  current  in  a  long  line  terminated  in  its  characteristic  impedance 
is  measured  at  two  points  100  m  apart.  The  ratio  of  the  two  values  is  1.1. 

(a)  What  is  the  attenuation  constant  of  the  line  in  nepers  per  meter? 

(b)  What  is  the  ratio  of  potential  differences  between  the  two  conductors  of  the  line  at 
two  points  20  m  apart? 

5.  Determine  the  complex  reflection  coefficient  in  polar  form  and  the  terminal  functions 
ps  and  for  the  following  impedances  terminating  a  low  loss  line  with  Zc  =  Rc  =  300 

a. 

(a)  Z,  =  3000  +  yo 

(b)  Zs  =  0  +  /3000 

(c)  Z,  =  3000(1  +  j) 

(d)  Z,.  =  0  +  /300 

(e)  Zs  =  200  +  j  100 

(f)  zs  =  0 

(g)  Zs  =  00 

Calculate  and  verify  your  answers  by  using  the  Smith  chart. 

6.  The  capacitance  of  a  capacitor  is  15  pF.  It  is  connected  as  the  terminal  impedance  of  a 
line  of  characteristic  impedance  Zc  =  Rc  =  400  H.  What  are  the  terminal  functions  p 
and  O  at  150  MHz?  Assume  the  capacitor  to  be  without  loss. 

7.  (a)  Determine  the  input  impedance  of  a  seclipn  of  line  of  length  20.2  m  for  which  the 
characteristic  impedance  Zc  =  400(1  -  /a/|3)  and  a  =  2  x  10  ~ 3  N/m  at  a  frequency 
of  300  MHz.  The  line  is  terminated  in  an  impedance  Zs  =  100  —  /800  H.  First 
calculate  the  input  impedance  and  verify  your  answer  by  using  the  Smith  chart. 

(b)  What  would  be  the  input  impedance  of  the  line  in  part  (a)  if  it  were  lossless? 

8.  An  impedance  Zs  =  20  -  j 500  H  terminates  a  line  with  Zc  -  440(1  -  ;a/|3),  a  =  2.26 
x  10“ 3  N/m.  The  frequency  is  150  MHz. 

(a)  Determine  ps  and  by  calculation  and  by  using  the  Smith  chart. 

(b)  Determine  the  shortest  distance  from  the  load  along  the  line  at  which  the  impedance 
looking  toward  the  load  is  a  pure  resistance.  What  is  this  resistance?  What  are  the 
associated  values  of  ps  and  Os?  What  is  the  standing-wave  ratio  S  =  coth  ps? 

(c)  Repeat  part  (b)  for  the  next  shortest  distance  for  which  the  impedance  is  a  pure 
resistance. 

9.  A  low-loss  transmission  line  [Zc  =  300(1  —  jl0~3),  s  =  4.2  m]  connects  a  generator 
(Z0a  =  10  +  yo  n,  VI  =  100  V,/  =  300  MHz)  to  a  load  (Zs  =  400  +  /0  fl).  Determine 
the  following: 

(a)  The  currents  in  the  generator  and  the  load. 

(b)  The  current  and  the  voltage  on  the  line  halfway  between  the  generator  and  the  load. 

(c)  The  location  and  magnitude  of  each  maximum  and  minimum  of  current  along  the 
line. 
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(d)  The  standing- wave  ratio. 

(e)  The  efficiency  of  power  transmission  to  the  load. 

10.  An  impedance  of  800  —  j 50  is  measured  on  a  transmission  line  for  which  Zc  =  Rc 
=  400  H  and  a  =  10~3  N/m.  The  frequency  is  100  MHz. 

(a)  Where  is  the  voltage  minimum  nearest  the  load?  What  is  the  standing-wave  ratio? 

(b)  What  is  the  width  of  the  resonance  curve  obtained  by  varying  the  length  of  the  line 
about  the  peak  occurring  at  the  next  to  the  shortest  length  of  line? 


The  Insulated  Antenna 


The  insulated  antenna  is  an  unusual  structure  that  combines  the  properties  of 
radiation  and  transmission  in  a  very  interesting  and  generally  useful  manner.  The 
integral  equation  for  the  device  is  derived  in  Chapter  3.  The  solutions  of  that 
equation  and  some  of  its  many  applications  are  the  subject  of  this  chapter. 


11.1  THE  SOLUTION  OF  THE  INTEGRAL  EQUATION 
FOR  THE  CURRENT 


The  integral  equation  for  the  current  I(z)  in  a  center-driven  dipole  of  length  2 h 
and  radius  a  when  enclosed  in  an  insulating  cylinder  of  radius  b  and  surrounded 
by  an  infinite  ambient  medium  (Fig.  3.12-1)  is 


[  I(z')K(z  -  z')  dz '  =  C  cos  kLz  +  ^  sin  k 

J -h  2^2 


(11.1-1) 


with 


kL  =  Pl  +  iotL  =  k. 


1  +  H$\kAb) 


“I  >v  1/2 


kJyH^ikJy)  In  - 

a 


(11.1-2) 


It  is  assumed  that  the  conductor  is  perfect  and  that 
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where 


kn  =  oi  M-l  eM  +  — 

\  (O 


The  wave  impedances  of  the  two  media  are 


n  =  2,  4 


(11 . 1— 3a) 


in  = 


0)fX 


en  +  ivn  /  a) 


n  =  2,  4 


(11.1 -3b) 


The  kernel  A^(z  -  z')  in  (11.1-1)  is  characterized  by  the  peaking  property 
at  z'  =  z  illustrated  in  Fig.  3.12-2,  and  hence  the  following  approximate  relation 
may  be  written: 


/(z)T'(z)  =  fh  I(z')K(z  -  z')  dz' 

J  —h 


=  /(z)^ 

where  ^  is  a  complex  constant  that  can  be  evaluated  from  (11.1 
relative  distribution  of  current  G(z,  z')  =  I(z')/I(z)  is  known. 
The  substitution  of  (11.1-4)  in  (11.1-1)  yields 

1  T  iVe 

I(z )  =  —  C  cos  kLz  +  ~  sin  kL\z\ 


(11.1-4) 
-4)  as  soon  as  the 


(11.1-5) 


The  constant  C  can  be  obtained  from  (11.1-5)  since  1(h)  =  0  at  z  =  h.  Thus 


—  iVe 

C  =  — —  tan  kLh 
^42 


(11.1-6) 


Then 


I(z)  = 


~iVeo  sin  kL(h  -  \z\) 
2^  cos  kji 


(11.1-7) 


With  (11.1-7),  (11.1-4)  becomes 
T'(z)  =  sin  kL(h  -  |z|) 


sin  kL(h  -  z')[K(z  -  z')  +  K(z  +  z')]  dz'  (11.1-8) 


Except  in  very  small  ranges  near  the  driving  point  (z  =  0)  and  the  ends  of  the 
antenna  (|z|  =  h ),  suitable  approximate  expressions  can  be  used  for  the  integrals 
to  yield 


Tjf  = 


tt)  ln- 

2irk2/  a 


(11.1-9) 
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The  complete  solution  for  the  current  in  the  insulated  dipole  is,  therefore, 


/(z)  = 


-iVe0  sin  kL(h  -  |z_j)  =  sin  kL(h  -  |z|) 


2  Z. 


cos  krh 


sin  kTh 


(11.1-10) 


where 


z«  =  {«’*'  =  In  - 

2m2  a 


(11.1-11) 


The  associated  driving-point  admittance  is 

y.  =  M-~ 

-l  in 


l 


Veo 


2  Z. 


tan  kTh 


(11.1-12) 


The  charge  per  unit  length  q(z )  on  the  antenna  is  obtained  from  the  equation  of 
continuity  dl(z)ldz  —  mq(z)  =  0: 


q(z)  = 


Vq  i2iT  cos  kL(h  —  z) 
In  (b/a)  cos  kLh 


0 


q(-z)  =  -q(z) 


(11.1-13) 


If  the  insulator  is  air,  £2  =  £o  =  120tt  ohms  and  k2  =  w/c,  with  c  =  3  x  108  m/s. 


11.2  THE  ELECTROMAGNETIC  FIELD 
OF  THE  INSULATED  ANTENNA 

It  was  shown  in  Sec.  11.1  that  a  good  approximation  of  the  distribution  of  current 
on  the  insulated  antenna  is  given  by  (11.1-7)  when  the  ratio  \k%/k2\  is  much  greater 
than  1.  The  components  of  the  electromagnetic  field  in  the  insulation  (region  2) 
with  this  current  are  approximately 

n  (  t(,\  sin  k^h  ~  W) 

#2<t,(p,  z)  =  —  I(z)  = 


2irp 


2ttp 


sin  krh 


1  _  ikLI{ 0)  cos  kL(h  - 

•^2p(P>  Z)  o  -  ■  /  » 

2'rrpe2  2'rrpe2(o  sin  kLh 


z) 


£2p(p,  -z)  = 
E2z{p,  z)  = 


E2 p(p,  z) 


p  =a 


dE2p(p',  z) 
dZ 


i*»B 2^(p',  z) 


dp' 


kd|xo/(0)  In  (pi a) 
2'tt 


-  1 


sin  kL(h  -  |z|) 
sin  krh 


E^(p,  z)  =  0;  B2p(p,  z)  =  0;  B2z(p,  z)  =  0 


(11.2-1) 


(11.2-2a) 

(11.2-2b) 


(11.2-3) 

(11.2-4) 


The  electromagnetic  field  at  the  surface  of  the  insulation  (p  =  b )  in  the  external 
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medium  (region  4)  is  easily  obtained  from  the  boundary  conditions 

BH(b,  z)  =  B2^(b,  z) 


EAf){b,  z)  =  -  E2p(b,  z) 

e4 


(11.2-5) 

(11.2-6) 


EAz(b,  z)  =  E2z(b,  z)  (11.2-7) 

It  is  to  be  noted  that  the  field  is  nearly  of  the  transverse  electromagnetic  type 
(TEM)  in  region  2  since  the  ratio  of  the  longitudinal  component  to  the  transverse 
components  of  the  electric  field  is  very  small. 

The  electric  field  at  any  point  in  the  external  medium  (region  4)  can  be 
determined  from  the  electromagnetic  field  on  the  surface  of  the  insulator.  The 
evaluation  makes  use  of  a  general  integral.*  Subject  to  the  condition  \k2b2\  <  1, 
the  electric  field  at  all  points  not  too  close  to  the  antenna  (p  >  4b)  is  given  by 

eaz(p,  z )  =  4^^°^  I  f1  -  l£\  [  sin  kL(h  -  z')[*(z,  z') 


1  - 


Jo  sin  kL(h  -  z')[\\/(z,  z') 


+  i| j(z,  —  z')]  dz'  +  —  [i| f(z,  h )  +  i| s(z,  -h)  -  2i| ;(z,  0)  cos  kLh\\  (11.2-8) 


EaXp,  z)  = 


-  /a)fxo/(0)  kL  p  fh 


4tt  sin  krh  ki 


L  ms  k^h  - 2>)  [(S  ■  i?)*2' z' 


ikA 

y2 


m 


i];(z,  -z')  dz'  (11.2-9) 


where  =  [(z  -  z')2  +  p2]1/2,  R2  =  [(z  +  z')2  +  p2]1/2,  i]i(z,  z')  =  e^^/R^ 
and  i];(z,  —z')  =  eik4R2IR2.  These  expressions  are  readily  integrated  numerically  to 
obtain  the  complete  elliptically  polarized  electric  field  near  the  antenna  as  shown 
in  Fig.  11.2-1. 

If  the  point  where  the  field  is  to  be  determined  is  at  a  sufficient  distance  from 
the  antenna,  R0>  h  >  b,  these  formulas  can  be  simplified  with  the  approximations 
R1  ~  R0  —  z'  cos  0,  R2  ~  jR0  +  z'  cos  0  in  the  exponentials  and  R1  ~  jR0  ~  R2 
in  amplitudes  where  R0  and  0  are  spherical  coordinates.  With  these  substitutions 
the  integrals  can  be  evaluated  and  the  electric  field  obtained  explicitly.  In  the 
spherical  coordinates  R0,  0,  <I>  it  is 

E'r(R0,  0)  =  0  (11.2-10) 

E'e(Ro,  6)  =  r'<Tf,(°)  e"“K°  T J0{k4b  sin  0) 

- tmkfbfsi ii  e  Jl(kab  sin  0)  Fo(6,  kiK  (n-2-n) 


*  R.  W.  P.  King  and  G.  S.  Smith,  Antennas  in  Matter  (Cambridge,  Mass.:  The  MIT  Press,  1981), 
p.  523,  eq.  (7.12). 
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0  0.5  1.0  1.5  2.0  2.5  3.0 

r  (cm) 

Figure  11.2-1  Electric  field  near  an  insulated  monopole  with  (3 Lh  ~  tt/4  in  a  dissipative  medium. 


E^(R0,  O)  = 


(11.2-12) 


where 


F0(O,  kAh,  kLh )  = 


[cos  ( kAh  cos  O)  -  cos  kLh\  sin  O 
[( kLlkA )  —  ( kAlkL )  cos2  O]  sin  kLh 


(11.2-13) 


When  the  insulation  is  electrically  thin  in  the  external  medium  with  \(kAb)2\  <  1, 
only  the  first  term  in  the  brackets  in  (11.2-8)  contributes  significantly  to  the  electric 
field  in  the  far  zone.  With  J0(kAb  sin  0)  =  1, 


E'e(Ro ,  e)  =  e>^F0(e,  k<h,  kLh) 


(11.2-14) 


11.3  APPLICATIONS  OF  INSULATED  ANTENNAS: 

EMBEDDED  INSULATED  ANTENNAS 
FOR  COMMUNICATION  AND  HEATING 

Antennas  are  located  in  material  media  for  purposes  of  communication,  telemetry, 
geophysical  exploration,  and  medical  diagnostics.  Alternatively,  they  can  be  used 
for  heating  as  in  the  hyperthermia  treatment  of  tumors  or  in  the  extraction  of  shale 
oil  from  the  earth.  The  regions  in  which  the  antennas  may  be  embedded  for  such 
applications  have  wide  ranges  of  size,  shape,  and  electrical  properties.  Some  ex¬ 
amples  are  (1)  the  earth’s  overburden  with  its  varied  crust  of  sand,  soil  and  stone, 
fresh  and  salt  water,  snow  and  ice,  all  bounded  above  by  an  interface  with  air  and 
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below  by  a  layer  of  granitic  rock;  (2)  living  organisms  such  as  human  beings  and 
animals  in  air  and  fish  in  fresh  and  salt  water;  and  (3)  plasmas  such  as  the  ionosphere 
or  as  generated  in  the  laboratory.  The  antennas  used  in  bore  holes  for  geophysical 
exploration  or  subsurface  heating  are  physically  much  larger  than  similar  antennas 
used  at  much  higher  frequencies  in  living  tissues.  When  the  antennas  are  in  perfect 
dielectrics,  a  simple  scaling  in  terms  of  physical  size  and  frequency  is  possible;  on 
the  other  hand,  when  antennas  are  in  media  with  nonzero  conductivity,  the  principle 
of  similitude  requires  more  complicated  relations  between  large-scale,  low-fre¬ 
quency  phenomena  and  similar  ones  on  a  smaller  scale  at  a  higher  frequency.  The 
principle  of  similitude  is  discussed  in  Chapter  6. 

The  expression  (11.1-10)  for  the  current  in  the  insulated  dipole  center-driven 
by  the  emf  V%  and  with  open  ends  may  be  generalized  to  include  terminations  at 
the  ends.  A  convenient  form  is 


-iVe0sm[kL(h  -  \z\)  +  /0A] 
2  Zc  cos  (kLh  +  iQh) 


The  associated  input  admittance  is 


- 1 
2ZC 


tan  (kLh  +  iQh) 


The  complex  terminal  function  is 


(11.3-1) 


(11.3-2) 


(11.3-3) 


[For  a  base-driven  monopole  over  a  conducting  plane  the  factor  2  in  the  denom¬ 
inators  of  (11.3-1)  and  (11.3-2)  are  to  be  omitted.]  The  terminating  impedance 
at  each  end  is  Zh  =  Rh  -  iXh.  When  Zh  -  o°  as  for  an  open  end,  0A  =  0;  when 
Zh  =  0  as  for  a  short-circuited  end,  %h  =  —  m/2. 

The  formulas  (11.3-1)  and  (11.3-2)  for  the  current  in  and  the  admittance 
of  an  insulated  dipole  are  like  those  of  conventional  transmission-line  theory  but 
with  more  general  expressions  for  the  wave  number  kL  =  (~zL  yi)m  and  for  the 
characteristic  impedance  Zc  =  (zL/yL)1/2.  The  impedance  per  unit  length  zL  now 
includes  not  only  the  ohmic  losses  in  the  ambient  medium  but  also  the  radiation 
into  it.  The  former  dominate  when  it  is  a  conductor  like  seawater,  the  latter  when 
it  is  a  good  dielectric  like  lake  water  at  high  frequencies.  yL  is  the  admittance  per 
unit  length. 

If  the  metallic  inner  conductor  is  assumed  to  be  perfect  and  the  dielectric  is 
two-layered,  the  complex  wave  number  and  characteristic  impedance  are 


kL  =  pi.  +  iaL  =  k: 


In  (c/a) 

1/2 

In  (c/a)  +  F 

In  ( b/a )  +  nh  In  ( c/b ) 

In  (c/a)  +  n\4F 

1/2 


(11.3-4) 


2tt  kn 


n 


23 


lnI  + 
b 


n 


hF 


(11.3-5) 
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where  a  is  the  radius  of  the  conductor,  b  the  outer  radius  of  an  insulator 
air),  and  c  the  outer  radius  of  a  dielectric  tube  containing  the  insulator. 


F  =  H™  (k4c)/k4cHP(k4c) 


(11.3-6/ 


and 


(11.3-7) 


When  there  is  only  a  single  insulator  with  no  thin- walled  dielectric  tube,  c  =  b 
and 


1/2 


In  -  +  F 
a 


-1/2 


k. 

2tt 


1/2 


In  -  +  F 
a 


1/2 


(11.3-8) 

(11.3-9) 


Since  \n2^  <  1,  b/a  may  be  sufficiently  large  so  that  In (bla)  >  \n24\F.  Then  kL  = 
k2[  1  +  F/\n(b/a)]y2,  Zc  =  (£2/2it)[1  +  F/\n(b/a)]ia  In  (b/a).  These  are  the  same  as 
(11.1—2)  and  (11.1-11).  It  follows  that  kjk2  and  Zc  depend  only  on  the  dimen¬ 
sionless  quantities  bla  and  k4b.  It  is  possible  to  use  quite  simple  scaling. 

Radiation  from  an  insulated  antenna,  unlike  that  from  a  bare  antenna  or 
open-wire  transmission  line,  is  distributed  as  a  load  per  unit  length.  When  an  insulated 
monopole  is  terminated  in  its  characteristic  impedance,  Zh  =  Zc,  %h  =  00,  ^in  = 
1/Z„  and 


exp  (-a Lz)  exp  (i(3Lz) 


(11.3-10) 


It  follows  that  the  power  lost  from  the  monopole  per  unit  length  is 


P(z)  -  P(z  +  A z) 
P(z)Az 


(11.3-11) 


where  P(z)  =  V(z)I*(z)/2  =  [(Vg)2/2Rc]exp(-aLz).  The  power  lost  per  wavelength 
is  2aLXL  =  4TraL/$L.  The  ratio  aL/^L  is  a  direct  measure  of  the  capacity  of  the 
insulated  antenna  to  transfer  power  to  the  ambient  medium  by  conduction,  radia¬ 
tion,  or  a  combination. 

Table  11.3-1  gives  the  ratio  aL/(3L  for  an  air-insulated  antenna  in  lake  water 
(eer  =  80,  <je  =  4  x  10 _3  S/m)  and  seawater  ( eer  =  80,  <je  =  4  S/m)  at  /  =  470 
MHz  as  a  function  of  bla. 

It  is  to  be  noted  that  for  lake  water  a4/(34  =  0.0012,  for  seawater  a4/(34  = 
0.639.  Nevertheless,  aL/(3L  is  larger  for  radiation  into  lake  water  than  for  conduction 
into  seawater  by  almost  a  factor  2.  It  is  significant  in  the  design  of  insulated  antennas 
that  aL/(3L  is  quite  large  when  bla  is  near  1  and  quite  small  when  bla  is  much  greater 
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TABLE  11.3-1  Properties  of  Air-Insulated  Antennas 
in  Water  (f  =  470  MHz) 


bla 

a  J$l 

Lake  water, 

k4/k2  -  8.94  +  10.011  k4lk2 

Seawater, 

=  11.52  +  17.36 

13.0 

0.051 

0.029 

8.9 

0.083 

0.045 

4.0 

0.219 

0.114 

2.6 

0.298 

0.172 

than  1.  When  bla  is  large  and  a L/pL  very  small,  most  of  the  power  is  transmitted 
in  the  axial  direction  along  the  antenna;  this  then  behaves  like  a  low-loss  trans¬ 
mission  line.  When  bla  is  near  1  and  a L/pL  is  relatively  large,  the  transmission  of 
power  is  primarily  by  conduction  or  radiation  in  the  radial  direction  into  the  ambient 
medium  and  the  insulated  antenna  behaves  predominantly  as  an  antenna. 


1 1.4  INSULATED  ANTENNAS  AND  TRANSMISSION  LINES 
FOR  BORE  HOLES 


When  an  antenna  is  to  be  used  in  a  material  like  the  earth  or  a  living  organism 
either  for  purposes  of  communication  and  telemetry  or  for  local  heating,  its  con¬ 
figuration  is  often  constrained  by  the  need  to  insert  it  with  its  feeding  transmission 
line  into  a  hole  that  is  very  deep  compared  to  its  cross-sectional  dimension.  Ex¬ 
amples  are  antennas  lowered  into  bore  holes  in  the  earth  for  geophysical  explo¬ 
ration,  for  local  heating,  or  for  communication.  On  a  smaller  scale  are  needlelike 
elements  for  insertion  into  living  tissue.  Usually,  the  antenna  and  its  transmission 
line  are  insulated  from  the  surrounding  earth  or  flesh.  The  insulation  can  be  the 
air  in  the  bore  hole  or  any  low-loss  dielectric  with  a  wave  number  that  is  small 
compared  to  that  of  the  ambient  medium. 

As  examples  consider  four  different  insulated  transmission  lines  and  antennas 
which  have  interesting  arid  useful  properties  when  inserted  in  a  hole  in  a  general 
dissipative  medium.  Table  11.4-1  shows  values  of  kL  and  Zc  computed  from  (11.3— 


TABLE  11.4-1  Wave  Numbers  and  Characteristic  Impedances8 


• 

] 

(cm) 

b/aj 

kLj  =  $Lj  +  i<*L,  (m  *) 

Zc/  =  Rcj  -  ixcj  (ft) 

XCj/RCj 

1 

0.3175 

8.00 

12.99  +  10.59 

Hi 

128.1  +  15.95 

0.046 

2 

0.9525 

2.67 

13.45  +  il  .24 

60.0  +  15.83 

0.097 

3 

1.905 

1.33 

15.70  +  13.61 

eh 

24.1  +  14.91 

0.204 

a  k2  =  4tt  m  k4b  =  3.33  +  /1 .77;  ae4  =  4  S/m;  eer4  =  80. 


Sec.  11.4  Insulated  Antennas  and  Transmission  Lines  for  Bore  Holes 


437 


8)  and  (11.3-9)  as  well  as  the  ratios  aL/(3L  and  Xc/Rc  at  /  =  600  MHz  with  three 
different  radii  for  the  conductors:  ax  —  0.3175  cm,  a2  =  0.9525  cm,  and  a3  =  1.905 
cm.  The  outer  radius  of  the  insulation  is  b  =  2.54  cm.  In  the  interest  of  simplicity 
a  thin-walled  plastic  tube  with  outer  radius  c  (used  when  the  ambient  medium  is 
fluid)  is  ignored  in  the  calculations.  Air  is  taken  to  be  the  insulating  material  and 
salt  water  is  the  ambient  medium. 

The  four  different  stuctures  have  the  following  characteristics: 

Insulated  Coaxial  Line  with  Extended  Inner  Conductor 

A  simple  transmission  line  and  antenna  for  insertion  in  a  bore  hole  on  any  scale 
is  the  coaxial  line  with  extended  end  as  shown  in  Fig.  11.4-1.  The  shield  of  a 
coaxial  line  with  outer  radius  a2  extends  a  distance  hB  into  an  air-filled  hole  with 
radius  b.  The  inner  conductor  projects  as  the  antenna  an  additional  distance  hA. 
Its  radius  may  be  the  same  as  the  inner  conductor  of  the  coaxial  line  as  in  Fig. 
11.4-la,  or  it  may  be  enlarged  to  have  the  radii  a2  or  a3  as  in  Fig.  11.4-lb  and 
Fig.  11.4-lc.  To  be  determined  are  conditions  and  dimensions  with  which  most 
of  the  power  supplied  to  the  coaxial  feed  line  is  transferred  to  the  ambient  medium 
by  the  currents  in  the  antenna  and  only  a  small  fraction  by  the  currents  on  the 
outer  surface  of  the  shield  of  the  coaxial  line. 

The  configurations  in  Fig.  11.4-1  consist  of  two  different  sections  of  insulated 
antenna  in  series  with  the  driving  voltage  maintained  at  the  open  end  of  the  coaxial 
line.  The  upper  section  is  end-driven,  has  the  length  hA  and  the  radius  ax,  a2,  or 
a3  and  is  terminated  in  an  open  end.  The  current  and  admittance  are  given  by 
(11.3-1)  and  (11.3-2)  with  0^  =  $h  =  0  and  with  the  factor  2  in  the  denominators 
of  both  omitted.  The  lower  section  is  also  end-driven;  it  consists  of  the  outer  surface 
of  the  coaxial  shield  with  the  length  hB  from  the  upper  end  to  the  surface  of  the 
ambient  medium  from  where  it  continues  an  unspecified  distance  in  a  variable 
direction  as  a  bare  conductor  in  air.  The  terminating  impedance  ZB  at  the  lower 
end  of  the  insulated  monopole  of  length  hB  is  indeterminate.  If  a  ground  plane  is 
located  at  the  surface  of  the  ambient  medium  as  in  Fig.  11. 4- lb,  ZB  =  0  and 
0B  =  —in  12  in  (11.3-1)  and  (11.3-2).  An  approximate  short  circuit  is  obtained 
with  a  metal  disk  with  outer  radius  b  metallically  connected  to  the  coaxial  shield 
at  any  convenient  cross  section  as  in  Fig.  11.4-lc. 

With  0^  =  0  and  0B  =  -  in/2,  the  input  impedances  of  the  two  sections  are 
obtained  from  (11.3-2),  that  is,  Zin  =  1/Yin.  Thus,  with  /  =  1,  2,  or  3, 

Z-mA  =  iZcj  cot  kLjhA  (11. 4- la) 

ZinB  =  - iZc2  tan  kL2hB  (11.4-lb) 

The  impedance  terminating  the  coaxial  line  is 

Z  =  ZmA  +  ZinB  =  RmA  +  RmB  —  i(X{nA  +  Xin^)  (11.4-2) 
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The  total  power  in  the  load  is 

Pt  =  UinP  (^in,4  +  ^in  b) 
The  fraction  of  power  in  the  antenna  is 

Pa  _  P  in  A 

P T  P  in  A  +  PinB 


(11.4-3) 


(11.4-4) 


For  local  heating  or  radiation  to  be  efficient,  (11.4-4)  must  be  as  large  as  possible, 
preferably  near  1.  This  requires  that  jRin^  >  RinB .  Maximum  power  transfer  is 
achieved  when  the  feeding  line  and  the  load  are  matched.  Thus 

^in^4  +  PinB  ~  PcLi  X mA  +  XinB  —  0  (11.4—5) 

where  RcL  is  the  characteristic  resistance  of  the  coaxial  feed  line.  In  practice,  its 
magnitude  is  chosen  to  be  between  50  and  100  ft.  In  Table  11.4-2  are  given  the 
computed  input  impedances  of  the  monopole  antenna  with  the  electrical  lengths 
$LjhA  =  tt/ 2  (near  resonance)  and  $LjhA  =  tt  (near  antiresonance)  for  the  three 
radii.  Also  given  is  the  input  impedance  of  the  section  of  length  hB  and  conductor 
radius  a2.  The  electrical  lengths  chosen  include  $L2hB  =  3  tt/2  for  a  near  maximum 
of  ZinB,  $L2hB  =  and  4tt  near  successive  minima  in  ZinB  and  $L2hB  =  o° 

for  a  reflection-free  (matched)  termination  (i.e.,  ZinB  =  Zc2 ).  It  is  seen  that  when 
$LjhA  =  tt/2,  ZinA  varies  very  little  with  the  change  in  radius  and  is  relatively 
small.  When  $LjhA  =  t t,  ZinA  varies  widely  with  the  radius  of  the  conductor.  If 
Pin  a  ^  PinB  and  ( PmA  +  PinB )  is  to  be  between  50  and  100  ft,  a  satisfactory  choice 
is  $LjhA  =  'Tr  with  a  =  a3  and  ZinA  =  39.0  +  il.9  ft  and  $L2hB  =  tt  with  ZmB  = 
16.9  +  il.64  ft.  The  substitution  of  these  values  in  (11.4-4)  results  in 

^  =  0.70;  R,nA  +  RinB  =  55.9  Q  (11.4-6) 

rT 


The  choice  of  (3L2/tB  =  'Tr  restricts  the  length  hB  to  a  small  value.  This  may  be 
unrealistic  practically  when  the  short-circuiting  termination  is  a  ground  plane  (Fig. 
11. 4- lb).  The  alternative  is  the  metal  disk  (Fig.  11.4-lc).  The  value  of  b/a2  must 


TABLE  11.4-2  Input  Impedance  of  Antenna  and  Line  Sections  in  Fig.  11.4-la 
(f  =  600  MHz) 


hA 

(m) 

ai 

(cm) 

■Zin  A 

(ft) 

hB 

(m) 

«2 

(cm) 

■ZjnB 

(ft) 

tt/2 

0.121 

0.3175 

9.12  +  i0.42 

3tt/2 

0.350 

0.9525 

146.8  +  114.3 

0.117 

0.9525 

8.70  +  10.84 

7T 

0.234 

16.9  +  1 1.64 

0.100 

1.905 

8.34  +  11.70 

2tt 

0.468 

31.4  +  13.05 

7T 

0.242 

0.3175 

903.3  +  142.0 

3tt 

0.702 

42.1  +  14.09 

0.234 

0.9525 

212.6  +  120.7 

4tt 

0.936 

49.3  +  14.78 

0.200 

1.905 

39.0  +  17.9 

00 

00 

60.0  +  i5.83 
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Figure  11.4-1  Insulated  coaxial  line  with  extended  inner  conductor  in  a  semi¬ 
infinite  ambient  medium:  (a)  simple  extension;  (b)  and  (c)  enlarged  extensions. 

Region  1,  metal;  region  2,  air;  region  3,  thin-walled  plastic  tube;  region  4,  earth, 
tissue,  water. 

be  large  enough  to  make  aL2/pL2  quite  small.  In  this  case,  b/a2  =  2.67  and 
aL2^L2  ~  0.092  (Table  11.4-1).  A  succession  of  such  disks  at  intervals  in  electrical 
length  of  tt/2  will  be  even  more  effective  in  suppressing  currents  on  the  shield  of 
the  coaxial  line.  The  disks  are  also  useful  centering  guides  for  the  coaxial  feed  line. 

Insulated  Center-Driven  Dipole  with  Choke  Section 


The  insulated  coaxial  line  with  extended  inner  conductor  may  be  modified  as  shown 
on  the  right  in  Fig.  11.4-2.  The  enlarged  extension  of  the  inner  conductor  of  the 
feeding  coaxial  line  with  length  hA  is  now  the  upper  half  of  an  approximately 
symmetrical  center-driven  dipole.  The  lower  half  consists  of  a  correspondingly 
enlarged  section  of  the  coaxial  shield,  also  with  length  near  hA  and  with  the  same 
radius  a3  as  the  upper  half.  The  upper  half  is  a  monopole  terminated  in  an  open 
circuit  with  ZA  =  o°  and  0^  =  0,  the  lower  half  is  terminated  in  an  insulated  section 
which  has  an  inner  conductor  of  radius  al5  which  is  also  the  outer  radius  of  the 
shield  of  the  coaxial  line.  The  terminating  impedance  of  the  lower  half  of  the  dipole 
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Figure  11.4-2  Current  along  insulated  dipole  with  choke  section. 


is  the  input  impedance  of  the  entire  section  below  it.  This  impedance  can  be  made 
very  large  by  locating  a  metal  disk  at  a  distance  hc  from  the  lower  edge  of  the 
dipole  such  that  $Llhc  =  tt/2.  Additional  metal  disks  at  intervals  of  tt/2  in  the 
electrical  distance  will  minimize  currents  on  the  shield  of  the  coaxial  line.  The 
distribution  of  current  (amplitude  and  phase)  along  the  insulated  dipole  antenna 
and  the  choke  section  of  transmission  line  is  shown  in  Fig.  11.4-2.  The  power  ratio 
may  be  calculated  for  half-lengths  hA  over  a  suitable  range.  It  is  possible  to  have 
up  to  99%  of  the  power  supplied  by  the  coaxial  line  transferred  to  the  ambient 
medium  by  the  antenna. 

Insulated  Sleeve  Dipole 

The  structure  of  Fig.  11.4-2  may  be  modified  by  having  an  internal  coaxial  choke 
section  as  shown  in  Fig.  11.4-3.  The  central  metal  structure  in  Fig.  11.4-3  when 
isolated  in  air  is  the  sleeve  dipole.  The  generalized  transmission-line  theory  of  the 
insulated  antenna  applies  and  the  insulated  sleeve  dipole  can  be  related  to  the 
bifurcated  coaxial  line.  The  structure  in  Fig.  11.4-3  consists  of  two  sections  of 
insulated  conductor,  both  of  radius  a3,  between  which  the  driving  voltage  is  applied 
by  the  coaxial  line.  The  upper  section  of  length  hA  has  an  open  end  so  that  0^  =  0 
in  (11.3-1)  and  (11.3-2).  The  lower  section  of  length  hs  is  terminated  in  two  series- 
connected  sections.  One  of  these  is  a  conventional  coaxial  line  with  metal  inner 
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and  outer  conductors  with  radii  ax  and  a3  -  t,  where  t  is  the  thickness  of  the  metal 
sleeve.  The  second  section  is  an  air-insulated  antenna  with  current  on  the  outside 
of  the  feed  line  (radius  ax)  and  insulation  extending  to  the  ambient  medium  at 
radius  b.  This  section  has  the  length  hB  to  the  boundary  of  the  ambient  medium 
where  it  is  effectively  terminated  in  a  bare  antenna  with  an  indeterminate  length 
and  direction  in  air.  If  a  ground  plane  is  located  at  the  boundary  or  a  metal  disk 
is  placed  appropriately  along  its  length,  this  section  is  terminated  at  the  end  of  the 
length  hB  in  an  approximate  short  circuit  with  ZB  ~  0  and  0B  ~  -iir/2. 

Since  one  of  the  series  sections  is  a  highly  conducting  coaxial  line  and  the 
other  is  an  insulated  section  with  b/ax  large  so  that  aL1/pL1  is  small,  it  is  to  be 
expected  that  the  equivalent  circuit  of  the  bifurcated  coaxial  line  is  a  good  ap¬ 
proximation.  This  is  shown  in  Fig.  11.4-4a,  where  the  reference  plane  for  the 
phase  is  at  the  common  junction  and  the  reactive  end  loads  are 

Xi  =  -Rd  cot  pjrjrf;  X2  =  ^ - —  RcX  cot  $L1d 

b  —  ax 

*3  =  r— ^  Rd  cot  3 Lid  (11.4-7) 

U  Q>x 


region  4,  earth,  tissue,  water. 
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Figure  11.4-4  (a)  Schematic  diagram 
and  (b)  approximate  equivalent  circuit 
of  the  bifurcated  coaxial  line. 
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With  the  values  of  the  several  parameters  taken  from  Table  11.4-1 

X1  =  2415  O;  X2  =  -1752  O;  X3  =  -663  O 


(11.4-8) 

(11.4-9) 


With  careful  adjustment  (at  least  to  within  0.005X)  of  hs  to  (35/t5  =  tt/2,  where  (35 
is  the  wave  number  of  the  all-metal  sleeve,  the  impedance  Zin2  looking  into  the 
coaxial-line  section  can  be  made  very  much  greater  than  l^l  =  1752  fl,  so  that 
the  approximately  equivalent  circuit  in  Fig.  11.4-4b  is  applicable.  For  this  the 
impedance  terminating  the  lower  antenna  section  is 


ini 
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(11.4-10) 
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where  it  is  assumed  that  Zinl  is  kept  sufficiently  small.  The  resistive  terminal  func¬ 
tion  corresponding  to  this  impedance  is  phS  =  0.0146,  so  that  the  ratio  of  the  power 
in  the  termination  to  the  total  power  in  the  lower  half  of  the  antenna  is 


PB  =  sinh  2phs 
P hs  sinh  2(p/,5  +  o.L3hs) 


0.04 


(11.4-11) 


That  is,  96%  of  the  power  into  the  lower  half  of  the  insulated  antenna  is  transferred 
by  it  into  the  ambient  medium.  The  coaxial  choke  section  is  effective  in  isolating 
the  dipole  from  the  feed  line.  Note,  however,  that  the  sleeve  must  be  adjusted 
very  accurately  in  length  and  must  not  have  too  small  a  radius. 

With  the  length  of  the  sleeve  fixed  at  p5/i5  =  it  12,  it  follows  that  the  length 
of  the  upper  half  of  the  dipole  must  also  have  approximately  this  length  for  which 
$L3hA  =  1.96.  At  the  driving  terminals  between  the  halves  of  the  dipole  the  input 
impedance  differs  little  from  the  value  Z  =  15.08  +  0.45  ft  obtained  for  the 
corresponding  dipole  with  choke  section.  As  for  this,  the  input  resistance  is  low 
for  a  good  match  for  a  typical  coaxial  feed  line.  It  can  be  improved  by  increasing 
the  electrical  length  $L3hA  from  it  12  to  it  while  retaining  the  electrical  length  p5/i5 
=  tt/2  for  the  inside  of  the  sleeve  as  shown  in  Fig.  11.4-3b.  With  fiL3hA  =  it  and 
(35/i5  =  it  12,  the  impedance  of  the  dipole  differs  little  from  that  obtained  for  the 
corresponding  dipole  with  choke  section  (i.e,  Z  =  69.0  +  *15.75  ft),  which  is 
readily  matched  to  the  coaxial  feed  line.  This  increase  in  length  also  improves  the 
power  ratio  to  PBIPhS  =  0.014. 


Series-Connected  Insulated  Transmission-Line 
Antenna 


The  three  structures  shown  in  Figs.  11.4-1  to  11.4-3  all  include  a  coaxial  trans¬ 
mission  line  with  an  outer  radius  that  is  small  compared  to  the  radius  of  the 
insulation.  The  inner  conductor  of  the  coaxial  line  has  to  be  even  smaller.  For 
high-frequency  applications  such  as  biological  ones,  a  needlelike  outer  dimension 
is  required  and  it  may  not  be  possible  to  have  an  even  thinner  inner  conductor  so 
that  adequate  power  is  radiated  into  the  ambient  medium.  The  series-connected 
structure  shown  in  Fig.  11.4-5  may  be  more  desirable  in  such  cases.  It  consists  of 
an  end-driven  full-wave  insulated  antenna  of  length  h3  and  radius  a3  (for  which 
aL3^L3  —  0.23  is  quite  large)  driven,  not  by  a  conventional  coaxial  line,  but  by  a 
low-loss  insulated  conductor  with  the  small  radius  ax  (for  which  aL1/(3L1  =  0.045 
is  small).  Such  a  section  behaves  more  like  a  transmission  line  than  like  an  antenna. 
To  provide  a  match  from  the  thin  conductor  to  the  thick  one,  an  intermediate 
quarter-wave  matching  section  is  provided  to  assure  a  maximum  transfer  of  power 
to  the  antenna.  The  input  impedance  Zin3  of  the  antenna  section  with  the  electrical 
length  (3L3/i3  and  an  open  end  is  readily  determined  from  (11.3-2)  with  Zin3  = 
l/yin3.  This  is  the  termination  Z2  for  the  second  section  which  has  (3L2/i2  —  tt/2. 
With  this,  Zin2  is  determined  and  serves  as  the  termination  Zx  for  the  first  section 
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Figure  11.4-5  Current  along  series-connected  insulated  antenna. 


with  the  electrical  length  (3L1/ti-  Zinl  may  again  be  determined  from  (11.3-2).  Table 
11.4-3  lists  the  several  impedances,  terminal  functions,  and  lengths  as  well  as  the 
fraction  of  the  total  power  transferred  to  the  ambient  medium  by  each  of  the  three 
sections: 


P3 

P2  +  P3 

P2  +  P3 
Pi  T  P 2  T  P3 


sinh  2p2 

sinh  2(p2  +  ot^2/z2) 
sinh  2p1 

sinh  2(pj  +  a L1/ii) 


(11.4-12) 


(11.4-13) 


TABLE  11.4-3  Factors  for  Series-Connected  Insulated  Antenna 


Z/  -  Zin(y+1) 


00 

35.1  +  /6.8 
88.4  +  i4.5 


zin/  (ft) 

0/  =  Pi  ~ 

hj  (cm) 

PzA 

«zA 

35.1  +  16.8 

0 

19.8 

3.1086 

0.715 

88.4  +  i'4.5 

0.674  -  iT.484 

11.7  . 

tt/2 

0.145 

140.6  -  i26.7 

0.848  -  i'1.560 

32.0 

4.160 

0.191 

p/p 

1  ]' 1  tot 


ffl 


49 

18 

33 
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1 1.5  THE  ELECTRICALLY  SHORT  INSULATED  ANTENNA 
AS  A  PROBE  FOR  MEASURING  ELECTRIC  FIELDS 
IN  GENERAL  MEDIA 


An  interesting  and  useful  property  of  the  insulated  antenna  is  the  possibility  of 
constructing  it  so  that  its  input  impedance  is  very  nearly  independent  of  the  electrical 
properties  of  the  medium  in  which  it  is  embedded.  This  is  important,  for  example, 
when  it  is  desired  to  measure  the  intensity  of  the  electric  field  in  a  region  with  a 
permittivity  that  is  not  accurately  known  or  that  varies  from  point  to  point.  A 
probe  is  evidently  needed  that  has  a  response  to  the  incident  electric  field  that  is 
independent  of  the  permittivity. 

Consider  an  insulated  dipole  with  inner  conductor  of  length  2 h  and  radius  a 
and  insulating  sleeve  of  radius  b  and  length  2 ht,  as  shown  in  Fig.  11.5-1.  It  is 
center-loaded  by  an  impedance  Z,.  The  input  impedance  of  the  dipole  is  Z0.  Let 
the  dipole  be  oriented  so  the  incident  electric  field  El  is  along  its  axis.  The  voltage 
across  the  load  is  then  given  by 


Z0  +  Z, 


(11.5-1) 


where  2 he  is  the  length  known  as  the  effective  length  and  2 heE'  is  the  open-circuit 
voltage  at  the  load  terminals  of  the  antenna  when  Z,  — »  °°.  An  electrically  short 
antenna  is  defined  as  follows  for  a  bare  antenna  (b  =  a  in  Fig.  11.5-1): 

|Ml  <  1  (11.5-2) 
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Figure  11.5-1  Center-loaded  insulated 
dipole. 
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and  for  an  insulated  antenna 


Ml  <  1  (11.5-3) 

where^  =  (3i  +  ict  1  =  o>[p,1(e1  +  /Yr]/o))J12  is  the  wave  number  of  both  the  medium 
(region  1)  and  the  current  in  the  bare  antenna;  kL  =  +  iaL  is  the  wave  number 

of  the  current  in  the  insulated  antenna  as  given  by  (11.1-2).  When  both  (11.5-2) 
and  (11.5-3)  are  satisfied,  the  current  distributions  for  bare  and  insulated  antennas 
are  approximately  triangular,  so  that 

2 he  ~  h  (11.5-4) 

and 


Z, 

Z0  +  Zi 


(11.5-5) 


To  make  the  voltage  across  the  load  proportional  to  the  electric  field,  it  is 
necessary  either  to  make  the  load  impedance  Z,  very  great  compared  to  the  input 
impedance  Z0  of  the  antenna  (\Zt\  >  |Z0|),  or  make  Z0  independent  of  the  consti¬ 
tutive  parameters  (ale,  ele)  of  the  surrounding  medium.  The  first  alternative  leads 
to  the  simple  relation  Vt  =  hE\  but  involves  the  difficulty  that  the  input  impedance 
Z0  of  an  electrically  short  antenna  is  itself  very  large,  so  that  the  condition  \Z\  > 
|Z0|  usually  cannot  be  achieved.  This  leaves  the  second  alternative,  to  make  Z0 
independent  of  ale  and  ele. 

Fig.  11.5-2  shows  the  normalized  response  Vn(er)  =  Vi(er)/V/(er  =  80)  of 


Figure  11.5-2  Normalized  electric  field  response  of  electrically  short,  bare,  and  insulated 
probes  as  function  of  relative  dielectric  constant  er  of  external  medium  and  probe  loading  C,. 
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both  bare  and  insulated  electrically  short  dipoles  as  a  function  of  the  relative 
permittivity  of  the  ambient  medium.  The  half-length  of  the  conductors  is  h/K0  = 
1.85  x  10“1 2 3,  where  X0  is  the  wavelength  of  the  source  in  air.  Also  hla  =  21.8, 
where  a  is  the  radius  of  the  conductor.  The  insulated  antenna  has  a  dielectric 
coating  with  radius  b  =  3.28a  and  a  relative  permittivity  eri  =  2.1;  the  length  of 
the  insulation  is  ht  =  1.3 h.  The  antennas  have  capacitive  center  loads  Q;  C  is  the 
input  capacitance  of  the  antenna. 

The  normalized  response  of  the  bare  probe  is  seen  to  be  a  function  of  the 
relative  permittivity  elr  of  the  ambient  medium  and  of  the  impedance  Z,  ~  i/wC/ 
of  the  load.  On  the  other  hand,  the  response  of  the  insulated  probe  is  quite  uniform 
for  the  higher  values  of  elr  with  only  a  10%  variation  for  elr  >  12.  This  means  that 
the  probe  could  be  embedded  successively  at  different  locations  in  a  living  body 
or  in  the  earth  to  measure  the  local  electric  field  without  the  need  of  first  deter¬ 
mining  the  permittivity  at  these  locations. 


PROBLEMS 

1.  Determine  the  field  of  an  air-insulated  center-driven  dipole  antenna  immersed  in  (a)  lake 
water  and  (b)  seawater — at  distances  R0  from  the  center  that  are  large  compared  to  the 
half-length,  h,  of  the  antenna  at  /  =  500  MHz  and  1  GHz.  The  radius  of  the  antenna  is 
a  =  0.2  cm  and  bla  =  4.0.  The  electrical  length  of  the  dipole  is  $Lh  =  tt/2. 

2.  Show  a  diagram  of  the  distribution  of  current  in  magnitude  and  phase  along  an  insulated 
dipole  {$Lh  =  tt)  which  is  air-insulated  and  immersed  in  moist  earth  (e,.  =  15,  a  = 
1.2  x  10“ 2  S/m).  What  are  kL  and  Zc?  Determine  the  electric  field  at  large  distances 

R0. 


The  Theory 
of  Waveguides 


At  high  frequencies  the  transmission  of  electric  power  along  coaxial  or  open-wire 
transmission  lines  that  satisfy  the  requirement  that  their  cross-sectional  dimensions 
remain  electrically  small  becomes  difficult.  Thin  closely  spaced  conductors  are 
inadequate  to  carry  either  large  currents  or  high  voltages  so  that  the  power-handling 
capacity  is  small.  A  very  useful  alternative  consists  of  highly  conducting  metal  pipes 
with  various  cross-sectional  shapes  that  are  required  to  be  electrically  quite  large 
in  cross-sectional  size.  The  theory  of  the  transmission  of  electric  power  along  such 
pipes  is  a  three-dimensional  electromagnetic  boundary-value  problem  that  is  for¬ 
mulated  and  analyzed  in  this  chapter. 

The  analysis  can  be  carried  out  directly  in  terms  of  the  electromagnetic  vectors 
and  this  is  often  done.  An  alternative  that  permits  a  close  parallelism  between 
conventional  transmission  lines  and  waveguides  is  to  make  use  of  the  Hertz  po¬ 
tentials.  This  route  is  taken  in  this  chapter. 


12.1  THE  HERTZ  POTENTIALS 

The  scalar  and  vector  potentials  introduced  in  Chapter  3  are  often  convenient  to 
formally  simplify  Maxwell’s  equations  and  so  facilitate  the  solution  of  electromag¬ 
netic  problems.  This  arises  in  part  from  the  fact  that  the  equation  for  the  scalar 
potential  <J>  depends  only  on  the  essential  density  of  charge  p,  the  equation  for  the 
vector  potential  only  on  the  essential  density  of  moving  charge  p^v.  In  many 
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problems  the  currents  that  directly  generate  an  electromagnetic  field  are  confined 
to  localized  regions  in  which  they  are  maintained  by  external  sources  that  are 
independent  of  the  field  they  generate.  Such  localized  currents  are  often  confined 
to  a  short  linear  antenna  (electric  dipole)  or  a  small  loop  (magnetic  dipole)  that 
can  be  represented  by  equivalent  distributions  of  the  volume  densities  of  polari¬ 
zation  and  magnetization.  A  formulation  of  Maxwell’s  equations  which  takes  ac¬ 
count  of  this  possibility  and  expresses  the  electromagnetic  field  in  terms  of  localized 
distributions  of  externally  maintained  electric  and  magnetic  dipole  sources  Pe  and 
Me  involves  the  definition  of  a  different  set  of  vector  potential  functions  known  as 
the  Hertz  potentials. 

The  first  step  in  developing  the  new  formulation  is  to  separate  the  externally 
maintained  or  intrinsic  volume  densities  of  polarization  Pe  and  magnetization  Me 
from  the  induced  volume  densities  P  =  (e  —  e0)E  and  —  M  =  (p-1  -  |x^1)B, 
which  characterize  all  simply  polarizing  and  magnetizing  media.  With  this  sepa¬ 
ration  and  the  relation  =  ctE,  the  essential  volume  density  p^v  can  be  expressed 
in  the  following  expanded  form  with  the  externally  maintained  dipole  sources 
included  explicitly: 

pwv  =  ctE  —  (|x_1  —  Vo  x) V  x  B  +  V  x  Me 

+  yw(e  -  e0)E  +  yw Pe  (12.1-1) 

It  follows  that  Maxwell’s  equation 

V  X  B  =  p,0(p^v  +  y'we0E)  (12.1-2) 

becomes 

V  X  B  =  |x(yweE  +  V  X  Me  +  yea Pe)  (12.1-3) 

where  ywe  =  a  +  ywe  =  a'  —  ya"  +  y'w(e'  —  ye")  =  (o'  +  we")  +  yw(e'  —  ct"/w) 
—  (re  +  ywee.  When  V  x  B  in  (12.1-3)  is  used  in  the  definition  of  the  vector 
potential  A,  the  equation  for  this  becomes 

V2A  +  w2|xeA  =  —  ywpPe  —  |xV  X  Me  (12.1-4) 

This  equation  suggests  the  separation  of  the  vector  potential  A  into  two  independent 
parts  of  which  the  one  depends  on  Pe,  the  other  on  Me.  This  is  readily  accomplished 
by  setting 


A  =  ywixell^  +  V  X  IXV/  (12.1-5) 

When  this  expression  is  substituted  in  (12.1-4),  it  can  be  separated  into  the  fol¬ 
lowing  independent  equations  where  k2  =  w2|xe: 

v2n£  +  k2  nE  =  v2nM  +  *2nM  =  -Mep  (12.1-6) 


Here  the  electric  Hertz  potential  or  polarization  potential  II£  depends  only  on  Pe, 
the  magnetic  Hertz  potential  or  magnetization  potential  IIM  depends  only  on  Me. 
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The  electromagnetic  field  can  be  expressed  in  terms  of  the  Hertz  potentials  with 
the  help  of  the  equations  that  relate  it  to  the  scalar  and  vector  potentials.  Specif¬ 
ically, 


B  =  V  X  A;  E  =  -V<f>  -  /wA  =  — -  VV  •  A  -  /o> A  (12.1-7) 

o)|xe 

where  use  has  been  made  of  the  Lorentz  condition  V  •  A  +  ;'co |xe<f>  =  0  to  define 
the  divergence  of  the  vector  potential.  With  these  formulas  and  (12.1-5)  the  elec¬ 
tromagnetic  field  is  readily  expressed  in  terms  of  the  Hertz  potentials.  Thus,  at  all 
points  outside  the  regions  in  which  Pe  and  Me  are  defined, 

=  -  vxn£;  Em  =  —  /(oV  x  IIM  (12.1— 8) 

0) 

e£  =  vvn£  +  k2uE;  BM  =  vxvxnM  =  vv-nM  +  FnM  (12.1-9) 

Note  that  the  electromagnetic  field  is  separated  into  two  independent  parts.  The 
one,  of  electric  type,  has  for  its  sources  currents  expressed  in  terms  of  oscillating 
electric  dipoles;  the  second,  of  magnetic  type,  has  for  its  sources  currents  around 
closed  loops  which  are  expressed  in  terms  of  equivalent  oscillating  magnetic  dipoles. 
The  Hertz  potentials  can  be  used  where  convenient  as  intermediary  functions  in 
the  solution  of  Maxwell’s  equations  subject  to  the  boundary  conditions  appropriate 
to  particular  problems.  These  include  especially  the  determination  of  the  electro¬ 
magnetic  fields  generated  by  vertical  and  horizontal  electric  and  magnetic  dipoles 
near  the  boundary  between  two  different  media  such  as  air  and  ocean,  air  and 
earth. 

Since  the  vector  wave  equations  (12.1-6)  are  difficult  to  solve,  it  is  advan¬ 
tageous  to  reduce  them  to  scalar  form  by  noting  that  Pz  can  be  used  to  represent 
all  z  directed  currents,  Mez  all  currents  in  the  plane  perpendicular  to  z.  Thus,  many 
problems  can  be  solved  with  the  following  source  functions  and  associated  Hertz 
potentials: 

Pe  =  z  Pi  n£  =  mEz-  Me  =  z  Ml,  \\M  =  zXlMz  (12.1-10) 
This  leaves  the  two  scalar  equations: 

v2n£,  +  k2  n£,  =  v2!!^  +  mMz  =  (12.1-11) 


These  are  the  basic  equations  to  be  solved  for  the  Hertz  potentials.  The  associated 
relations  for  the  electromagnetic  field  are  obtained  from  (12.1-8)  and  (12.1-9) 
with  II£  -  zTIez  and  II  V/  =  z\iMz.  They  are 

B£  =  /(opi(V  x  zT1Ez);  Em  =  -;<o(V  x  zIlMz)  (12.1-12) 

E*  =  v^f 


+  k2  m 


Ez > 


B  M  —  ^ 


an 


Mz 


dz 


+  k2  mMz  (12.1-13) 
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If  solutions  can  be  obtained  for  the  Hertz  potentials  in  terms  of  oscillating  dipoles 
that  can  be  represented  by  localized  distributions  of  the  volume  densities  of  po¬ 
larization  and  magnetization,  the  complete  electromagnetic  field  is  readily  calcu¬ 
lated  from  (12.1-8)  and  (12.1-9). 


1 2.2  ELECTROMAGNETIC  WAVES  IN  METAL  WAVEGUIDES 

AND  GENERALIZED  TRANSMISSION  LINES:  SEPARATION 
OF  AXIAL  AND  TRANSVERSE  PROBLEMS 

Conventional  transmission  lines  like  the  open  two-wire  line  and  the  coaxial  line 
are  useful  for  the  transmission  of  power  from  a  generator  at  one  end  to  a  load  at 
the  other  end — which  may  be  very  far  away.  The  usefulness  of  such  lines  and  the 
theory  developed  for  them  are  restricted  by  conditions  that  require  their  cross- 
sectional  dimensions  to  be  electrically  small.  Such  a  condition  is  necessary  for  the 
open  two-wire  line  in  order  to  make  radiation  negligible;  it  is  needed  for  the  coaxial 
line  to  assure  that  the  solution  obtained  is  complete.  As  the  frequency  associated 
with  the  currents  transmitted  along  transmission  lines  is  increased,  the  actual  cross- 
sectional  dimensions  of  the  lines  must  be  reduced  to  keep  them  electrically  small 
until  their  power-handling  capacities  become  inadequate.  When  this  occurs,  more 
useful  structures  to  guide  electromagnetic  waves  from  a  generator  to  a  load  must 
be  devised.  The  most  obvious  possibility  is  the  coaxial  line  with  a  sufficiently  large 
cross-sectional  size  to  handle  the  power  that  is  to  be  transmitted.  To  determine 
the  properties  of  such  a  structure  it  is  necessary  to  reanalyze  the  coaxial  line  without 
the  restriction  that  its  transverse  dimensions  be  electrically  small.  Indeed,  it  is 
expedient  to  formulate  the  problem  even  more  generally  by  allowing  the  cross- 
sectional  shape  to  be  arbitrary  before  specializing  to  the  circular  geometry.  Metal- 
walled  tubes  in  the  interior  of  which  electromagnetic  fields  propagate  are  known 
as  waveguides.  They  are  generally  required  to  have  a  uniform  cross-sectional  size 
and  shape  along  their  entire  length.  That  is,  the  cross  section  is  independent  of 
the  axial  coordinate,  which  is  taken  to  be  z.  The  two  transverse  coordinates  can 
be  denoted  by  u  and  v  until  it  is  desired  to  use  them  for  circular,  ellipsoidal,  or 
rectangular  cross  sections  when  they  are  appropriately  specialized. 

The  Hertz  potentials  in  a  slightly  modified  form  are  admirably  suited  for 
solving  for  the  electromagnetic  fields  in  waveguides  in  a  manner  that  corresponds 
formally  very  closely  to  the  familiar  solution  for  conventional  coaxial  lines  in  terms 
of  currents  and  voltages.  For  this  purpose  let  the  electric  Hertz  potential — which 
is  generated  by  an  oscillating  dipole  current  density  j(oPez — be  replaced  by  the 
electric-type  generalized  current  function  IE  (in  amperes)  and  the  magnetic-type 
Hertz  potential — which  is  generated  by  an  oscillating  magnetic  dipole  density 
jiaMez — be  replaced  by  the  magnetic-type  generalized  voltage  function  VM  (in  volts). 
The  defining  relations  are 

lE  —  joieHEz',  VM  =  —]a)UMz  (12.2-1) 
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Let  associated  voltage  and  current  functions  be  defined  as  follows: 


VE  =  (\> 


vi4  =  - 


1  dL 


Im  —  p-  •  1 1 M  — 


/we  dz 
1  dVM 


(12.2-2) 


/(0|X  dz 


With  (12.1-11)  it  follows  that 


V24  +  mE  =  -ycoPf;  V2V4  +  k2VM  =  j^M 


e 

z 


(12.2-3) 


And  from  (12.1-12)  and  (12.1-13)  the  associated  electromagnetic  fields  are 


H,  = 


B 


M- 


=  V  X  z/£; 


E 


M 


V  X  zV 
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(12.2-4) 
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diE 
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+  k2i.Ii 


M 
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dVjj 

dz 


+  k2  zV 


M 


(12.2-5) 


It  is  convenient  to  separate  the  axial  and  transverse  components  of  the  field.  Thus 
with  V  =  z  ( d/dz )  +  V2  =  ( d2ldz 2)  +  Vf , 


HEz  =  0; 


EMz  —  0 


H 


Et 
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i  ( s2ie 


'Ez  •  -  l  "T  4 

;c oe  \  dzz 


+  k2I 


E  I  5 


hMz  — 


1  [d2VM 

7C0|X\  dz2 


+  k2V 
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1 


vf24; 


-l 

4ix 


V2V. 


M 


(12.2-6) 


Vf  x  z4  =  -  z  x  Vf4;  Em,  =  V,  x  zVM  =  -  z  x  VfV4  (12.2-7) 


(12.2-8) 


;coe  \  dz 


=  -  V,V*; 


H„,=4v/aFw 


dz 


=  -Vf4  (12.2-9) 


The  differential  equations  (12.2-3)  can  be  separated  into  axial  and  transverse  parts 
by  the  method  of  separation  of  variables.  Specifically,  with 

4=44,  v,  z)  =  IE(z)VE(u,  v);  VM=VM(u,  v,  z)  =  VM(z)^M(u,  v)  (12.2-10) 


the  equations  (12.2-3),  for  example, 


r2 t  /..  ..  _a  ,  ^44,  V,  Z) 


V24(m,  v,  z)  + 


dr 


+  k2IE(u,  v ,  z)  =  —jcoP 


e 

z 


(12.2-11) 
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can  be  expressed  in  the  form 

-  ^E(u,  v)  =  d2IE(z)/dz2 
yE{u,  V )  IE(z ) 


(12.2-12) 


at  all  points  outside  the  localized  regions  in  which  Pez  differs  from  zero.  Since  the 
left  and  right  sides  are  independent,  they  must  be  equal  to  a  separation  constant, 
k|.  This  leads  to  the  following  pairs  of  independent  equations  when  the  sequence 
(12.2-11)  and  (12.2-12)  is  repeated  for  VM. 

V2^e{u,  v )  +  k2e Ve(u,  v )  =  0;  V2Vm(u,  v )  +  k2m^ M{u,  v)  =  0  (12.2-13) 

-  7  He(z)  =  0;  -  yhVM(z)  =  0  (12.2-14) 

where 

y%=  ke  -  k2;  7m  =  k2m  ~  k2  (12.2-15) 

With  the  transverse  and  axial  problems  separated,  the  next  step  is  to  solve  the 
equations  for  the  functions  ^( u ,  v )  which  characterize  the  transverse  problems 
and,  in  the  process,  to  determine  the  properties  of  the  separation  constants  k2. 


12.3  THE  TRANSVERSE  PROBLEM  AND  THE  BOUNDARY 
CONDITIONS  ON  THE  WALLS 

The  transverse  problem  consists  of  the  solution  of  equations  of  the  type 

V?¥(m,  v)  +  K 2^{u,  v)  =  0  (12.3-1) 

subject  to  appropriate  boundary  conditions  on  the  walls  of  the  waveguide  expressed 
in  terms  of  suitably  chosen  coordinates  u  and  v.  In  general,  there  is  a  sequence  of 
discrete  values  of  the  constant  k  which  satisfy  the  equation.  These  are  denoted  by 
Ka  where  the  single  subscript  a  stands  for  two  identifying  indices  appropriate  to  the 
transverse  boundaries.  The  values  Ka  are  known  as  characteristic  values  or  eigen¬ 
values  (from  the  German  Eigenwerte)  of  the  transverse  equation  with  its  boundary 
conditions.  For  perfectly  conducting  walls  the  Ka  are  real  and  positive;  for  highly 
conducting  walls  they  have  very  small  imaginary  parts.  The  functions  %(w,  v) 
which  satisfy  the  equation  are  the  characteristic  functions  or  eigenfunctions  of  the 
equation  with  its  boundary  conditions.  In  waveguide  theory  they  are  known  as 
mode  functions .  Thus  the  transverse  problem  requires  the  solution  of  (12.3-1)  for 
the  eigenvalues  and  the  mode  functions. 

Since  for  each  transverse  mode  the  constant  Ka  has  its  own  value,  the  longi¬ 
tudinal  functions  IE(z)  ancj  FM(z)  are  different  for  each  Ka.  Thus,  for  each  Ka  there 
is  a  solution  of  the  general  form  (12.2-10).  Since  the  equations  (12.2-3)  are  linear 
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at  all  points  outside  the  localized  regions  where  Pez  and  Mez  differ  from  zero,  the 
general  solution  is  the  sum  of  all  modes.  That  is, 


IE(u,  v,  z)  =  2  VEa(u>  v)IEa(z ) 


a 


VM{U,  V,  z)  =  2  'J'A 1a(U>  V)VMa(Z) 


(12.3-2) 


a 


VE(u,  V,  z)  =  2  ^(m,  v)y£a(z) 


a 


/M(w,  v,  z)  =  2  v)IMa(z) 


(12.3-3) 


a 


where  the  functions  IEa{z),  VEa(z),  VMa{z),  and  /Ma(z)  are  the  longitudinal  functions 
for  the  individual  modes  represented  by  the  subscript  a  which  stands  for  two  indices. 
These  functions  satisfy  the  equations 

*lEa(Z)  -  7L tW  =  0;  -  7^VMa(2)  =  0  (12.3-4) 


dz2 


dr 


where 


lEa  =  KE a  ~  k2',  =  kL„  -  k2 


iMci  ~  KMa 

Also,  with  (12.2-2),  the  functions  VEa(z )  and  IMa(z )  are  defined  by 


VEa(z)  =  - 


1  ^Ea(Z) 


ywe  dz 
With  (12.3-4)  it  follows  that 
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/(D|X  dZ 


(12.3-5) 
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dz 

T4?  4„(z); 
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dZ 

7"“  V«„(z) 

ywfx 

(12.3-7) 

With  k 2  =  (o2|xe  and  the  following  notation: 

yE  =  /we; 

zm  =  ;wix 

(12.3-8) 
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y  Ma  ~  • 

,  .  _ 

=  .  +  ;we 
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(12.3-9) 

lEa  ~  ( yEZEa)V2'-> 

7iWa  ~  (ZMTMa)1/2 

(12.3-10) 

The  first-order  equations 

are 

ava(z) 

dz 

_  ZEa^Ea{Z)'i 

dlMa(Z ) 
dz 

(12.3-11) 

dlEa(Z) 
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(12.3-12) 
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These  are  the  conventional  transmission-line  equations  but  with  series  impedances 
and  shunt  admittances  per  unit  length  that  differ  from  those  for  conventional  coaxial 
lines.  Although  IEa(z )  and  VMa{z )  are  measured,  respectively,  in  amperes  and  volts, 
they  are  not  currents  in  and  potential  differences  between  conductors  but  potential 
functions  defined  in  the  dielectric  medium  enclosed  by  the  metal  walls. 

For  perfectly  conducting  walls  k|  and  k2m  are  real;  also  |x,  and  the  effective 
constants  ae  and  ee  are  real.  Hence,  with  k2  =  (o2|xe  =  <o2|xee  -  ;o)|xae 

yE=ju£  =  g+;'(oc;  zM  =  ;'(op=;W  (12.3-13) 


g'a  +  jWa 


7  +  '■> 


+  g  +  ;wc 


(12.3-14) 


withg  =  ae,c  =  ee,  l  =  p,  g'a  =  cre / k2E(1  ,  c'a  =  ee / kE(1  ,  l'a  =  p/ K2Ma.  These  constants 
are  characteristic  of  the  equivalent  circuits  per  unit  length  shown  in  Fig.  12.3-la 
for  the  electric  modes,  in  Fig.  12.3- lb  for  the  magnetic  modes.  Note  that  these 
circuits  both  reduce  to  that  of  the  conventional  coaxial  line  when 
g'a  ~  00 >  c'a  =  °°,  l'a  =  00 .  This  is  true  when  k|  =  =  0. 

General  solutions  of  (12.3-4)  are 


4 aW  =  AEa^VilEaZ)  +  BEa  exp  (  ~  ^ EaZ) 

VMa{z )  =  A  Ma  exp  (yMaz)  +  bm0  exp  ( -  yMaz) 


(12.3-15) 


Figure  12.3-1  Equivalent  circuits  for 
waveguides:  (a)  electric  modes;  (b) 
magnetic  modes. 
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VEa(z)  =  - Z Ea[A Eaexp (7. Eaz)  -  BEaexp(-yEaz )] 

lMaiZ)  =  -  YmoIAmci  eXP  (lMaZ)  ~  BMa  eXp  (  -  lMaZ)\ 


(12.3-16) 


where  the  constants  A  and  B  are  to  be  evaluated  from  boundary  conditions  at 
z  =  0,  s,  and 


1m a 
/(OfX 


(12.3-17) 


are  the  wave  impedance  and  wave  admittance,  respectively.  The  electromagnetic 
field  of  each  mode  follows  from  (12.2-6)  to  (12.2-9)  with  (12.3-2)  and  (12.3-3): 


BEza~  ■  ~IEa{Z)^ EaiU> 

;we 

YEta  —  —  YEa(z)\ ^ Ea(u,  v)\ 

H Eta  =  ~ha(Z)[Z  X  ^t^Eaiu,  V)}  \ 

HEza  =  0; 


Mza  ~  •  YMa{z)^ Ma{li,V) 

ywp. 

H Mta  =  ~  I Ma(Z)^ (Y Ma(U>  V) 

E Mta  =  ~  VMa(z)[t  X  V^Mfl(M,  V)] 

Emzci  =  0 


(12.3-18) 

(12.3-19) 

(12.3-20) 

(12.3-21) 


It  is  seen  that  each  mode  of  electric  type  has  a  nonvanishing  component  EEza  and 
a  zero  component  HEza  in  the  direction  of  propagation  z.  They  are  called  E  modes 
or  transverse  magnetic  (TM)  modes.  Similarly,  each  mode  of  magnetic  type  has  a 
nonvanishing  component  HMza  and  a  zero  component  EMza  in  the  direction  of 
propagation.  They  are  called  H  modes  or  transverse  electric  (TE)  modes. 

If  the  walls  S  and  any  conductors  in  the  waveguide  are  treated  as  perfectly 
conducting,  the  total  electric  field  must  satisfy  the  boundary  condition  n  x  E 
=  0,  where  n  is  a  unit  normal  perpendicular  to  S.  More  generally,  the  “impedance” 
boundary  condition,  n  x  E  =  Zs H,  where  Zs  =  (/wp./ a w)m  and  ow  is  the  con¬ 
ductivity  of  the  metal  walls,  can  be  used  when  ow  is  large  but  not  infinite.  For  a 
general  understanding  of  the  properties  of  waveguides  the  simpler  condition  n  x  E 
=  0  is  adequate.  This  is  equivalent  to  the  two  conditions 

(1)  Ez  =  0;  (2)  s  •  E,  =  0  (12.3-22) 


where  s  is  a  unit  vector  tangent  to  a  bounding  surface  S  along  a  contour  C  in  a 
transverse  plane  (i.e.,  perpendicular  to  z).  These  conditions  apply  to  electric  and 
magnetic  modes.  For  the  E  modes, 

(1)  EEt  =  2  Ee„  =  2  ^  IeMVeM,  V)  =  0  on  S  (12.3-23) 

a  a  ywe 


Since  this  condition  must  be  satisfied  for  all  values  of  z,  it  is  true  in  general  only 
when 


^ Ea(u>  v )  =  0  on  S 


(12.3-24) 
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Since  the  H  modes  have  no  Ez  component,  the  condition  EMz  =  0  is  automatically 
satisfied.  For  the  E  modes, 

(2)s-Efl  =  S^Eflfl=  -S  •  2  V Ea{z)V & Ea{u,  V ) 

a  a  (12.3-25) 

-  _  V  T/  (7\  d^Ea{u,  V )  _  n  r 

*Ea\Z)  .  0  on  C 

a  OS 

where  C  is  a  transverse  contour  on  S.  Since  this  condition  must  be  satisfied  for  all 
values  of  z,  it  is  generally  true  only  when 

-~Eis’  ^  =  0  on  C  for  a11  a  (12.3-26) 

This  condition  is  necessarily  satisfied  when  'T Ea(u ,  v)  =  0  on  C  for  all  a. 

For  the  H  modes, 

(2)  S  •  EMr  =  2S*  EMm  =  2  VMa(z) S  '  [z  X  V)] 

a  a 

=  2  VMa(z)V  p  Ma(u,  v)  '  (s  X  z) 

a 

=  2  t,)  =  o  on  C  (12.3-27) 

a  0/2 

Since  this  condition  must  be  true  for  all  values  of  z,  it  can  be  generally  valid  only 
when 

d^Ma{u,  v)  =  QonC  f()r  aU  a  (12.3-28) 


It  may  be  concluded  that  the  transverse  problem  requires  the  solution  of 


V^£«(m,  v)  +  K2Ec^Ea{u,  V)  =  0; 

V)  +  K ha^Maiu,  V)  =  0 

(12.3-29) 

^£a(w,  v)  =  0  on  boundaries; 

dVMa(u,  V)  A 

=  0  on  boundaries 
dn 

(12.3-30) 

The  fields  are 

HEza  =  0; 

^  Mza  0 

(12.3-31) 

H Eta  =  -/£a(z)[z  X  VtyEa(u,  v)]\ 

^Mta  =  X  ^)] 

(12.3-32) 

EEz .  =  V); 

;coe 

Hmzo  —  •  V Ma(z)^ Ma(u>  V) 

JlOH 

(12.3-33) 

EEla  =  —  V Ea{z ) V ^ Ea{u,  v); 

H Mta  I Mai^^ ^ 

(12.3-34) 

The  expressions  for  EEza  and  HMza  are  obtained  by  combining  the  expression 
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V^p(w,  v)  with  the  equation  V^p(w,  v)  +  k 2y¥(u,  v)  =  0.  Thus 

A  V)  =  -  'h  VEa(U,  V) 

;we  ;we 

Note  that 


Eezq 

El Mza 


(12.3-35) 


That  is,  EEz  is  proportional  to  IEa{u,  v,  z)  and  TlEza,  HMz  is  proportional  to 
VMa{u,  v,  z)  and  IlM2a. 

An  important  special  case  of  the  E  modes  is  known  as  the  T  mode  or  transverse 
electromagnetic  mode  (TEM).  It  arises  when  k|  =  =  0,  V^pr(w,  v)  =  0.  The 

condition  ETz  =  ( KEa/ju>e )  IEa{zyVT(u,  v )  =  0  is  now  automatically  satisfied  at 

all  points.  That  is,  both  ETz  and  HTz  vanish  everywhere.  The  remaining  boundary 
condition  for  the  T  mode  is  d^T{u,  v)/ds  =  0  on  C  or  'T T(u ,  v)  =  =  constant 

on  C.  For  a  nontrivial  solution  the  constant  must  not  be  zero.  However,  the 
only  solution  of  V^PT(w,  v)  =  0  that  satisfies  'T T(u ,  v)  =  on  the  enclosing 
boundary  C  is  'T T(u ,  v)  =  everywhere  within  C.  This  means  that  ET  =  HT  =  0 
so  that  E  and  H  vanish  identically  within  C.  Hence  the  T  mode  cannot  exist  in  a 
simply  connected  region  enclosed  by  a  single  boundary.  If  the  region  is  doubly  (or 
multiply)  connected  (as  for  a  coaxial  or  shielded  multiconductor  line) ,  the  tangential 
component  of  E  vanishes  on  the  two  (or  more)  metal  boundaries  if  'VT{u,  v )  = 
'Tj  on  surface  1,  'VT T(u ,  v)  =  on  surface  2,  and  so  on.  In  this  case  'T T(u ,  v)  = 
constant  is  not  a  solution,  VpTT(w,  v)  ±  0,  and  the  electromagnetic  field  does  not 
vanish  between  the  metal  surfaces.  Thus  a  T  mode  (TEM  mode)  is  a  possible 
degenerate  case  of  the  E  modes.  It  is  readily  shown  that  there  is  no  such  degenerate 
H  mode. 

It  can  be  proved  that  when  the  characteristic  functions  are  not  degenerate 
they  satisfy  the  following  orthogonality  conditions.  The  area  of  integration  is  a 
typical  cross  section  A . 


%(m,  v)%(u,  v)  dA  =  0;  p  ±  q 

J  A- 


(12.3-36) 


A 


Vf'F„(w,  vyV^Ju,  v)  dA  =  0;  p  +  q 


(12.3-37) 


where  'T  stands  for  or  The  indices  p  and  q  correspond  to  values  of  the 
index  pairs  represented  by  a.  Also  valid  is  the  relation 


I  z  •  [V^Epiu,  v )  x  VtyM(l(u,  v)]  dA  =  0 

J  A- 


p  1?  2,  .  .  .  ,  (j, 


(12.3-38) 
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The  mode  functions  are  conveniently  normalized  with  the  relations 

I  (V,¥„  •  V,V,)  dA  =  1  (12.3-39) 

JA 

k2„  I  V2a  dA  =  1  (12.3-40) 

J  A 


12.4  THE  PROPAGATION  CONSTANTS  AND  WAVE 
IMPEDANCES  AND  ADMITTANCES 

The  properties  of  a  waveguide  are  most  readily  visualized  when  it  is  terminated  in 
a  manner  such  that  with  the  source  at  z  =  0  there  are  no  reflections  at  the  load 
end  z  -  s.  This  means  that  all  constants  AEa  and  AMa  are  zero  so  that  with  yEa  = 

aEa  +  j^Ea  an^  1  Ma  ~  aMa  +  /pMa> 

ha(z)  =  BEaex p(  -  a Eaz)  exp(  -  j| lEaz)\  VMa{z)  =  BMaex p(  -  aMaz)exp(  -  j| lMaz)  (12.4-1) 
VEa{z)  =  ZEaIEa{z)\  IMa(z )  =YMaVMa(z)  (12.4-2) 

These  are  typical  traveling  waves  progressing  in  the  positive  z  direction  with  the 
phase  velocities 


0) 

VEa  ~  g  ’ 

P  Ea 

0) 

^  Ma  n 

P  Ma 

(12.4-3) 

and  the  guide  wavelengths 

2tt 

2tt 

(12.4-4) 

^Ea  ~  3  ’ 

P  Ea 

k Ma  —  n 

P  Ma 

The  nature  of  the  traveling  wave  depends  greatly  on  the  magnitude  of  the 
ratio  of  attenuation  constant  to  phase  constant,  viz.,  a a/(3a.  When  this  ratio  is  small, 
the  exponential  decrease  in  amplitude  per  wavelength  of  propagation  is  also  small 
and  the  guide  acts  as  a  low-loss  transmission  line.  On  the  other  hand,  when  «a/(3a 
5:  1,  the  amplitude  decreases  to  a  small  value  in  a  single  wavelength  so  that 
propagation  over  any  distance  is  impossible.  In  order  to  study  the  properties  of 
each  mode,  it  is  necessary  to  separate  the  real  and  imaginary  parts  of  the  propa¬ 
gation  constants.  These  are  defined  by 

' lEa  =  aEa  +  J^Ea  =  (K£a  ~  k2)1/2  —  (zEayE)1/2  (12.4~5a) 

7 Ma  =  aMa  +  j$Ma  =  “  k2)1'2  =  {yMaZ^V2  (12.4~5b) 

where,  for  perfectly  conducting  walls,  Ka  is  real.  If  the  dielectric  is  imperfect 

k 2  =  o>Vee  -  /cop.(Te  =  k2e{  1  -  jpe)  (12.4-6) 
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where  pe  =  ae/wee  1  is  the  loss  tangent  of  the  dielectric  and  k2  =  w2p,ee.  Let 


T 


2 

a 


(12.4-7) 


and  note  that  ya  must  be  defined  differently  in  the  following  three  ranges: 


(1)t2>1:  (stopband) 


la  =  ke(ja 

~  1)1/2(1  +jPa)V2 

(12.4-8) 

= 

"I  y/2[f(Pa)  +  jg(Pa)] 

(12.4-9) 

<*a  = 

~  l)V2f(Pa);  ^  =  ke{ Ta2  -  l)1/2g(pa) 

(12.4-10) 

«a  _  f(Pa) 

Pa  g(Pa) 

>  1 

(12.4-11) 

(2)  t2  =  1 :  (cutoff) 


7a  = 


OLa  = 


(/G>pxre)1/2  =  (1  +/') 

/  \ 1/2 


1/2 


(12.4-12) 

(12.4-13) 


Pa 

(3)t2<1:  (pass  band)  (12.4-14) 

7a  =  jke{  1  -  t2)1/2(1  -  /pa) 1/2  (12.4-15) 

=  jKQ-  -  T«)1/2  [f(Pa)  ~  jg(Pa)\  (12.4-16) 

<*a  =  K{\  -  T Z)V2g(Pa);  Pa  =  K{1  -  T l)V2f{Pa) 

(^  =  g{Pa±<l 

Pa  /(Pa) 

The  guide  wavelength  is 

K  =  pj  =  (1  -  t2)1/2  (12.4-17) 

The  functions  f(p)  and  g(p)  are  defined  and  tabulated  in  Appendix  II.  Note  that 
for  a  perfect  dielectric  with  cre  ~  0,  pe  =  0,  pa  =  0  in  all  of  these  expressions.  This 
means  that  in  the  range  t2  >  1,  (3a  =  0,  aa/Pa  =  °°>  so  that  there  is  no  propagation; 
at  t2  =  1,  Pa  -  0  and  again  there  can  be  no  propagation;  at  t2  <  1,  aa  =  0, 
aa/p«  =  0  and  there  is  propagation  with  zero  attenuation.  When  the  dielectric  is 
perfect,  there  is  a  sharp  boundary  between  lossless  transmission  and  no  transmis- 


Sec.  12.5  Dissipation  Due  to  Imperfectly  Conducting  Walls 


461 


sion.  This  is  known  as  the  cutoff  and  is  defined  by  t2  =  1.  Since  t2  =  k 2atk2  - 
K2/a>2fjtee,  it  is  evident  that  the  waveguide  is  a  high-pass  filter.  The  cutoff  frequency 
and  cutoff  wavelength  are  defined  as  follows: 


fa. 


K 


a 


cutoff 


2Tr(ixeey 


cutoff 


2tt 

K 


(12.4-18) 


a 


When  the  dielectric  is  perfect  and  t2  <  1 , 


P*  =  ke{  1  -  t2)1/2; 


K  U1  -  Tj)“ 


(1  -  tJ) 


2  M/2 


(12.4-19) 


The  phase  velocity  for  mode  a  in  the  guide  is  defined  by  (12.4-3).  It  is 


v 


a 


Ve 

(1  -  T2)1'2 


(12.4-20) 


where  ve  =  l/(\xee)1/2  =  u>/ke.  If  the  dielectric  is  air,  v e  =  c  and  va  is  greater  than 
the  velocity  of  light.  The  formulas  (12.4-3)  to  (12.4-20)  are  valid  for  electric-  and 
magnetic-type  modes.  Subscripts  E  or  M  should  precede  the  subscript  a. 

In  the  three  ranges  of  the  propagation  constant,  the  wave  impedance  or 
admittance  have  quite  different  values.  These  can  be  calculated  from  the  general 
definitions 


7  Ma 


(12.4-21) 


with  the  values  of  yEa  and  yMa  obtained  from  (12.4-8),  (12.4-11),  and  (12.4-14). 
The  principal  properties  follow  from  the  simple  values  that  are  valid  when  the 
dielectric  is  perfect.  With  =  (f x/ee)1/2,  they  are 


(1) t2>1:  ZEa  =  -jUrh  ~  1) 

(2)  t2  =  1:  Z*a  =  0; 


1/2. 


YMa  =  -Ke\r2Ma  -1  y/2  (12.4-22) 


Y Ma  ~  0 


(12.4-23) 


(3)  t2  <  1:  Z*a  =  U1  -  t2J 


2  M/2. 


Y Ma  ~  X>e  X(1 


1/2 


(12.4-24) 


These  formulas  show  that  in  the  stop  band,  the  wave  impedance  and  admittance 
are  purely  reactive,  that  they  go  through  zero  at  cutoff  and  are  purely  resistive  in 
the  pass  band. 


12.5  DISSIPATION  DUE  TO  IMPERFECTLY  CONDUCTING 
WALLS  OF  HOLLOW  GUIDES * 

The  attenuation  constant  aa  defined  in  (12.4-15)  for  the  pass  band  takes  full  account 
of  power  losses  in  an  imperfect  dielectric  in  the  waveguide.  When  the  real  effective 
conductivity  ae  of  the  dielectric  differs  from  zero,  a  leakage  conductance  g'a  occurs 

*  The  generalization  to  guides  with  inner  conductors  is  carried  out  in  (12.7-5). 
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in  the  impedance  per  unit  length  zEa  for  electric-type  modes  and  a  leakage  con¬ 
ductance  g  in  the  admittance  per  unit  length  yMa  of  magnetic-type  modes.  If  the 
walls  of  the  waveguide  are  highly  but  not  perfectly  conducting  (as  always  in  practice 
with  metal  walls),  the  electromagnetic  field  penetrates  the  walls.  However,  when 
these  are  highly  conducting  and  sufficiently  thick  compared  with  the  skin  depth 
ds  =  (2 /<ofjurc)1/2,  the  field  outside  the  guide  is  extremely  small  and  can  be  ignored. 
When  this  is  true,  the  contribution  to  the  attenuation  by  the  metal  walls  can  be 
evaluated  separately  and  added  to  that  due  to  a  good  but  imperfect  dielectric.  The 
procedure  is  to  assume  the  walls  perfectly  conducting  in  evaluating  the  attenuation 
due  to  the  dielectric  and  to  assume  the  dielectric  perfect  in  evaluating  the  atten¬ 
uation  due  to  the  walls.  Since  the  contribution  to  the  attenuation  by  a  nonzero 
conductivity  of  the  dielectric  has  already  been  determined,  it  remains  to  evaluate 
the  contribution  by  a  large  but  finite  conductivity  of  the  metal  walls.  This  is  con¬ 
veniently  accomplished  by  determining  the  complex  power  transferred  out  of  a 
section  of  the  dielectric  of  length  A z. 

Consider  a  uniform  waveguide  along  the  z  axis.  A  source  of  energy  is  located 
in  the  guide  near  the  end  at  z  =  0.  Let  the  section  of  the  guide  extending  from 
z  =  0  to  z  be  enclosed  in  a  surface  of  integration  that  is  outside  the  metal  walls 
except  at  z  where  it  cuts  across  the  guide.  Since  the  electromagnetic  field  outside 
the  guide  is  zero,  the  only  contribution  to  the  complex  energy  transfer  function  T 
is  from  the  integration  across  the  guide  at  z.  Thus 

Tz  =  [  (n  •  S)  d%  =  I  Sz  dA  (12.5-1) 

•^2  closed  JA 

Similarly,  for  the  section  of  guide  extending  from  z  =  0  to  z  +  A z, 

Tz+Az  =  [  (A  •  S)  =  f  dA  (12.5-2) 

J^>  closed  J  A 

The  difference  Tz  -  Tz+Az  is  the  total  power  dissipated  in  the  length  Az.  Since 
the  dielectric  is  perfect,  this  must  be  the  power  dissipated  in  the  walls  of  length 
Az. 

Now  let  the  closed  surface  be  moved  inward  through  the  metal  walls  to  enclose 
only  the  section  of  dielectric  of  length  Az.  The  net  transfer  of  power  across  this 
surface  must  be  zero  since  it  contains  no  source  of  energy.  Thus,  with  A  an  outward 
normal, 


n  •  S  d%  =  Sz+Az  dA  -  Sz  dA  +  n  •  S  dX  =  0  (12.5-3) 

J  2  closed  JA  JA  H 

where  X  is  the  surface  of  the  dielectric  in  contact  with  the  metal  walls.  With 
(12.5-1)  and  (12.5-2)  this  formula  can  be  expressed  as  follows: 

lim  r*+A;  ~Tz=  lim  (  —  t—  f  n-SdX)  =  A-Sds  (12.5-4) 

dz  Az— >0  Az  Az— >0  \  A zJz  /  Js 
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where  s  is  a  contour  around  the  perimeter  of  the  dielectric  at  z.  Note  that  £  = 
s  A z.  Since  S  =  \  E  x  H*,  n  •  S  =1  n  •  (E  x  H*)  =  \  H*  •  (n  x  E).  However, 
on  the  imperfectly  conducting  walls,  n  x  E  =  ZJi,  where  Zs  =  (1  +  /)((op,/2ac)1/2  = 
(1  +  j)(oi\xds/2)  is  the  surface  impedance  and  ds  is  the  skin  depth.  It  follows  that 

-  ds  (12.5-5) 


For  the  E  modes,  H  is  entirely  transverse  and  given  by  (12.3-20).  The  com 
ponent  in  the  tangential  direction  s  for  each  mode  is 


s  •  HEta  =  -IEa(z)s  •  [z  x  VtVEa(u,  v)}  =  4a(z)n  •  Vt^Ea{u,  v) 


—  4«(Z) 


WEa(u,  V) 

dn 


(12.5-6) 


It  follows  that 


where 


dTz 

dz 


ry  ZEa^Ea(Z)^Ea(Z) 


(12.5-7) 


ZEa 


dWEa(u,  V ) 
dn 


z  f  [^Ea(u,  v)ldnf  ds 
k2£“  f  VUu,  V)  dA 


(12.5-8) 


In  the  last  step  use  has  been  made  of  the  normalization  condition  (12.3-40).  The 
internal  series  impedance  per  unit  length  z'Ea  due  to  losses  in  the  imperfect  conductor 
must  be  added  to  the  series  impedance  for  the  guide  with  perfectly  conducting 
walls  as  given  in  (12.3-9).  Thus 

Ze.  =  +  Ml  +  z‘Ea  (12.5-9) 

7<oe 

The  equivalent  circuit  in  Fig.  12.3- la  is  generalized  by  adding  the  impedance 
zEa  =  rEa  +  jxEa  in  series  with  the  inductance  l  as  shown  in  Fig.  12.5 -la.  The 
generalized  propagation  constant  yEa  =  V zEayE  and  wave  impedance 
ZEa  =  V zEa  !y e  are  defined  with  (12.5-9). 

The  H  modes  have  both  transverse  and  axial  components  of  H  tangent  to  the 
walls.  Thus  for  each  H  mode, 


K  Ma 


—  IMa(z)S'  VpFMa(w,  v);  HMza—  .  V MaiZ)^ MaiU>  v) 

](x)\X 


(12.5-10) 


It  follows  that 


H-H  *=Uz)4(z) 


WMa(u,  v) 
ds 


"l  2 


\c4 
KMa 


+  VMa(z)VUzW2M.(u,  v)  (12.5-11) 


2  2 
orfjr 
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(a) 


Figure  12.5-1  Equivalent  circuits  for 
waveguides  with  imperfectly  conducting 
walls:  (a)  electric  modes;  (b)  magnetic 
modes . 


Hence,  with  (12.5-5), 


dTz 

dz 


[2 ^Ma(Z)^Ma(Z)ZMa  +  2  VMa(z)VMa{z)ylMa\ 


where 


d^Maju,  V ) 

ds 


z  f[ v)!dsf  ds 

K"“  [  n.(«.  v)  dA 

JA 

=  gMa  +  j&Ma  =  V)  ds 

(0Z|XZ  J 

7  2  V ) 

_  ^Ma  __ _ 

^  ^  f  V)  *L4 

J;4 


(12.5-12) 


(12.5-13) 


(12.5-14) 
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The  internal  series  impedance  per  unit  length,  z'Ma,  and  the  internal  shunt  admit¬ 
tance  per  unit  length,  y'Ma,  due  to  losses  in  the  imperfect  conductor  must  be  added 
to  the  corresponding  quantities  with  perfectly  conducting  walls.  Thus,  with  (12.3- 
13)  and  (12.3-14), 

zMa  =  +  tMa  =  rlMa  +  /(4,a  +  co/)  (12.5-15) 

1  1 

yMa  =  T-77  +  g  +  he  +  ylMa  =  T~r,  +  (g  +  glMa)  +  ){&Ma  +  WC)  (12.5-16) 
]Mla  ]ma 

The  equivalent  circuit  in  Fig.  12.3- lb  is  generalized  by  the  connection  of  the 
impedance  tMa  in  series  with  the  inductance  /,  the  conductance  g'Ma  in  parallel  with 
the  conductance  g,  and  the  susceptance  b‘Ma  in  parallel  with  the  capacitance  c,  as 
shown  in  Fig.  12.5- lb.  The  generalized  propagation  constant  yMa  =  V yMa zMa  and 
wave  admittance  YMa  =  V yMa lzMa  are  defined  with  (12.5-15)  and  (12.5-16). 

12.6  SUMMARY  OF  WAVEGUIDE  MODES:  GENERAL 
TRANSVERSE  CROSS  SECTION 

The  electromagnetic  field  in  a  tube  with  imperfectly  conducting  walls  and  possible 
inner  conductors  is  a  superposition  of  the  individual  fields  of  an  infinite  number 
of  E  and  H  modes  and  of  possible  T  modes  when  the  dielectric  is  multiply  connected 
because  of  the  presence  of  inner  conductors.  Each  mode  has  its  own  individual 
properties  determined  by  the  formulas  and  equations  shown  in  Table  12.6-1. 

12.7  COAXIAL  AND  HOLLOW  CIRCULAR  WAVEGUIDES: 

THE  T  MODE 

\ 

The  general  theory  of  uniform  waveguides  as  formulated  in  the  preceding  section 
applies  to  arbitrary  cross  sections.  Waveguides  with  circular,  rectangular,  trian¬ 
gular,  and  other  more  complicated  transverse  shapes  are  used  for  a  variety  of 
purposes.  To  make  the  general  theory  quantitatively  useful,  it  is  necessary  to 
determine  for  each  shape  the  mode  functions  ^a(w,  v)  and  the  characteristic  values 
Ka  for  all  propagating  modes.  The  cross-sectional  shape  most  closely  related  to 
transmission-line  theory  is  the  circle.  This  shape  is  of  special  interest  since  it  is 
analytically  simple  to  treat  first  the  coaxial  waveguide  which  supports  a  T  mode 
and  becomes  a  coaxial  line  when  its  radius  is  required  to  be  electrically  small  and 
then  to  allow  the  radius  of  the  inner  conductor  to  shrink  to  zero  while  the  radius 
of  the  outer  tubular  conductor  is  kept  constant  at  an  electrically  large  value.  The 
hollow  circular  waveguide  is  obtained  in  this  manner.  Actually,  it  will  be  convenient 
to  carry  out  the  analysis  of  the  two  side  by  side.  Note  that  in  the  cylindrical 
coordinates  p,  0,  z  the  transverse  gradient  and  Laplacian  operators  have  the  forms 
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Consider  first  the  T  mode  or  TEM  mode  in  a  coaxial  guide  with  a  single, 
central  inner  conductor  with  the  radius  au  an  outer  conductor  with  the  inner  radius 
a2,  as  shown  in  Fig.  12.7-1.  The  boundary  conditions  ^r(p,  0)  =  at  p  = 

ax,  'J'tCp*  6)  =  2)  at  p  =  a2,  for  all  0  require  that  0^r(p,  0)/d0  =  0  so  that 

^r(p5  6)  =  ^r(p)  and  (12.3-1)  reduces  to 


VJ'Mp)  =  =  0 

p  dp  dp 


(12.7-1) 


so  that 


^r(p)  —  C  In  p  +  D  = 


^r(fli)  In  (g2/p) 
In  (fl2/fli) 


(12.7-2) 


In  the  last  step  in  (12.7-2)  the  constant  ^T{af)  has  been  set  equal  to  zero  without 
loss  in  generality.  If  the  normalization  condition  (12.3-39)  is  applied,  it  follows 
that 


ypr(p) 

dp 


„  ,  2'ir^(a1) 

2ttp  dp  =  —  =  1 

In  (fl2/«i) 


(12.7-3) 


When  this  relation  is  inserted  in  (12.7-2),  the  result  is 


p)  = 


In  (fl2/p) 
[2tt  In  (fl2/fli)] 


(12.7-4) 


From  Table  12.6-1  the  circuit  parameters  are  completely  defined  except  z\ 


Figure  12.7-1  Coaxial  waveguide. 
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the  series  impedance  due  to  imperfectly  conducting  walls.  This  is  evaluated  from 
(12.5-8)  in  a  readily  generalized  form.  If  the  surface  impedance  of  the  inner  and 
outer  conductors  is  the  same, 


(12.7-5) 


The  circuit  parameters,  propagation  constant,  and  wave  impedance  for  the 
T  mode  in  the  coaxial  cylinder  are 


yT  =  /we  =  cre  +  7<oee;  zT  =  tT  +  /wp, 

« 

It  =  VzTyT  =  V(cre  +  /<oee)(z'r  +  /wp,) 


z‘T  +  /wp 
ctc  +  7<oee 


If  the  walls  are  treated  as  perfectly  conducting,  z‘T  =  0,  and 


(12.7-6) 

(12.7-7) 


7r  =  wV~pe  =  jk; 

The  complete  solution  for  the  T  mode  is 

IT( P,  9,  z)  =  IT{z)yT{ p)  =  IT{z) 


€ 


In  (fl2/p) 


[2tt  In  (i a2/«i )] 


1/2 


Fr(p,  0,  z)  =  VV(z) 


In  (a2/p) 


[2t r  In  («2/fli)] 


1/2 


The  electromagnetic  field  is 


F  (n  a^(P)T/  (7\  Vt(Z) 

ETp{p,z)  = - — VT(z )  = 


1 


dp 


[27iTn  («2/fli)]1/2p’ 


T:re(p,z)  =  0 


ETz{p,z)  =  0 


//rc(p,z)  =  0;  -  ^ei/r(z)  =  /r(z) 


1 


dp 


[27rln  (fl2/fli)]1/2  p 


^rz(P,^)  =  0 


(12.7-8) 


(12.7-9) 

(12.7-10) 


(12.7-11) 


(12.7-12) 


The  boundary  conditions  on  the  normal  p  component  of  the  electric  field  and  the 
tangential  0  component  of  the  magnetic  field  can  be  used  to  obtain  the  surface 
densities  of  charge  and  current  on  the  highly  (perfectly)  conducting  inner  and  outer 
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tubes.  Thus 


£P0i,  z)  = 


%/(*) 


Ep(a2,  z)  = 


(12.7-13) 


He(a i,  z)  =  Ku{z)\  He(a2,  z)  =  - K2z{z ) 


(12.7-14) 


The  potential  functions  1T{ p,  z)  and  Fr(p,  z),  although  dimensionally  in 
amperes  and  volts,  are  not  actually  currents  in  the  sense  of  moving  charges  in  the 
conducting  walls  or  voltages  in  the  sense  of  potential  differences  between  the 
conductors.  The  physically  meaningful  current  and  voltage  are  readily  introduced. 
Thus  the  actual  current  /x(z)  in  the  central  conductor  and  the  voltage  V(z)  between 
them  are  defined  as  follows: 


A(Z)  =  27Tfl1//e(fl1,  z)  = 


2 *  ;  (2)  =  M*) 

In  (ajaj  rK>  Vr(a,) 


(12.7-15) 


V(z)  =  £p(p,  z)  dp  = 

J  a\ 

The  first-order  equations  are 


In  (az/fli) 
2tt 


VT(z)  =  VT(z)VT(ai)  (12.7-16) 


dIT(z) 


dh  (z)  hnfaM 
dz  \  2tt 


=  yTvT{z )  =  yTJ x  v(z) 


2tt 

In  (a2/«i) 


(12.7-17) 


dVT(z ) 


dz 


BV(z)  /  2tt 
dz  V  In  (fl2/fli) 


It  follows  that 


—  zTIT{z )  — 


In  (fl2/«i) 


2tt 


A  00 


aA(z) 


=  yV(z); 


av(z) 


=  *AO) 


(12.7-18) 


(12.7-19) 


where 


_  yT 


In  (flz/fli) 
2tt 

2tt 

In  (fl2/fli) 


f  (I  +  I)  +  y^ln* 

2tt  \ai  fl2/  2tt 

27TCTe  27ree 

In  (fl2/fli)  ^  In  (fl2/fli) 


(12.7-20) 


(12.7-21) 
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(Note  that  boldface  z  is  used  here  for  the  impedance  per  unit  length  to  distinguish 
it  from  the  coordinate  z.)  These  are  the  equations  and  parameters  of  the  coaxial 
line.  They  are  seen  to  apply  without  restriction  as  to  the  cross-sectional  size  of  the 
coaxial  cylinders.  However,  they  apply  only  to  the  T mode,  and  this  is  the  complete 
solution  only  when  all  higher  modes  are  nonpropagating  (i.e.,  beyond  cutoff  in  the 
stop  band).  This  is  true  only  when  the  radius  of  the  outer  tube  is  electrically  small, 
that  is,  When  \ka\  <  1. 

The  propagation  constant  yT  and  wave  impedance  ZT  are  unchanged  when 
Ii(z)  and  V(z )  are  used  instead  of  the  potentials  IT(z )  and  VT(z )  .  However,  the 
wave  impedance  is  not  the  characteristic  impedance  Zc  of  the  coaxial  line.  Note 
that 


V(z)  _  VT(z)  In  (a2lai) 
h{z)  IT(z)  2tt 

For  a  traveling  wave  on  a  matched  line,  VT(z)/IT(z )  =  t,e  and  V(z)/I1(z)  =  Zc.  It 
follows  that  Zc  -  (£c/2tt)  In  (i a2/a1 ).  Evidently  the  impedance  ZmT(z)  =  VT(z)l 
IT(z )  looking  into  an  arbitrarily  terminated  section  of  coaxial  waveguide  is  different 
from  the  impedance  Zin(z)  =  F(z)//i(z)  defined  for  the  same  structure  as  a  coaxial 
line.  However,  the  normalized  impedances, 


are  the  same  and  it  is  they  that  occur  in  the  reflection  coefficient  and  the  terminal 
functions. 

The  electric  and  magnetic  fields  in  the  T  mode  are  readily  expressed  in  terms 
of  the  actual  currents  and  charges  per  unit  length  on  the  inner  conductor  if  use  is 
made  of  (12.7-13)  and  (12.7-14).  Since  the  charge  per  unit  length  for  the  rota- 
tionally  symmetric  T  mode  is  simply  #i(z)  =  2'n,a1ir)v(z)  and  the  total  current  Ix(z) 
=  2'na1Ku(z),  it  follows  that  Ep(au  z)  =  q1(z)/2Txa1e,  He(a,  z)  =  Il(z)/2ina1,  so 
that 

Ep( P,  z)  =  p>  z)  =  (12.7-22) 

These  fields  are  shown  schematically  in  Fig.  12.7-2  for  a  lossless  guide  that  is 
infinitely  long  so  that  Ep{ p,  z)  and  He( p,  z)  are  in  phase,  with  Ep( p,  z)/Hp( p,  z)  = 
VT(z)/IT(z )  =  ZT  =  t,e  =  (p,/ee)1/2.  Each  component  is  a  traveling  wave,  Ep{ p,  z) 
=  Ep{ p,  0)e~yz  =  Ep{ p,  0)e~jkz  since  for  the  lossless  guide  y  =  (zy)lr2  -  ( -  oo2fxej1/2 
=  jk.  Since  k  =  u>/ve  =  2tt/\t,  it  follows  that  the  instantaneous  field  at  any  given 
cross  section  z  travels  to  the  right  with  the  phase  velocity  ve  =  (p,ee)~1/2.  The  cross- 
sectional  distributions  are  periodic  in  the  distance  XT  =  2tt/A:,  the  wavelength  of 
the  T  mode  in  the  guide.  Note  that  in  a  lossless  guide  Ep(p,  z)  and  He( p,  z)  are  in 
phase  when  the  distribution  is  that  of  a  traveling  wave,  in  phase  quadrature  when 
the  distribution  is  that  of  a  standing  wave.  In  the  latter  the  locations  of  maximum 
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Ep(p,  z)  and  maximum  He( p,  z)  are  displaced  by  \r/4.  They  remain  fixed  in  location 
instead  of  traveling  with  the  phase  velocity  ve. 


12.8  COAXIAL  AND  HOLLOW  CIRCULAR  WAVEGUIDES: 
HIGHER  MODES 


When  the  cross  section  of  the  coaxial  line  is  unrestricted  in  size,  the  electromagnetic 
field  is  a  superposition  of  the  T  mode  and  other  possible  modes.  The  characteristic 
equation  for  the  mode  functions  ^(p,  0)  of  the  electric  or  magnetic  type  is 


1  d_ 

P  dp 


¥(p,  0)  =  0 


(12.8-1) 


with  the  boundary  conditions 

^  E(a  1’  0)  =  ^E(a 2i  0)  =  0> 


'a'Mp.  0)’ 

0)’ 

dP 

p  =  ai 

dp 

for  E  modes  (12.8-2a) 
for  H  modes  (12.8-2b) 


Equation  (12.8-2a)  can  be  solved  by  the  method  of  separation  of  variables.  With 


*(p,  0)  =  ^(p)e(o) 

and  the  separation  constant  m2,  (12.8-1)  becomes 


d 


dQ2 


+  m2  10(0)  =  0 


m 


d2  Id 

dp2  p  dp  +  \  K2p2 


R(p)  =  0 


These  equations  have  the  solutions: 


0(0)  =  cos  (m0  +  D ) 


(12.8-3) 


(12.8-4) 


(12.8-5) 


(12.8-6) 


Z(P)  =  AJ Jkp)  +  BNm(  Kp) 


(12.8-7) 


where  /w(kp)  and  Nm( Kp)  are  Bessel  functions  of  the  first  and  second  kinds.  They 
are  shown  graphically  for  real  arguments  in  Fig.  12.8-1.  Since  the  choice  of  D 
merely  locates  the  orientation  of  the  zero  line  of  the  0  coordinate,  it  is  usually 
convenient  to  set  D  =  0  without  loss  of  generality.  It  follows  that 

^(p,  0)  =  [Afw(i<p)  +  BJVw(kp)]  cos  m0  (12.8-8) 

where  A  and  B  are  constants.  Since  it  is  necessary  that  cos  m0  =  cos  (m0  +  2m 7r), 
it  follows  that  m  =  0,  1,  2,  .  .  . 

In  order  to  determine  A,  B,  and  k  it  is  necessary  to  impose  the  boundary 
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Figure  12.7-2  TEM  mode  in  infinitely  long  (or  equivalent)  coaxial  line  with  sufficiently  small  cross 
section  ( b  < 


conditions.  For  the  E  modes: 


^m(KEa l)  ~  AEJm(K-Eal)  +  BENm(KEa l)  — 
^m(KEa  2)  =  AEJni(KEa  2)  +  BENm{KEa  2)  = 


(12.8-9) 

(12.8-10) 


It  follows  that 


Be 


JmiKEa  l) 
Nm(KEa  l) 


Jm(KEa  2) 
^m(KEa  2) 


(12.8-11) 


474 

The  Theory  of  Waveguides 

Chap.  12 

so  that 

^(P,  6)  =  Ae 

- 1 

* 

1 

^2 

1*5 

* 

_ 1 

cos  m0 

(12.8-12) 

For  the  H  modes, 

1)  =  0 

(12.8-13) 

Z'm(KMa2)  ~  AMJ'm(KMa l)  +  2)  ““  0 

(12.8-14) 

where  /^(k^)  =  [dJm(Kp)/dKp]p=ai.  It  follows  that 

B  M 

Am 

J'm(KMa  l)  J'm(KMa  2) 

N'm(KMa  1)  N'm(K.Ma2) 

(12.8-15) 

X 


X 


Figure  12.8-1  Bessel  functions  of  the  first  kind  Jn(kc p)  and  the  second  kind  Nn(kc p). 
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and 


^Mmni P>  0)  =  Am  4i(kmP)  “  Nm(KMP)  cos  m0  (12.8-16) 

The  constants  AE  and  AM  can  be  evaluated  with  the  help  of  the  normalizing 
condition 


Specifically,  since 


K  E 


<22  C2tt 


a\  JO 


ai  C  2tt 


>Pi(p,  0)p  dQ  dp  =  1 


k m  ^m(p,  0)p  dQ  dp  =  1 

J a\  JO 


cos2  m0  dQ  -  tt(1  +  80m) 


(12.8-17) 


(12.8-18) 


where  80w  =  1  when  m  =  0  and  80w  =  0  when  m  ±  0,  it  follows  that 


Zm(i<£P)p  dp  =  - 


K|fl| 


Zm  +  \iKEa'2)^‘m-\iKE  #2) 


^  ^m  +  l(KEal)^m-l(KEal) 


^(1  +  8oJ 


(12.8-19) 


The  terms  Zlt(KEa2)  and  Z^{KEaO  which  occur  in  the  integrated  expression  have 
been  set  equal  to  zero  due  to  (12.8-9)  and  (12.8-10).  However,  with  (12.8-9), 
(12.8-10),  and  the  relation  Zm_x  +  Zw+1  =  (2 m/x)Zm,  it  follows  that  Zm_1  = 
—  Zw+1,  so  that  (12.8-19)  gives 


<MZ2  (K  a) 

2  ^m  +  llK£w2^ 


.2  x»2 


1  ryj  /  n  \  _  1 

0  Zm  +  \\KEa\)  —  /I  ,  R  \ 

2  tt(1  +  80w) 


But 


Zm  +  l(KEa)  ~ 


Ae 

Nm(K  Ea) 


[J m  +  l(KEa)^m(KEa)  Jm(KEa)^m  +  l(KEa)] 


(12.8-20) 


(12.8-21) 


Nw(k Ea)  7TK Ea 

When  (12.8-21)  is  used  in  (12.8-20),  this  gives 


Ae  — 


N  2(1  +  8()J]1/2 

[Nm2(KECl  2)  —  ^m2(K£:fll)]1/2 


(12.8-22) 
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for  the  amplitude  factor  in  (12.8-12). 

Note  that  in  the  limit  ax  — »  0,  Nm(KEa x)  — >  °°,  so  that  (12.8-12)  and  (12.8- 
22)  become 


with 


^Emni P,  6)  =  AeJJke[>)  COS  m0 


(12.8-23) 


Ar  = 


-i  1/2 


TT 


L2(l  +  80w)  J 


Nm(KEa  2) 


(12.8-24a) 


Alternatively,  since  in  (12.8-11), /w(k£02)  =  Owhenfli  =  0,  it  follows  from  (12.8- 
21)  that  Nm(KEa2)  =  2/'n,KEfl2./w+1(KEfl2) 


1/2 


1 


^(1  +  50w) 


kE  a2  Jm  +  1 0 kE al) 


(12.8-24b) 


This  is  the  amplitude  for  the  E  modes  in  a  hollow  circular  guide  for  use  with  (12.8- 
19). 

For  the  H  modes,  the  normalization  is  defined  by 

fa2  1 

k h  Zm(i<Mp)p  dp  =  -  (K2Mal  -  m2)Z2(«Ma2) 

Ja\  Z 


-  ~  (km«i  -  m2)Z%n(KMad  =  .  (12.8-25) 

Z  tt(1  +  o0w) 

In  (12.8-25)  use  has  been  made  of  (12.8-13)  and  (12.8-14)  together  with  the 
general  formulas  for  cylinder  functions:  Z'm  =  ~(m/x)Zm  +  Zm_1  =  ( m/x)Zm  - 
Zw+1  which  yield  Zm_1  =  Zw+1  =  ( m/x)Zm  when  Z'm  =  0.  With 


A 


M 


A 


M 


N'm{KMa)  7TK Ma 


(12.8-26) 


it  follows  that 


Am  ~ 


Vir/2(1  +  50w) 


{[1  -  m2/K^fli][A^(KMfl2)]  2  -  [1  -  m2/Kifl?][A^(KMfl1)]  2}1/2 


(12.8-27) 

In  the  limit,  ax  — >  0,  A^ka^)  — >  00,  so  that  (12.8-16)  and  (12.8-27)  reduce  to 


^Mmn{ P,  0)  =  AMJm{KMp)  COS  m0 


(12.8-28) 


with 


Am 


-1 1/2 


IT 


L2(l  +  S0w)J 


A^w(KMfl2) 


(1  -  m2/K2Mal ) 


2M/2 


(12.8-29) 
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Alternatively,  since  with  ax  — »  0,  (12.8-15)  gives  J'm(KMa2 )  =  0, 

(12.8-26)  gives  N'm(KMa2 )  =  2l'nKMa2Jm(KMa2)  and 

1/2 

_ 1 _ 

(Km«2  -  ^2)1/2^m(KM«2) 


A 


M 


I  7r(!  +  80m)J 


it  follows  that 


(12.8-30) 


This  is  the  amplitude  for  the  H  modes  in  a  hollow  circular  guide  for  use  with  (12.8- 
28). 

It  remains  to  determine  the  characteristic  values  ke  and  km  for  the  E  and  H 
modes  in  coaxial  and  hollow  circular  guides.  They  can  be  evaluated  from  the 
equations  obtained  from  (12.8-9),  (12.8-10),  (12.8-13),  and  (12.8-14)  when  the 
determinant  of  the  coefficients  of  A  and  B  is  set  equal  to  zero.  This  determinant 
must  vanish  if  A  and  B  are  to  have  values  other  than  zero.  Thus,  for  the  coaxial 
guide, 

Jm(KEal)^m(KEa2)  ~  Jm(KEa2)^ni(KEal)  =  0  (12.8-31) 

J'm(KMal)N'm(KMa2)  ~  J'm(KMa2)^'m(KMal)  =  0  (12.8-32) 

For  the  hollow  circular  guide,  at  — »  0,  A^k^)  — »  °o  and 

Jm(KEa  2)  =  0>  J'm(KMa  2)  =  0  (12.8—33) 

The  solution  of  these  equations  yields  in  each  case  a  set  of  roots  in  the  form  ke 
=  KEmm  km  =  KMmm  where  m  =  0,  1,  2,  ...  is  the  order  of  the  Bessel  function 

and  n  =  1,  2,  ...  is  the  number  of  the  root.  With  u  =  umn  =  x mna2  and  c  = 

axla2,  (12.8-31)  and  (12.8-32)  can  be  expressed  in  the  form 

Jm{u)Nm{cu)  -  Jm{cu)Nm(u )  =  0  (12.8-34) 

J'm(u)N'm{cu)  -  J'm{cu)N'm{u)  =  0  (12.8-35) 


The  roots  of  these  equations  are  umn.  A  few  values  are  in  Tables  12.8-1  and  12.8- 
2  where  the  quantity  (1  -  c)umn  or  (1  +  c)umn  or  umn  is  tabulated  for  different 
values  of  c,  m,  and  n.  The  values  for  c  =  axla2  =  0  apply  to  the  hollow  guide  with 
at  =  0. 

The  components  of  the  electromagnetic  field  for  each  mode  in  a  coaxial  or 
hollow  circular  waveguide  are 


(EeX*  = 

joie 


(HMz) 


mn 


^■Mmn 


(12.8-36) 
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Wgnni P,  9) 
dp 


^ZvrniC^) 


(Hm9)  mn 


aqWp,e) 

ap 


(12.8-37) 
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TABLE  12.8-1  Roots  for  Electric-Type  Modes 

iUmn  =  KEmna2i  C  =  #1  ^2) 


mn 

01 

11 

21 

02 

12 

22 

(A)  Roots  of  Jm(u)Nm(cu )  -  Jm{cu)Nm{u)  =  0: 


c 

(1  ~ 

c)umn 

1.0 

IT 

IT 

IT 

2  IT 

2  IT 

2tt 

0.833 

3.140 

3.142 

3.161 

6.282 

6.285 

6.293 

0.667 

3.135 

3.146 

3.237 

6.280 

6.293 

6.382 

0.500 

3.123 

3.161 

3.4 

6.273 

6.312 

6.43 

0.333 

3.096 

3.271 

6.258 

6.357 

0.25 

3.073 

3.336 

6.243 

6.403 

(B)  Roots  of  Jm(u )  =  0: 


c 

umn 

0 

2.405 

3.832 

5.136 

5.52 

7.016 

8.417 

TABLE  12.8-2  Roots  for  Magnetic-Type  Modes 


mn 

11 

21 

01 

12 

22 

02 

(A)  Roots  of  J'm{u)N'm{cu)  -  J'm{cu)N'm{u)  =  0: 


c 

(1  +  c)umn 

(1  - 

1.0 

2.000 

4.000 

IT 

IT 

IT 

IT 

0.833 

2.002 

4.006 

3.145 

3.151 

3.167 

3.193 

0.667 

2.013 

4.020 

3.161 

3.188 

3.27 

3.40 

0.500 

2.031 

4.023 

3.197 

3.282 

3.5 

0.333 

2.056 

3.908 

3.271 

3.516 

0.250 

2.055 

3.760 

3.336 

3.753 

(B)  Roots  of  J'm(u )  =  0: 


c 

• 

^ mn 

0 

1.841 

3.054 

3.832 

5.331 

Bl 

7.016 
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(£«,) 
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00 


(12.8-38) 


{^Ez)mn  ~  0; 


(EMz) 


mn 


(he  p) 
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i  s'fWp.e) 
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(12.8-39) 


(EMp) 


1  ^MW«(P,0) 


Mp/mn 


Mmn 


(z)  (12.8-40) 


(rr  x  =  ^mn(P.0),  ,  . 

V^£0/m«  n  *Emn\Z) 

dp 


(EMq) 


dVMmn(  P,G) 


mn 


Mmn 


00 


(12.8-41) 


where  %rwn( p,  0)  is  given  by  (12.8-12)  or  (12.8-23)  and  'F Mwn(p ,  0)  is  given  by 
(12.8-16)  or  (12.8-28).  Also, 


d^Emni. P’  0)  a  j t  (  \  J mij^-Emrfl l)  » jt  /  \  n 

~  ^  Emn Emn  JmV^EmnP)  \T  {  n  \^m\^EmnP)  COS  ftlQ 

dp  A Jm{^Enufll) 


^£mn(p?  _  y|  P  j  /  \  ^ m ( ^Emn^  1 ) 


— =  -mAEmn\  jm{ KEmn9)  -  -y— ^ /vOT(K£OTnP)  sinm0 

UU  |_  ™m\)^Emn@  l)  J 

mWp,  e)  =  Km  ^4 Mmn  rm( km„„p)  -  V(KMm„p)  cosme 

Op  L  Wm(KMm„a1) 

^4  t  /  \  »  t  /  \  ■  ^  a 

WlA  Mmn  Im(^MmnP)  ^  ^  ^  ^ mi^-MmnP)  SU1AW0 


(12.8-42) 


(12.8-43) 


(12.8-44) 


(12.8-45) 


For  the  hollow  guide  with  ax  =  0,  the  second  term  in  each  of  the  brackets  is  zero. 
The  propagation  constants  are 


y Emn  (^£ 


mn 


k2)1/2\  ~i Mmn  =  (K Mmn  ~ 


(12.8-46) 


and  the  pass  band  is  defined  by 


T Emn 


*E 


mn 


<  i; 


^Mmn 


Mmn 


<  1 


(12.8-47) 


where  ke  =  o)(|xee)1/2  -  2Tr/Xe.  The  cutoff  wavelengths  are 


k e  cutoff 


2tt 

K Emn 


k e  cutoff 


2tt 

^Mmn 


*  (12.8-48) 
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Figures  12.8-2  to  12.8-7  show  the  fields  schematically  of  some  higher  modes  in 
coaxial  and  hollow  circular  waveguides. 

The  surface  densities  of  charge  and  current  on  the  walls  are  obtained  directly 
from  the  boundary  conditions.  Thus,  for  each  mode,  but  with  subscripts  omitted: 

1|(«2,  9)  =  -e£p (a2,  0);  -n(«i,  0)  =  eE„(au  0)  (12.8-49) 

Kz(<h>  9)  =  -n„(a2,  0);  Kz(a,,  0)  =  H„(au  0)  (12.8-50) 

K„(a2,  0)  =  Hz(a2,  0);  *,(«„  0)  =  -Hz(au  0)  (12.8-51) 

Note  that  for  all  E  or  TM  modes,  Hz  =  0,  so  that  KEQ  =  0;  that  is,  there  are  only 

axially  directed  currents.  For  the  H  modes  there  are,  in  general,  both  axial  and 
transverse  currents.  However,  for  the  H0n  modes  sin  m0  =  0,  so  that  d/d0  =  0. 
This  means  that  (HMQ) 0n  =  0,  so  that  ( KMz)0n  =  0.  Hence  all  currents  are  transverse. 
The  surface  currents  are  shown  schematically  in  Figs.  12.8-8  and  12.8-9. 


12.9  THE  HOLLOW  RECTANGULAR  WAVEGUIDE 


In  the  absence  of  an  inner  conductor,  the  rectangular  waveguide  with  cross  section 
defined  by0^x^fl,0<y^Z>  with  b  ^  a  cannot  support  a  T  mode.  The 
characteristic  equation  for  the  E  and  H  modes  is 

(5 + 5 + k2)^^ = °  (i2-9-x) 

with  the  boundary  conditions 

^£;(0,y)  =  ^E(a,y)  =  >  0)  =  =  0;  for  £  modes  (12.9-2) 


WM(x,  y) 

y) 

dx 

x  —  0  ,a 

dy 

0;  for  H  modes  (12.9-3) 


-Jy  =  o,b 


With 


V(x>  y )  =  X(x)Y(y) 


(12.9-4) 


(12.9-1)  is  readily  separated  into 


dx2 


+  k2x  )X(x)  =  0; 


Y(y)  =  0 


(12.9-5a) 


with 


K2  =  K2  +  K2 


(12.9-5b) 
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Electric  field,  E  - Positive  surface  current,  K 

Figure  12.8-2  Distributions  of  surface  charge,  surface  current,  and  electric  field  for  (a)  TEM  mode 
in  a  coaxial  pipe  with  b  unrestricted,  (b  -  a)  <  X/2-rr;  (b)  TM0 ,  mode  in  coaxial  pipe  with  b  > 
^tem/2.61,  a  <  b\  (c)  TM0  j  mode  in  hollow  cylinder  with  b  >  \TEM/2.61.  All  pipes  are  infinitely 
long  or  the  equivalent. 
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(b) 

Figure  12.8-3  Surface  charge  and  electric-field  distributions  for  (a)  TM^  mode  in  a  coaxial  line 
with  b  >  \xem/1.63,  a  <  b\  (b)  TMX1  mode  in  a  hollow  cylinder  with  b  >  \XEM/1.63.  All  surface 
currents  are  parallel  to  the  axis;  the  line  and  the  pipe  are  assumed  to  be  infinitely  long  (or  equiva¬ 
lent)  so  that  cross-sectional  surfaces  of  constant  phase  travel  along  the  pipe  with  the  appropriate 
phase  velocity  vpg.  Lines  that  appear  to  end  in  space  actually  go  vertically  down  into  or  come  up 
from  the  paper. 


Nontrivial  solutions 
2)  or  (12.9-3)  are 


of  these  equations  that  satisfy  the  boundary  conditions  (12.9- 


,T,  ,  x  ^  •  m'trx  .  mry 

^(jc,  y)  =  CE  sin - sin  —r~ 


a 


(12.9-6) 


'M*,  y)  = 


_  rmxx  mxy 

CM  cos - cos  — — 

a  b 


(12.9-7) 


where  k2  =  ( rmx/a )2  +  ( mx/b )2.  Note  that  the  lowest  nonzero  E  mode  has  m  — 
1  ,n  =  1;  the  lowest  possible  H  mode  with  a  >  b  has  m  =  1,  n  =  0.  The  arbitrary 
constants  CE  and  CM  can  be  determined  with  the  normalization  condition 


K 


2 


b 


0  JO 


^2(x,  y)  dx  dy  =  1 


(12.9-8) 
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(a)  (b) 


(c)  (d) 


Figure  12.8-4  Cross-sectional  distribution  of  electric  charge  and  electric  field  for 
(a)  coaxial  TM2 ,  with  b  >  XTEM/1.2;  (b)  cylinder  TM21  with  b  >  ^tem/1-2;  (c) 
coaxial  TM0  2  with  b  <  A.TEM1.14;  (d)  cylinder  TM0i2  with  b  <  \TEM/1.14.  Note  that 
the  TM0  2  modes  are  rotationally  symmetrical — all  TM0  m  modes  are.  Electric  lines 
that  appear  to  end  in  space  actually  bend  down  into  or  up  from  the  paper. 


(12.9-9) 

(12.9-10) 

(12.9-11) 
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Figure  12.8-5  TEt  t  mode  in  a  coaxial  pipe  subject  to  (b  -  a)  <  A.tem/2tt,  b  >  A.xem/2tt.  The  circles 
represent  cross  sections  in  the  pipe  directly  above  or  below.  \g  >  \TEM;  vpg  >  vc. 
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Figure  12,8-6  TEU  mode  in  a  coaxial  pipe  subject  to  a  <  b,  b  >  \TEM/3.41.  >  \XEM,  vPg  >  v 
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Electric  field,  E 


Positive  surface  current,  K 


Figure  12.8-7  TEM  mode  in  a  cylindrical  pipe  subject  to  b  >  \XEM/3.41.  \g  >  A 
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Note  that 
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dx 
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(12.9-17) 


(12.9-18) 


(12.9-19) 


(12.9-20) 


The  dominant  and  single  most  important  mode  in  the  rectangular  waveguide 


* 


Top  of 


Figure  12.8-8  Surface  current  of  the 
TEU  mode  on  the  inside  of  the  metal 
cylinder  of  Fig.  12.8-7.  The  cylinder  is 
represented  as  cut  along  the  top  center 
and  laid  flat. 


488 


The  Theory  of  Waveguides  Chap.  12 


is  the  H10  mode.  Its  components  are 

'TT  'TTV 

(^m*)io  =  CM10~sin— — /M10(z);  (Emx)  10 =  0  (12.9-21) 

"TT  TTJC 

(^My)io  =  0?  i^My)  io  =  ~  CM10-  sin— ^10(2)  (12.9—22) 

—  TT^  'TTV 

(Hm,)10  =  ^-Cm10cos— V„,„(2);  =  0  (12.9-23) 

ycoa  (jl  a 

where 

2  /fl\1/2  TT 

Cmio  =  ~  ( T )  an^  kmio  =  “  (12.9-24) 

tt  \h/  a 


Figure  12.8-9  Higher  TE  modes  in  an  axially  nonresonant  cylinder: 

(a)  TE21  ( b  >  \xem/2.06)  at  instant  of  maximum  charge  density; 

(b)  TEo,!  ( b  ^  A.tem/1*64)  at  instant  of  maximum  surface  current  den_ 
sity  (charge  density  always  zero),  E  in  the  dielectric  is  also  circular  but 
with  maximum  a  quarter  period  later;  (c)  TE3  x  ( b  >  \xem/1.50)  at  in¬ 
stant  of  maximum  charge  density;  (d)  TE1>2  ( b  >  \TEM/1.18)  at  instant 
of  maximum  charge  density. 
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The  cutoff  wavelength  is  Xe  cutoff  =  2a,  so  that  the  pass  band  requires  that  Xe  < 
2a.  The  fields  are  shown  schematically  in  Figs.  12.9-1  and  12.9-2. 


12. 10  METHODS  OF  DRIVING  AND  LOADING  COAXIAL  AND 
HOLLOW  WAVEGUIDES 

The  distributions  of  current  on  the  interior  walls  of  and  the  associated  electric  and 
magnetic  fields  in  coaxial  and  hollow  metal  waveguides  differ  for  each  mode.  To 
excite  a  particular  mode,  the  method  of  driving  must  be  appropriately  designed. 
Similarly,  to  receive  power  transmitted  along  a  waveguide,  a  load  must  be  properly 
connected.  Some  of  the  simpler  connecting  circuits  are  considered  in  this  section. 
The  underlying  principle  is  found  in  the  source  functions  for  the  E  and  H  modes. 
The  former  are  excited  by  electric  dipoles,  the  latter  by  magnetic  dipoles  or  currents 
circulating  in  loops.  Current-carrying  wires  located  along  the  required  E  lines, 
current-carrying  loops  around  the  required  H  lines  are  suitable  approximate  re¬ 
alizations  of  the  theoretical  source  functions. 

In  conventional  coaxial  (and  open-wire)  transmission  lines,  the  two  terminals 
of  a  symmetrical  generator  always  can  be  connected  or  coupled  directly  to  the  two 
conductors  (or  groups  of  conductors)  of  the  line  because  these  carry  equal  and 
opposite  currents  and  charges.  Most  generators  designed  for  use  with  coaxial  or 
hollow  waveguides  have  a  coaxial  line  output,  although  the  dimensions  of  the  line 
may  be  such  that  the  TM01  mode  is  excited  as  well  as  the  TEM  mode.  In  either 
case,  the  currents  on  the  inner  surface  of  the  outer  conductor  and  the  outer  surface 
of  the  inner  conductor  are  axially  directed  and  rotationally  symmetrical,  so  that 
total  currents  can  be  defined  easily  for  both  the  TEM  mode  (in  which  they  are 
equal  and  opposite)  and  the  TM01  mode  (in  which  they  are  codirectional,  with  the 
inner  current  smaller) .  The  transfer  from  one  coaxial  line  to  another  is  made  easily 
if  both  lines  use  the  TEM  mode  or  the  TM01  mode,  or  if  one  uses  the  TEM  and 
the  other  the  TM01  mode.  The  simplest  connection  for  the  TEM  mode  is  shown 
in  Fig.  12. 10- la.  The  coaxial  line  from  the  generator  is  terminated  in  its  charac¬ 
teristic  impedance  by  the  use  of  the  double-stub  tuner.  The  currents  are  shown  by 
arrows. 

It  is  a  simple  matter  to  transfer  from  a  TEM  or  TM01  mode  in  a  coaxial 
waveguide  to  a  mode  such  as  the  cylindrical  TM01  or  the  rectangular  TMU  mode 
in  a  hollow  waveguide .  These  are  characterized  by  exclusively  axial  surface  currents 
that  obviously  can  be  excited  using  the  arrangement  of  Fig.  12.10-lb,  where  the 
inner  conductor  of  the  coaxial  line  is  extended  a  short  distance  into  the  guide.  The 
arrangement  is  now  similar  to  that  of  a  monopole  antenna  erected  perpendicular 
to  a  conducting  plane  of  infinite  extent.  In  this  case,  the  infinite  plane  is  folded 
over  into  an  infinitely  long  guide.  A  standing- wave  distribution  of  oscillating  current 
and  charge  is  maintained  on  the  projecting  inner  conductor  or  antenna,  and  a 
rotationally  symmetrical  traveling-wave  distribution  is  maintained  on  the  inner 


(a) 


Top  center 


Figure  12.9-1  (a)  TE10  mode  in  a  rectangular  pipe  with  a  >  }\TEM,  b  <  }\TEM;  (b)  surface 
current  of  TE10  mode  on  the  inside  of  a  section  of  an  axially  nonresonant  rectangular  pipe. 
The  pipe  of  part  (a)  is  represented  as  cut  lengthwise  along  the  center  of  the  top  and  laid  flat. 
Note  that  arrows  indicate  the  direction  of  positive  surface  current;  all  charge  concentrations 
move  to  the  right. 
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(C) 


Figure  12.9-2  Higher  modes  in  a  rectangular  pipe:  (a)  TE20  mode,  b  >  ATEM ;  (b)  TEM  mode, 

2 ab/Va2  +  b2  >  A.TEM;  (c)  TMEi  mode  2 ablVa2  +  b2  >  A.TEM. 

surface  of  the  waveguide.  The  electromagnetic  field  of  an  antenna,  however,  de¬ 
creases  rapidly  outward  along  the  axis.  Hence  the  field  and  the  current  and  charge 
distributions  on  the  waveguide  even  a  short  distance  beyond  the  end  of  the  antenna 
are  not  affected  directly  by  the  periodically  varying  charge  in  the  antenna.  The 
distribution  of  current  and  charge  is  that  of  the  cylindrical  TM01  mode  or  rectangular 
TMn  mode. 

To  excite  the  TE  modes,  in  particular  the  dominant  TEn  mode  in  a  circular 
guide  or  the  TE10  mode  in  a  rectangular  guide,  a  standing- wave  pattern  must  be 
excited  in  the  transverse  plane.  This  is  shown  in  Fig.  12.10-2.  The  inner  conductor 
of  the  resonant  end  of  a  coaxial  line  is  arranged  as  an  antenna  to  extend  across 
the  center  of  and  perpendicular  to  the  axis  of  the  pipe.  The  maximum  current  may 
be  fixed  at  the  center  of  the  antenna  by  means  of  the  adjustable  stub  at  the  top. 
A  standing-wave  distribution  is  excited  in  the  transverse  plane  of  Fig.  12.10-2a. 
By  suitably  adjusting  the  large  movable  piston  in  the  guide,  the  electromagnetic 
field  due  to  currents  up  and  down  on  the  inner  face  of  the  piston  and  the  field  due 
to  currents  in  the  antenna  itself  may  be  adjusted  to  be  essentially  in  phase  at  points 
to  the  right  of  the  antenna.  The  resulting  distributions  of  current  and  the  electro¬ 
magnetic  field  at  a  distance  of  a  wavelength  or  more  from  the  antenna  are  char¬ 
acteristic  of  the  TEn  mode  alone  if  the  size  of  the  guide  is  appropriately  chosen. 
In  the  near  zone  of  the  antenna,  the  pattern  is  a  complicated  superposition  of  many 
modes.  The  corresponding  arrangement  for  a  rectangular  waveguide  is  shown  in 
Fig.  12.10-2c.  A  double-stub  tuner  (or  a  movable  single-stub  tuner)  must  be 
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(b) 


Figure  12.10-1  Methods  of  driving  (a)  the  TEM  mode  in  a  coaxial  pipe  with  b  unrestricted 
and  (b  -  a)  <  \TEM/2;  (b)  the  TM0il  mode  in  a  hollow  cylinder  with  b  >  \XEM/2.61  using  a 
conventional  coaxial  line.  Arrows  show  the  location  of  maximum  currents  at  the  appropriate 
instant. 

provided  at  the  end  of  the  coaxial  line  if  this  is  to  be  terminated  to  be  nonresonant. 
If  the  line  is  short  and  resonant,  a  telescoping  section  of  coaxial  line  may  be  used 
instead  of  the  tuner.  * 

The  electromagnetic  fields  and  the  associated  currents  on  the  walls  of  wave¬ 
guides  as  given  in  Secs.  12.8  and  12.9  involve  the  voltage  function  V(z)  and  the 
current  function  /(z)  which  are  solutions  of  the  transmission-line  equations  dis¬ 
cussed  in  Chapter  10.  They  can  be  expressed  in  the  exponential  form  (10.7-9a,b) 
or  the  forms  (10.7- 10a, b)  and  (10.7- 11a, b)  that  make  use  of  hyperbolic  functions 
of  complex  argument.  All  of  these  solutions  explicitly  or  implicitly  involve  the 
terminating  impedances  Z0  at  z  =  0  and  Zs  at  z  =  s  as  well  as  the  characteristic 


*  A  detailed  discussion  of  the  excitation  of  waveguides  and  the  field  distribution  is  given  in  R. 
E.  Collin,  Field  Theory  of  Guided  Waves  (New  York:  McGraw-Hill  Book  Company,  1960). 
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Figure  12.10-2  Method  of  driving  (a) 
and  (b)  TE, _,  mode  in  a  hollow  cylin¬ 
der;  (c)  and  (b)  TE,  0  mode  in  a  rectan¬ 
gular  pipe.  Arrows  denote  maximum 
current. 
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impedance  Zc,  which  is  the  input  impedance  of  an  infinitely  long  transmission  line 
or  one  terminated  in  Zc.  In  waveguide  theory  the  functions  V(z)  and  I(z )  are 
formally  like  the  same  quantities  in  transmission-line  theory  but  are  not  potential 
differences  between  conductors  and  currents  in  them.  The  formal  equivalent  of 
the  characteristic  impedance  is  the  wave  impedance.  Corresponding  to  a  termi¬ 
nating  impedance  in  a  waveguide  operated  at  a  single  mode,  there  are  various 
generalized  “circuit  elements”  which  correspond  in  their  properties  to  the  familiar 
circuit  elements  of  conventional  circuit  theory.  Some  of  these  are  shown  sche¬ 
matically  in  Fig.  12.10-3.  Their  properties  can  be  determined  analytically,  but  this 
is  beyond  the  scope  of  this  introductory  treatment.  In  the  application  of  the  trans¬ 
mission-line  formulation  to  waveguides,  the  normalized  impedance  ZJZEa  and 
admittance  Ya/YMa  play  exactly  the  same  role  as  do  the  normalized  impedance 
Z/Zc  and  admittance  Y/Yc  for  conventional  transmission  lines.  It  follows  that  com¬ 
plex  reflection  coefficients  F  [see  (10.7  7)j  and  terminal  functions  0  —  p  7<D 
[see  (10.7- 12a, b)]  can  be  defined  for  waveguide  terminations.  All  of  these  quan¬ 
tities — normalized  impedance,  reflection  coefficient,  terminal  function — can  be 
determined  for  each  termination  and  each  mode  by  direct  measurements  on  a 
waveguide.  Examples  are  shown  in  Fig.  12.10-4. 

In  general  there  are  two  types  of  loads  for  hollow  waveguides.  The  first 
consists  of  structures  specifically  designed  for  a  particular  mode  in  a  given  wave¬ 
guide  and  which,  therefore,  have  no  input  terminals  in  the  sense  used  in  ordinary 
networks  confined  to  the  near  zone.  Loads  of  the  second  type  are  conventional. 

Loads  designed  for  a  single  mode  in  a  waveguide  can  often  be  connected 
directly  to  the  output  end  with  or  without  a  matching  section  as  shown  in  Fig. 

12.10- 5.  Important  examples  are  electromagnetic  horns  such  as  shown  in  Fig. 

12.10- 6.  The  lines  of  flow  of  sheets  of  current  on  the  inner  surfaces  of  a  horn  of 
rectangular  cross  section  driven  in  the  TE10  mode  are  sketched  in  Fig.  12.10-7  at 
an  instant  when  the  current  is  at  a  maximum  and  the  charge  density  zero  in  the 
standing- wave  distribution.  The  radiated  electromagnetic  field  at  distant  points  is 
due  primarily  to  these  sheets  of  current. 

In  addition  to  electromagnetic  horns,  the  load  for  a  particular  mode  may  be 
another  waveguide  of  different  size  or  cross-sectional  shape.  An  example  is  shown 
in  Fig.  12.10-8,  where  a  rectangular  waveguide  is  connected  to  a  circular  one  that 
permits  the  use  of  a  rotatable  joint  and  this  in  turn  is  connected  to  a  rectangular 
guide  terminated  in  a  horn. 

To  drive  conventional  two-terminal  antennas  or  other  loads  from  a  waveguide, 
it  is  usually  necessary  to  make  use  of  a  closely  spaced  coaxial  line  or  a  two-wire 
line  to  connect  directly  to  the  load.  This  is  readily  done  in  the  manner  already 
described  in  conjunction  with  Fig.  12.10-1  for  driving  a  hollow  waveguide  from  a 
conventional  coaxial  line.  The  reciprocal  theorem  can  be  invoked  to  verify  that  the 
load  and  generator  can  be  interchanged  and  the  equality  of  transmission  and  re¬ 
ception  maintained. 
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Figure  12,10-3  Roughly  comparable  circuit  elements. 
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(a) 


Figure  12.10-4  Phase  functions  for 
(a)  horizontal  and  (b)  vertical  slits  in  a 
rectangular  transmission  circuit  using 
the  TEj  o  mode. 


12. 1 1  RESONANT  SECTIONS  OF  WAVEGUIDE; 

CAVITY  RESONATORS 

If  a  waveguide  of  the  coaxial  or  the  hollow  type  is  closed  at  both  ends  by  a  metal 
piston,  the  distributions  of  oscillating  current  and  charge  may  be  tuned  to  resonance 
in  the  manner  described  in  Sec.  10.9.  Depending  on  the  method  of  driving  and  the 
size  of  the  guide,  these  distributions  may  be  of  the  TM  or  the  TE  type.  When  the 
metal  piston  at  one  end  is  moved,  the  currents  and  charges  and  consequently  the 
electric  and  magnetic  fields  are  maximized  in  amplitude.  The  resulting  axial  standing 
wave  has  the  same  transverse  distribution  characteristic  of  the  given  mode  as  a 
traveling  wave.  However,  the  distributions  of  maximum  charge  (and  of  maximum 
electric  field)  are  fixed  at  distances  of  \g/2  instead  of  traveling  with  a  phase  velocity 
along  the  guide.  The  maxima  of  current  and  magnetic  field  occur  a  quarter  period 
after  the  maxima  of  charge  and  electric  field  at  fixed  positions  displaced  by  \g/4 
from  these . 

The  electromagnetic  field  for  such  resonant  circuits  is  obtained  from  the 


Sec.  12.11 


Resonant  Sections  of  Waveguide;  Cavity  Resonators 


497 


Figure  12.10-5  Roughly  comparable  matching  sections. 


Matching 

section 


Figure  12.10-6  (a)  Horn  for  TE,  j 
mode  in  a  circular  pipe;  (b)  horn  for 
TEj  o  mode  in  a  rectangular  pipe. 


Figure  12.10-7  Lines  of  flow  of  sur¬ 
face  current  in  an  electromagnetic  horn. 
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Piston 


Figure  12.10-8  Cross  section  showing 
the  transfer  from  the  TE,  0  mode  in  a 
rectangular  pipe  to  the  rotationally  sym¬ 
metrical  TM01  mode  in  a  circular 
cylinder  and  back  to  a  rectangular  pipe. 
Pistons  for  matching  are  also  shown. 
Dashed  lines  show  the  approximate  dis¬ 
tribution  of  electric  field  for  a  short 
distance  in  each  pipe  at  a  particular 
instant. 


solutions  for  circular  and  rectangular  guides  given  in  Secs.  12.8  and  12.9  [(12.8- 
36)  to  (12.8-41);  (12.9-11)  to  (12.9-16)]  with  V(z )  and  I(z )  given  by  (10.9-1) 
and  (10.9-2)  with  (10.9-4a).  Typical  axially  resonant  distributions  of  charge  on 
the  walls  and  electric  field  in  the  interior  of  hollow  waveguides  are  shown  in  Figs. 
12.11-1,  12.11-2,  and  12.11-3  for  three  different  modes. 

The  essential  property  of  resonant  sections  of  ordinary  or  of  coaxial  guides 
is  that  they  are  enclosed  in  metal  walls  and  excited  by  a  source  within.  It  has  been 


Figure  12.11-1  Charge  and  electric 
field  distributions  at  the  instant  when 
these  are  maximum  in  the  standing- 
wave  TM„  , ,  mode  in  a  closed  circular 
cylinder  of  inner  radius  b  and  length  s. 
Rotational  symmetry  about  the  axis  ob¬ 
tains.  A  quarter  period  later,  charge 
and  electric  field  are  everywhere  zero; 
sheets  of  maximum  current  are  from  + 
to  -  along  the  walls;  a  circular  mag¬ 
netic  field  obtains  with  oppositely  di¬ 
rected  maxima  at  the  two  circular 
end  walls  and  zero  at  the  center 


TMX0>]  i 


2 

V*  1/s2  +  0.58/*- 
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Figure  12.11-2  (a)  Distribution  of 
charge  and  electric  field  at  the  instant  of 
maximum  in  the  standing- wave  TE,  ,  , 
mode  in  a  closed  circular  cylinder  of  in¬ 
ner  radius  b  and  length  s.  The  distribu¬ 
tion  is  the  same  for  each  cross  section, 
but  the  density  of  the  charge  and  the  in¬ 
tensity  of  the  electric  field  are  largest  at 
the  center  and  diminish  cosinusoidally 
to  zero  at  the  end  walls;  (b)  distribution 
of  surface  current  a  quarter  period  after 
(a).  There  is  a  standing-wave  pattern  in 
the  transverse  and  in  the  axial  planes. 
Current  is  from  top  center  to  bottom 
center  around  side  and  end  walls.  The 
distributions  are  not  rotationally  sym¬ 
metrical.  TEX,  ,  ,  =  , 

Vl/s2  +  0.34  lb2 


Figure  12.11-3  Distribution  of  charge  and  electric  field  at  the  instant  of  maximum 
in  the  standing- wave  TM01  0  mode  in  a  closed  circular  cylinder  of  inner  radius  b.  A 
quarter  period  later  radial  currents  are  on  the  inner  surface  of  each  end  face  and  uni¬ 
form  currents  parallel  to  the  axis  are  on  the  cylindrical  surface.  The  magnetic  field  is 
circular  and  the  same  in  magnitude  and  direction  in  every  cross  section.  TMA.,, , „ 

=  2.61b. 
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shown  that  every  closed,  highly  conducting  shell  can  be  excited  in  an  infinite 
sequence  of  resonant  modes,  each  characterized  by  a  particular  standing- wave 
distribution  of  surface  current.  The  resonant  frequencies  are  determined  by  the 
size  and  shape  of  the  cavity.  The  method  of  excitation  determines  the  mode  (TE 
or  TM  type)  that  exists  in  the  cavity. 

The  quality  factor  Q  of  a  resonant  cavity  is  defined  for  each  resonant  mode 
by 


(12.11-1) 


where  fr  is  the  resonant  frequency  and  A/  is  the  bandwidth  between  the  frequencies 
fr  ±  A//2  for  which  the  amplitude  of  the  surface  current,  the  surface  charge  and 
the  electric  and  magnetic  fields  is  reduced  to  0.707  of  its  value  at  the  resonant 
frequency  fr.  The  quality  factor,  in  general,  may  be  written  as 

^  „  maximum  energy  stored  ^ 

Q  =  2tt - —  ; — — - —  (12.11-2) 

energy  dissipated  per  cycle 


PROBLEMS 


1.  A  hollow  cylindrical  waveguide  is  to  be  used  to  transmit  power  at  2  GHz  from  a  generator 
with  coaxial  output  to  an  antenna. 

(a)  Calculate  the  inside  diameter  of  the  cylindrical  waveguide  in  order  to  pass  the  TEn 
mode  but  not  the  TM01  mode. 

(b)  Determine  the  ratio  of  the  radius  of  the  inner  conductor  to  the  outer  conductor  of 
a  coaxial  waveguide  which  is  to  pass  only  the  TEn  mode. 

2.  A  4-GHz  oscillator  is  to  be  used  to  drive  a  radiating  horn  antenna  using  a  short  coaxial 
line  and  a  long  hollow  waveguide.  What  should  be  the  cross-sectional  dimensions  of  the 
rectangular  waveguide? 

3.  A  hollow  rectangular  waveguide  is  to  be  used  for  transmission  at  3  GHz  in  the  TE10 
mode. 

(a)  What  are  the  cross-sectional  dimensions  a  and  b  for  the  waveguide? 

(b)  Show  a  sketch  of  a  cross  section  where  at  a  given  instant  the  electric  field  distribution 
and  the  charge  distribution  are  maximum.  What  are  the  currents  and  where  do  they 
exist? 

(c)  Sketch  the  charge,  current,  and  field  distributions  a  quarter-period  later. 

(d)  Under  what  conditions  will  a  rectangular  waveguide  be  nonresonant  in  the  axial 
direction  yet  resonant  in  each  transverse  plane? 

4.  A  hollow  cylindrical  waveguide  with  circular  cross  section  is  to  be  used  to  transmit  a 
pure  1-GHz  signal  from  a  generator  to  an  antenna.  The  waveguide  diameter  is  22  cm. 

(a)  What  mode  or  modes  can  be  excited  at  this  frequency? 

(b)  A  standing- wave  detector  measures  the  distance  between  two  adjacent  resonant 
peaks.  How  far  apart  are  they? 
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5.  Compute  the  following  quantities  for  a  hollow  rectangular  waveguide  with  sides  a  =  6.35 
cm,  b  =  3.15  cm  when  filled  with  air.  The  wavelength  of  the  generator  is  9.725  cm.  The 
TE10  mode  is  excited. 

(a)  The  cutoff  frequency  and  cutoff  wavelength. 

(b)  The  wavelength  Xg  in  the  guide. 

(c)  The  phase  velocity. 

(d)  The  wave  impedance. 

6.  Repeat  Problem  5  when  the  waveguide  is  filled  with  polystyrene. 

7.  Determine  the  field  in  a  cylindrical  cavity  excited  in  the 

(a)  TM011  mode 

(b)  TEin  mode 

when  the  cavity  has  an  inner  radius  0.5  cm  and  length  1  cm.  Sketch  the  fields  and  the 
currents. 

8.  Repeat  Problem  7  for  a  rectangular  cavity  excited  in  the  TE10i  mode  with  cross-sectional 
dimensions  0.5  and  0.25  and  length  1  cm.  a  >  b. 


Waves  Along  Dielectric  Rods; 
Optical  Fiber  Transmission 


The  invention  of  the  laser  made  generators  of  coherent  and  polarized  electromag¬ 
netic  waves  at  optical  frequencies  (/  ~  3  x  1014  Hz,  A.  ~  1  fxm)  possible.  For  the 
transmission  of  information  at  such  high  frequencies  conventional  coaxial  lines  and 
metal-pipe  waveguides  are  impractical.  A  more  appropriate  waveguide  is  the  di¬ 
electric  rod  in  the  form  of  a  hair-thin  optical  fiber  drawn  from  very  pure  glass.  The 
properties  of  such  a  rod  differ  significantly  from  those  of  the  metallic  waveguide 
in  that  for  single-mode  operation  the  electromagnetic  field  extends  outside  the 
dielectric  core  instead  of  being  contained  in  it  as  with  metallically  bounded  guides. 
As  a  consequence,  the  field  is  more  complicated. 

In  this  introductory  study  no  attempt  is  made  to  provide  a  comprehensive 
exposition  of  optical-fiber  technology.  Rather,  attention  is  directed  to  the  principal 
characteristics  of  the  dielectric  rod  as  a  waveguide  in  general  and  then  to  the  special 
conditions  appropriate  to  optical  frequencies. 


13.1  THE  FIELD  OF  THE  DIELECTRIC-ROD  WA  VEGUIDE 

The  structure  of  interest  is  shown  in  Fig.  13.1-1.  It  consists  of  a  uniform  circular 
dielectric  rod  of  radius  a  (region  1)  characterized  by  the  wave  number  fci  -  Pi  + 
icq  embedded  in  an  infinite  medium  (region  2)  with  the  wave  number  k2  =  p2  + 
ia2.  It  is  assumed  that  both  media  are  nearly  perfect  dielectrics,  so  that  (3j  >  a1? 
kx  ~  (3X;  (32  >  ol2,  k2  ~  (32.  The  analytical  formulation  parallels  that  for  the  circular 
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z 


Figure  13.1-1  Dielectric-rod  wave¬ 
guide. 


metal  waveguide  up  to  the  imposition  of  quite  different  boundary  conditions.  Spe¬ 
cifically,  with  the  z  axis  along  the  axis  of  the  dielectric  rod,  the  electromagnetic 
field  in  general  includes  components  of  both  electric  and  magnetic  types  as  given 
by  (12.2-4)  to  (12.2-9).  They  are  defined  in  terms  of  the  modified  Hertz  potentials, 


IE  —  7«eII£2;  VM  —  ju>IlMz 


(13.1-1) 


and  as  components  of  the  vector  potential 

A  =  z/aifxell^  +  V  X  zIIM2  (13.1-2) 


where,  in  cylindrical  coordinates,  V  =  p(d/dp)  +  0(d/pd0)  +  z (d/dz),  so  that 
V  X  z  =  —  0(d/dp)  +  p(d/pd0).  The  general  solutions  for  /^(p,  0,  z)  and 
VM{ p,  0,  z)  are  sums  of  modes  as  given  by 


IE{ P,  0,  z)  =  0)4«(z) 

a 

Vm( P>  0>  Z)  ~  2^Ma(P> 


(13.1-3) 


where  the  single  subscript  a  stands  for  two  identifying  subscripts.  The  general 
solutions  for  IEa{z )  and  VMa(z)  and  the  associated  functions  VEa(z)  and  IMa{z)  for 
waves  traveling  in  the  positive  z  direction  are 

IEa(z)  =  IEa  exp  (~yEaz);  VMa{z)  =  VMa  exp  (~yMaz)  (13.1 -4a) 

V Ea{z)  =  ZEaIEa(z);  Imo(z )  =  YMaVMa(z)  (13.1-4b) 
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For  simplicity,  /£a(0)  =  IEa,  VMa($)  =  VMa.  In  (13.1-4a,b)  the  propagation  con¬ 
stants  are  yEa  =  (k|0  -  k2)m,  yMa  =  {v?Ma  -  k2)m\  the  electric  wave  impedance 
is  ZEa  -  yEa/jioe;  the  magnetic  wave  admittance  is  YMa  =  7^/7'wp. 

The  mode  functions  ^(p,  0)  satisfy  the  equation 


ld_ 
P  dp 


*a(p,  6)  =  0 


(13.1-5) 


subject  to  appropriate  boundary  conditions  at  p  =  a. 

The  electromagnetic  field  of  each  mode  is  given  by  (12.3-18)  to  (12.3-21). 
In  cylindrical  coordinates  the  components  are 
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H Eza 

=  0; 

^ Mza 

=  0 

(13.1-11) 

Solutions  of  (13.1-5)  appropriate  to  the  finite  cylindrical  region  1  (p  <  a) 
and  the  infinite  region  2  (p  >  a)  are 

p  <  a:  ^(p,  0)  =  Jm(*EaP)  cos  (m0  +  DEa ) 

^Ma( P,  0)  =  COS  (m0  +  D Ma)  (13.1-12) 

p  >  a:  ^(p,  0)  =  Hm(KEap)  cos  (m0  +  DEa) 

^m«(p,  0)  =  Hm(KMap)  cos  (m0  +  DMa )  (13.1-13) 

Here  the  subscript  a  stands  for  mn.  Note  that  the  superscript  (1)  or  (2)  has  been 
omitted  from  the  Hankel  functions.  It  remains  to  be  selected.  The  choice  of  the 
origins  for  0  =  0£  and  0  =  0M  depends  on  the  orientation  and  polarization  of  the 
source.  In  the  analysis  of  metal  waveguides,  the  E  and  H  modes  are  independent 
and  can  be  excited  separately,  so  that  it  was  convenient  to  set  DEa  =  DMa  =  0. 
With  the  dielectric  rod  waveguide  the  E  and  H  modes  are  independent  only  for 
the  rotationally  symmetric  modes.  With  m  >  0  they  together  form  the  hybrid  HEmn 
and  EHmn  modes.  For  these  0£  and  0M  are  not  independent  and  in  order  to  satisfy 


Sec.  13.2  Application  of  the  Boundary  Conditions:  Characteristic  Equation  505 


the  boundary  conditions  it  is  necessary  to  impose  an  appropriate  relation  between 

DEa  and  DMa. 

When  the  values  of  (13.1-12)  and  (13.1-13)  are  substituted  in  (13.1-6)  to 
(13.1-11)  with  (13.1-4a,b),  the  results  for  region  1  (p  <  a)  are 

EEpi  =  -  VEal(z)  KEalJ'm(KEalp)  cos  (m%  +  De ) 

HmP1  =  ~  lMal(Z)KMalJ'm(KMalP)C0S(m®  +  DM)  (13.1-14) 

171 

Emi  =  VEai(z)~~J  missal?)  sin  (m0  +  DE ) 

P 

171 

HmQ  1  =  ^Mal(Z)~Jrn(KMalP)^n(m^  +  DM)  (13.1-15) 

Kr  1 

EEz  1  =  “  lEal(Z)Jm(KEalP)C0S(m ®  +  DE) 

]^1 

HMz  1  =  ^1VMal(2)ym(KM„1p)cos(me  +  Du)  (13.1-16) 


He  pi  =  -4al(z)-/w(K£alp)sin(m0  +  DE) 

P 

171 

EMpi  -  yMai(z) sin  (m0  +  Dm)  (13 . 1-17) 

P 

HEQ l=  —  ^Eal(Z)KEalJm(KEalP)  C0S  (*W0  +  DE)  (13.1—18) 

EmQ  1  =  y Mal(Z)KMalJ'm(KMalP)  C0S  (^10  +  Z)M) 

H£z1  =  0;  £Mz1  =  0  (13.1-19) 

(The  subscript  a  has  been  omitted  from  E,  H  and  D  for  simplicity.)  Note  that 

yEaiz)  =  (lEJiu€.)IEa(z)  and  IMa(z)  =  {lMJi^)y Maiz)- 

The  formulas  for  region  2  (p  >  a)  are  like  the  above,  with  H  written  for  J 

and  the  subscript  1  replaced  by  2. 


13.2  APPLICATION  OF  THE  BOUNDARY  CONDITIONS: 

CHARACTERISTIC  EQUATION 

The  boundary  conditions  at  p  —  a  between  regions  1  and  2  require  the  tangential 
components  of  both  E  and  H  to  be  continuous.  In  addition,  it  is  assumed  that  both 
regions  are  nonmagnetic  so  that  Pa  =  p2  =  Po-  In  the  dielectric  rod  waveguide 
the  conducting  walls  of  the  hollow  metal  pipe  waveguide  with  their  distributions 
of  surface  current  and  charge  are  absent  and  as  a  consequence  the  E  and  H  modes 
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can  exist  independently  only  for  the  rotationally  symmetric  modes  with  m  =  0 
when  EEz,  Ee p,  and  Hm  are  independent  of  HMz,  HMp,  and  Em.  For  all  other 
modes  the  boundary  conditions  cannot  be  satisfied  independently  for  the  E  modes 
and  H  modes  since  both  must  be  present.  Thus  the  general  boundary  conditions 
are 


EEzl(a,  0,  z)  =  EEz2{a,  0,  z) 


EEQi(a,  0,  z)  +  EMQ1(a,  0,  z)  —  Em2(a,  0,  z)  +  EMQ2(a,  z ) 


(13.2-1) 


HMz\(ai  0»  z )  —  HMz2{a ,  0,  z) 


z )  +  HEQi(a,  0,  z)  —  HMQ2(a,  0,  z)  +  HEQ2(a,  0,  z) 


(13.2-2) 


All  the  boundary  equations  contain  a  factor  exp  {  —  yEaz)  or  exp  (~yMaz)- 
For  a  single  wave  to  propagate  along  the  rod,  the  equations  cannot  be  satisfied 
unless  all  the  ya’s  are  equal  for  each  propagating  mode.  For  the  hybrid  modes  that 
involve  both  E  and  H  modes,  this  means  that 

lEa  =  iMa  =  la  (13.2-3a) 


Since  =  k2  -  fc2,  it  follows  that 

K  Ea  =  *Ma  =  ^  ll  +  &  (13.2-3b) 


for  each  region  with  appropriate  subscript  1  or  2  on  Ka  and  k.  With  k2  =  w2p,e  and 
with  the  choice  of 


the  boundary  conditions  give 


^  1  Jm(Kia )  ~  Iei 


2 

Hm(K2a ) 


(Hz  i  =  Hz2)\  VM1K\Jm(KXa)  =  VM2KlHm(K2a) 


(13.2-4) 


(13.2-5) 

(13.2-6) 
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+  VM2K2H'„(K2a)  (13.2-7) 
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ffl  y 
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(Hq i  ~  Hq2); 
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Note  that  the  subscript  a  has  been  omitted  for  greater  simplicity  in  writing.  From 
(13.2-5)  and  (13.2-6)  and  with  k2/k2  = 


2 

[e2  _  £2  / Jm(Kla ) 
Iei  ei  \k2/  Hm(K2 a) 

2 

V M2  _  / J^l\  Jm(Kla) 

V Ml  \K2/  Hm(K2  a) 


(13.2-9) 

(13.2-10) 


These  relations  can  be  used  to  eliminate  IE2  and  VM2  from  (13.2-7)  and  (13.2-8), 
which  then  become 
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(13.2-11) 
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(13.2-12) 


It  follows  from  (13.2-11)  that 
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(13.2-13a) 


Similarly  from  (13.2-12), 
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Ml 
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2  2 

Kl  K2 


£1  T^Kjfl)  _  €2^M 
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-1  -1 


(13.2-13b) 


If  these  two  formulas  for  IE1IVM1  are  equated,  the  following  general  characteristic 
equation  is  obtained  for  electromagnetic  waves  along  an  infinitely  long  dielectric 
cylinder.  Note  that  k2  =  oo2p,2e2,  kl  =  oFix^. 


1  J'JkiO) 

1  //;(k2«)1 

ei/e2  /^(kja) 

1  //;(k2«)‘ 

Ki  /^Kjfl) 

k2  Hm(K2a) 

k2  Hm(K2a) 

m2y2  / K2  —  k2\ 
a2k\  \  k2  k2  ) 

Since 


(13.2-14) 


y2  =  k2  —  k2  =  k2  —  k2  and  k2  —  k2  =  k2  —  k2  (13.2-15) 
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the  right  side  of  (13.2-14)  can  be  rearranged  as  follows: 

k|  -  k\)  (k\  -  14)(k\  -  k1) 
a2k\  KjKj 


=  [ki  ~  (6i/62)  ^2]  (ki  ~  xj) 
a 2  Kj  k2 

With  the  shorthand  notation,  xx  =  Kxa,  x2  =  k2«  (13.2-14)  becomes 


1  J'm(x  1) 

1  H'Jx2) 

ei/e2  J'JxJ 

1  H’Jx2)  1 

_Xi  Jm{x  1) 
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Xi  Jjx^ 

*2  tfW(*2)_ 

(13.2-16) 


With  (13.2-15)  it  follows  that 


x\ 


x\ 


m2(xl  -  xl)(xj  -  x I €-2) 


x\x\ 


—  a2(k2  —  k2) 


(13.2-17) 


(13.2-18) 


where  k\  and  k\  are  known.  Finally,  (13.2-17)  and  (13.2-18)  must  be  solved 
simultaneously  for  xx  and  x2  to  determine  k1  and  k2  for  each  value  of  m  and  from 
them  the  propagation  constant  y.  An  alternative  way  of  writing  the  right  side  of 
(13.2-18)  is 


(13.2-19) 


where  d  =  2a  is  the  diameter  of  the  dielectric  rod  and  \2  is  the  wavelength  for 
plane  waves  in  the  outer  region  2. 

To  have  unattenuated  propagation  along  the  dielectric  rod,  it  is  necessary 
that  y  =  y(3,  where  (3  is  real.  For  no  radiation  radially  into  region  2,  p  >  a,  the 
following  must  be  true: 

> 

Hm(*2 P)  =  H£\k2p)  with  k2  =  k 2r  +  /k2/,  k2/  §>  k2R  (13.2-20) 


In  this  case,  for  large  arguments, 
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TT 


(13.2-21) 


This  function  decays  rapidly  in  the  radial  direction.  Note  that  with  k2  ~  7'k2/, 
x\  —  k 2a2  ~  —  k 2/fl2  in  (13.2-18). 

Since 

y2  =  -(32  =  k2  -  k\  =  k!  -  k\  ~  -Kh  -  k\  (13.2-22) 


Sec.  13.3  The  Circular  E0 1  and  A/01  Modes 
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it  follows  that  for  each  mode  (subscript  a  omitted) 

Ki  =  k\  -  p2;  kIj  =  p2  -  k\  (13.2-23) 

Since  kx  =  pj  —  jat  ~  px  is  essentially  real  with  the  guiding  rod  a  nearly  perfect 
dielectric,  and  since  the  phase  velocity  v  =  co/p  of  the  guided  wave  is  greater  than 
the  velocity  vx  =  co/ px  in  an  unbounded  region  1,  it  follows  that  k2  is  positive  and 
therefore  k2  is  real.  Thus 

kx  =  Vp2  -  p2  (13.2-24) 

On  the  other  hand,  since  region  2  is  also  a  nearly  perfect  dielectric  with  k2  =  P2 
-  ja2  ~  p2,  it  follows  that 

K2,  =  -  32  (13.2-25) 

The  velocity  v  =  co/p  of  the  guided  wave  is  smaller  than  the  velocity  v2  =  co/p2 

characteristic  of  an  infinite  region  2,  larger  than  v1  =  co/p!  characteristic  of  region 
1.  Thus 


VX<V  <V2,  Pi  >  p  >  p2 


(13.2-26) 


From  the  relations 


P2  =  Pi  -  ^  =  p?  - 


K? 


(13.2-27) 


it  follows  that 
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(13.2-28) 


where  p  is  the  wave  number  and  A.  the  wavelength  of  the  guided  wave  along  the 
dielectric  rod. 


13.3  THE  CIRCULAR  E01  AND  H01  MODES 


When  m  =  0  the  characteristic  equation  (13.2-17)  reduces  to  two  independent 
equations,  respectively,  for  the  circular  magnetic  ( H0n )  and  circular  electric  ( E0n ) 
modes.  They  are 


(H0n); 

Jo(x l)  _ 

H0(x2) 

Xl  /o(*l) 

2  H'o(x2) 

(E0ny, 

Jo(Xl) 

elX2  H0(x2) 

Xl  Jo(*i) 

e2  H'0{x2) 

(13.3-1) 

(13.3-2) 


The  relation  (13.2-18)  continues  to  apply.  From  the  solution  of  these  equations 
with  (13.2-18)  and  their  use  in  (13.2-25),  the  wave  number  p  and  wavelength  X 
of  the  guided  wave  have  been  evaluated  for  H01  and  E01  modes.  Graphs  of  X/X2 
=  p2/p  as  a  function  of  d/k2  with  as  the  parameter  are  shown  in  Fig.  13.3- 
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Figure  13.3-1  Relative  wavelengths  \/\2  of  the  guided  H0 ,  and  E0l  waves  as  a 
function  of  d/\2.  (Data  of  D.  G.  Kiely.) 

1.  These  are  quite  similar  for  the  two  circular  modes.  Both  are  characterized  by 
a  cutoff  as  dl\2  is  reduced.  This  occurs  when  X  increases  to  X2  (or  0  decreases  to 
02)  and  propagation  along  the  dielectric  rod  without  radiation  becomes  impossible. 
On  the  other  hand,  as  d/\2  is  increased,  X  decreases  asymptotically  toward 
Xx  =  X2/Vei/e2  (or  0  increases  toward  0X  =  02  Vei/e2),  where  X1  is  the  wavelength 
and  0X  the  propagation  constant  of  an  unbounded  region  1. 

The  electromagnetic  fields  for  the  E01  and  H01  modes  are  given  directly  by 
(13.1-14)  to  (13.1-19)  with  m  =  0  and  the  use  of  (13.2-9)  and  (13.2-10).  Note 
that  the  E01  mode  has  only  the  components  Ez,  Ep,  and  //e;  the  H01  mode  only 
the  components  Hz,  Hp,  and  E&.  When  d/\2  is  small,  X/X2  =  02/0  is  close  to  unity 
and  most  of  the  field  propagates  in  region  2  outside  the  dielectric  rod  (region  1). 
As  d/k2  is  increased  and  X/X2  decreases  toward  X1/X2 ,  the  field  is  transferred  more 
and  more  into  the  rod  with  less  and  less  in  the  outside  region  2.  If  the  small  dielectric 
losses  in  very  good  but  imperfect  dielectrics  are  included,  the  total  energy  loss  due 
to  time  lag  in  polarization  response  is  significantly  greater  when  the  field  is  confined 
primarily  in  the  dielectric  rod  than  when  it  propagates  along  the  rod  but  primarily 
in  the  much  larger  volume  of  the  outside  region  2.  Note  that  the  field  decreases 
exponentially  in  the  radial  direction  in  region  2  so  that  it  is  confined  to  a  relatively 
small  transverse  area  in  both  cases,  but  the  cross-sectional  area  of  the  rod  is  much 
smaller  than  the  cross-sectional  area  of  the  cylindrical  region  outside  the  rod  in 
which  the  field  travels.  This  means  that  for  efficient  transmission  the  dielectric  rod 
should  have  as  small  a  radius  as  possible  without  actually  reaching  cutoff.  Since 
the  E01  and  H01  modes  are  difficult  to  excite  and  maintain  and  because  they  do 
have  a  cutoff,  the  higher  HEn  mode  which  is  more  easily  excited  and  maintained 
and  which  has  no  cutoff  is  usually  preferred. 
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Figure  13.4-1  Relative  wavelengths  X/X2  of  the  guided  HEU  wave  as  a 
function  of  d/\2-  (Data  of  D.  G.  Kiely.) 


13.4  THE  HYBRID  HE „  MODE  ' 


The  solution  of  the  general  equations  (13.2-17)  and  (13.2-18)  for  the  phase  con¬ 
stant  (3  of  the  lowest  propagating  mode  with  m  =  1  leads  to  the  graphs  in  Fig. 
13.4-1  for  the  HEn  mode.  These  show  AA2  or  (32/(3  as  a  function  of  the  normalized 
diameter  d  =  2a  of  the  central  dielectric  rod  (region  1)  with  as  the  parameter. 
The  curves  resemble  those  of  the  E01  and  H01  modes  shown  in  Fig.  13.3-1  with 
one  significant  difference:  there  is  no  cutoff  as  d/k2  is  reduced.  When  d/k2  reaches 
a  value  that  produces  cutoff  for  the  E01  and  H01  modes,  nonradiating  propagation 
continues  in  the  HEn  mode  with  AA2  =  (32/(3  ~  1. 

The  electromagnetic  field  of  the  HEn  mode  is  quite  complicated  since  it 
involves  all  six  components.  They  are  obtained  by  combining  the  E  and  H  modes 
with  m  =  1  from  (13.1-14)  to  (13.1-19)  with  (13.1-4),  (13.1-5),  (13.2-3),  (13.2- 
4),  (13.2-9),  and  (13.2-10);  also  DM  -  0,  DE  =  —  tt/2.  The  superscript  (1)  is 
omitted  from  the  Hankel  function  for  convenience.  For  region  1  with  p  <  a,  the 
components  of  the  field  are 


sin  0  e  j$z 


(13.4-1) 


(3  1 

Va,iKi/KkiP)  —  IE1  71(k1p) 

0)6!  p 


cos  0  e  jfiz 


(13.4-2) 


A(i<ip) 


sin  0  e 


(13.4-3) 
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^i(kiP)  +  4i-/i(kip)  cos  0  e  ®z 

0)|X  p 
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For  region  2  with  p  >  a, 
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(13.4-7) 
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ywp. 
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where  Iei/Vmi  is  given  by  (13.4- 


Ml 


7).  Also,  from  (13.2 

/  k  A2  44^) 
M1\J  Hi(k2a) 


-10), 


(13.4-14) 


(13.4-15) 


The  superscript  (1)  has  been  omitted  from  the  Hankel  functions. 

Graphs  of  the  electric  and  magnetic  field  lines  for  the  HEn  mode  are  shown 
in  Fig.  13.4-2  in  the  transverse  (vertical)  plane  in  (a)  and  the  longitudinal  (hori¬ 
zontal)  plane  in  (b).  The  magnitudes  of  the  electric  fields  |£p(0  =  -tt/2)|  and  |£’0(0 
=  0)|  are  shown,  respectively,  in  Fig.  13.4-3a  and  b.  At  0  =  tt/2  the  electric  field 
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Figure  13.4-2  Lines  of  electric  and  magnetic  fields  in  the  HEU  mode:  (a) 
cross  section  of  dielectric  rod;  (b)  longitudinal  section.  (Data  of  D.  G. 
Kiely.) 


is  perpendicular  to  the  boundary  between  regions  1  and  2  and,  in  accordance  with 
the  boundary  conditions,  is  discontinuous.  At  0  =  0  the  electric  field  is  tangent  to 
the  boundary  across  which  it  is  continuous.  The  field  is  seen  to  have  a  maximum 
at  the  center  of  the  rod  and  to  decrease  radially  outward.  The  field  is  largely  in 
the  central  rod  (region  1)  when  \/\2  is  significantly  smaller  than  1,  which  occurs 
when  d/\2  is  relatively  large  (see  Fig.  13.4-1).  The  field  is  primarily  in  the  outer 
region  2  when  \/\2  is  near  1,  which  occurs  when  d/k2  is  relatively  small  (see  Fig. 
13.4-1). 

Since  the  HEn  mode  has  no  cutoff,  the  radius  of  the  central  rod  can  be  kept 


Figure  13.4-3  Magnitude  of  the  electric  field  at  (a)  0  =  tt/2;  (b)  0  =  0,  HEU  mode. 
(Data  of  D.  G.  Kiely.) 
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small  and  most  of  the  field  located  in  the  outer  region  2.  In  this  way  dielectric 
losses  are  reduced  and  single-mode  long-distance  transmission  with  low  attenuation 
achieved  provided  the  outer  region  is  a  sufficiently  good  dielectric. 


13.5  APPROXIMATE  REPRESENTATION  OF  THE  HE „  MODE; 
APPLICATION  TO  FIBER  OPTICS 


When  the  permittivity  ex  of  the  dielectric  rod  (region  1,  p  <  a)  is  only  slightly 
greater  than  the  permittivity  e2  of  the  outer  region  2  (p  >  a),  so  that 


5  =  1  -  ^  <z  1  (13.5-1) 

ei 

the  factor  k2  —  k2  =  k\  —  k2  =  —  e2) — which  occurs  in  (13.4-7) — is 

quite  small.  (In  optical  waveguides  8  may  be  as  small  as  0.01.)  Furthermore,  with 
Ki  ~  k2,  the  bracketed  term  in  (13.4-7)  is  readily  evaluated  and  found  not  to  be 
small.  It  follows  that 


—  >vm\  lE1  zk2  S>  (13.5-2) 

0)6!  0)€2  OOfA  OOfA 

This  means  that  the  HEn  mode  is  predominantly  an  E  mode  with  the  electro¬ 
magnetic  field  approximated  by  (13.4-1)  to  (13.4-13)  with  the  terms  multiplied 
by  V MX  and  VM2  omitted.  A  further  examination  of  the  components  of  the  field 
and  of  Fig.  13.4-2a  indicates  that  Ey  =  Ep  sin  0  +  Ee  cos  0  and  Hx  =  Hp  cos  0 
-  Hq  sin  0  are  substantially  greater,  respectively,  than  Ex,  Ez  and  Hy,  Hz.  Ac¬ 
cordingly,  the  field  is  quite  well  approximated  by 


Ely  — 


-  4i  0)e  /P2; 


Ely  — 


-  I 


E2 


2(06! 
-yft*2 

2o)6o 


Hu  =  4iyF1(p,  0)e-^  (13.5-3) 


F2(p,  Q)e  &z; 


Ho,  =  / 


7k2 


2x  ~  1 E2 


F2( p,  Q)e~^z  (13.5-4) 


where 


Fi(p,  0)  =  2[/{(k1p)  sin2  0  +  (kxp)  ^(iqp)  cos2  0] 
F2(p,  0)  =  2j[H'x(K2p)  sin2  0  +  (k2p)“1//1(k2p)  cos2  0] 


and,  from  (13.2-9), 


Kj\2  /j(Kifl) 

k 2/  Hi(k2a) 


(13.5-5) 

(13.5-6) 

(13.5-7) 


As  before,  the  superscript  (1)  has  been  omitted  from  the  Hankel  functions.  With 
the  relation  J[{x )  =  —  (l/x)Jx(x)  +  J0(x )  and  a  similar  one  for  the  Hankel  function, 
and  with  the  trigonometric  formulas  cos  20  =  cos2  0  -  sin2  0  =  1-2  sin2  0 ,  the 
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following  alternatives  to  (13.5-5)  and  (13.5-6)  are  obtained 


^i(p,  0)  =  1  ^o(i<ip)  + 


Kip 


/i(Kip)  -  Joi^p) 


cos  20 


Flip,  0)  =  j 


H^\k2p)  + 


K2p 


^iC1)(k2P)  -  HP( k2P) 


cos  20 


(13.5-8) 

(13.5-9) 


It  is  now  readily  verified  that  in  ranges  of  interest  the  difference  terms  which  are 
multiplied  by  cos  20  are  quite  small  compared  to  the  leading  rotationally  symmetric 
terms  /o(KiP)  and  H^\ K2p).  This  means  that  the  radial  dependence  of  Ey  and  Hx 
is  almost  independent  of  the  direction  of  polarization,  so  that 

Fi(p,  e)  ~  Ft(p)  =  /0(i<ip);  P  s  a  (13.5-10) 

F2( P,  e)  ~  F2(p)  =  M\K2p);  p  >  a  (13.5-11) 


Note  that  for  perfect  dielectrics  kx  is  real,  k2  ~  j k2/  is  a  pure  imaginary,  and 
jH ^\k2p)  =  jH^\jK2Ip)  is  real. 

Because  the  approximations  (13.5-10)  and  (13.5-11)  are  rotationally  sym¬ 
metric,  the  boundary  conditions  on  Ey  at  p  =  a  cannot  be  correctly  satisfied  at  all 
angles  0.  However,  since  with  (13.5—1)  is  only  slightly  greater  than  e2,  this  is  of 
no  consequence  and  approximate  continuity  of  Ey  can  be  assumed  with 


El 


E\ 


e2Ki/0(Kifl) 


(13.5-12) 


With  (13.5-12),  (13.5-4)  becomes 

pKa  /0(ki«) 


E 


2 y 


-I 


El 


2wt!  /W,V'(K2a) 


F2( P)e 


-j£z. 


p  >  a 


(13.5-13) 


The  radial  dependence  represented  by  the  function 


•^o(kip); 


< 


V 


jp(Kia) 

m\ K2a) 


(i  ■  u 

p  >  a 


(13.5-14) 


is  quite  closely  approximated  by  the  Gaussian  distribution  for  all  radial  distances, 
that  is, 


F(  p)  ~  exp 


(13.5-15) 


where  p0,  called  the  spot  size,  is  defined  by 


In  [ a2{k\  —  k2)\ 


(13.5-16) 


Note  that  k\  -  k2  =  k%  (elr  -  e2r)  where  k0  =  w/c  is  the  wave  number  for  free 
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space.  The  wave  number  p  for  the  guided  wave  is  given  by  the  following  formula. 
Note  that  p  is  not  linear  in  the  frequency. 

(pa)2  =  ( k xa)2  —  In  [a2(/c2  —  k2)\  —  1  (13.5-17) 

so  that 


(k xa)2  =  (k2  —  p2)a2  =  In  [ a2{k 2  -  k2)\  -  1  (13.5-18) 

The  spot  size  is  equal  to  the  cross  section  of  the  rod  when 

p0  =  a;  In  [a2(k2  —  k2)\  =  1  or  =  e° 5  =  1.65  (13.5-19) 

This  is  sufficiently  below  the  cutoff  for  the  higher  modes,  which  is  given  by 
a  V/:2  -  k\  <  2.41. 

The  total  power  transferred  along  the  dielectric  guide  is  readily  evaluated 
from  the  axially  directed  component  of  the  complex  Poynting  vector,  that  is, 

Sz  =  z  •  (iE  x  H*)  =  -  iEyH*  .  (13.5-20) 

With  (13.5-3),  (13.5-4),  and  (13.5-8), 

«p>  =  \  &  i  (f )2f2(p)  = p*  S exp  (if)  (13-5-21) 

The  total  power  transferred  along  the  guide  is 


roc 


2tt5z(p)p  dp  =  PE1 
0  80)6! 


KlPo 


(13.5-22) 


The  fraction  of  the  total  power  within  the  radius  a  of  the  central  core  [i.e.,  in 
region  1  (p  ^  a)]  is 

-p-  =  1  -  exp  (— f-)  =  1  -  r  2n\ - 7^:  (13.5-23) 

Pt otai  V  Po  /  In  [a2(kf  -  kj)\ 

The  last  step  involves  (13.5-16). 

When  po  =  a  with  a  V/c2  -  k\  =  1.65,  PJPtoteA  =  0.63,  P2/rtotal  =  0.37.  If 
the  frequency  is  increased  to  the  cutoff  value  for  higher  modes,  a  VA:2  -  k\  = 
2.41,  p0  =  0.75a,  and  Pi/Ptotai  =  0.83,  P2/Ptotai  =  017.  If  the  frequency  is  decreased 
by  a  factor  of  0.7  so  that  a  V/c2  —  k\  =  1.155,  p0  =  1.86a,  P\IPioia\  =  0.25,  and 
P2IPt otai  =  0.75.  Thus  single-mode  operation  is  possible  with  most  of  the  field  in 
the  central  rod  (region  1)  or  in  the  outside  region  2,  depending  on  the  magnitude 
of  the  quantity  a  V/c2  -  k2  =  a/c0  Velr  -  e2r. 

Single-mode  optical-fiber  transmission  is  carried  out  at  wavelengths  ranging 
from  \0  ~  0.85  p,m  to  \0  ~  1.55  p,m.  The  corresponding  frequencies  are  /  =  c/\0 
=  3.5  x  1014  to  1.9  x  1014  Hz.  For  a  wavelength  of  X0  ~  1  p,m,  /  =  3  x  1014  Hz 
and  k0  =  2t t/\0  =  2tt  x  106  m_1.  If  8  =  1  —  is  as  small  as  8  =  0.01  and 

elr  ~  5,  it  follows  that  kt  =  4.5tt  x  106  m_1,  akt\/h  =  a  V/c2  -  k\  = 
4.5aTT  x  105.  For  ak1  V8  =  1.65,  a  =  1.1  p,m — a  very  small  radius. 
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pja 


Figure  13.5-1  Cross-sectional  profiles 
of  the  permittivity  of  an  optical  fiber. 


An  actual  optical-fiber  waveguide  is  not  simply  a  dielectric  fiber  in  air.  It 
consists  of  an  inner  glass  fiber  (region  1)  surrounded  by  a  glass  cladding  (region 
2)  that  has  a  permittivity  e2  slightly  lower  than  ex  of  the  central  core  and  is  sufficiently 
thick  so  that  the  radially  exponentially  attenuated  field  decays  to  a  negligible  value 
at  its  surface.  Modifications  include  a  variety  of  cross-sectional  profiles  of  the 
permittivity  that  introduce  somewhat  different  properties.  Instead  of  the  simple 
step  from  ex  to  e2  at  p  =  a,  the  permittivity  may  be  a  more  complicated  function 
of  the  radius.  The  simple  step  and  the  continuous  and  theoretically  very  convenient 
Gaussian  profile  are  shown  in  Fig.  13.5-1.  Other  possibilities  include  parabolic, 
triangular,  and  variously  segmented  profiles.  The  attenuation  due  to  dielectric 
losses  and  dispersion  are  different  for  different  profiles .  Thus  the  simple  step  profile 
can  be  selected  with  the  particular  value  a  \/k\  -  k%  =  2.718 — which  is  only 
slightly  above  the  cutoff  for  higher  modes — at  which  waveguide  dispersion  (due 
to  the  nonlinear  dependence  of  the  wave  number  (3  on  the  frequency)  is  zero. 

If  the  radius  of  the  central  rod  is  increased  to  many  times  the  cutoff  value 
for  higher  modes ,  the  field  is  contained  almost  entirely  in  the  central  core .  Single¬ 
mode  transmission  is  replaced  by  multimode  transmission.  Since  each  propagating 
mode  has  a  different  phase  velocity,  a  field  that  is  coherent  and  linearly  polarized 
near  the  source  becomes  incoherent  and  unpolarized  as  it  progresses.  Attenuation 
is  typically  higher  in  multimode  than  in  single-mode  transmission. 


Waves  and  Antennas  Near 
and  Across  the  Boundary 
Between  Electrically  Different 

Half-Spaces 


The  propagation  of  electromagnetic  waves  in  the  presence  of  a  boundary  between 
two  quite  different  materials  like  air  and  earth  (salt  and  fresh  water,  soil,  sand, 
ice,  etc.)  has  a  long  and  interesting  history  in  classical  electromagnetism.  It  has 
application  in  all  radio  communication  between  points  near  the  surface  of  the  earth 
and  this  is  true  whether  the  transmitting  and  receiving  antennas  are  both  in  the  air 
(broadcast  radio),  both  in  the  earth  (communication  between  tunnels,  mine  shafts, 
submarines),  or  one  is  in  each  medium  (communication  with  submarines).  It  un¬ 
derlies  geophysical  exploration  by  means  of  electromagnetic  waves  generated  and 
received  by  antennas  on  the  surface  of  the  earth,  or  on  the  floor  of  the  ocean. 

In  this  introductory  study,  attention  will  be  directed  to  two  related  aspects 
that  differ  in  the  nature  of  the  source  with  significant  consequences.  The  first  topic 
is  a  generalization  of  the  discussion  at  the  end  of  Chapter  2  of  the  transmission  of 
electromagnetic  waves  into  the  earth  from  normal  to  arbitrary  angles  of  incidence ; 
the  second  topic  is  the  electromagnetic  field  generated  by  a  vertical  electric  dipole 
on  the  horizontal  boundary  between  air  and  a  general  dissipative  half-space. 

14. 1  PLANE  WA  VE  INCIDENT  ON  A  PLANE  BOUNDARY: 

P LA  NEW  A  VE  REFLECTION  AND  TRANSMISSION 
COEFFICIENTS 

A  plane  electromagnetic  wave  traveling  in  the  direction  of  the  vector  wave  number 
k  =  kk  [where  in  general  k  =  (kl  +  k%  +  &2)1/2]is  represented  by  eikr,  where  r 
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) 

Figure  14.1-1  Wave  front  or  surface 
of  constant  phase  in  plane  wave. 


is  the  vector  drawn  from  the  arbitrarily  located  origin  to  a  point  on  the  wave  front — 
a  plane  surface  of  constant  phase  as  shown  in  Fig.  14.1-1.  It  is  clear  that  k  •  r  = 
kr  cos  cj>  =  ks  =  constant  is  a  plane  perpendicular  to  k. 

Consider  plane  electromagnetic  waves  traveling  in  region  2  (z  <  0;  k2,  |x2  = 
fx0,  e2,  o-2)  in  the  direction  k^  as  shown  in  Fig.  14.1-2.  The  waves  are  characterized 
by  b/bx  =  0,  fcz*  =  0,  for  all  components  of  the  field.  When  this  is  true,  Maxwell’s 
equations  in  Cartesian  coordinates  can  be  separated  into  two  mutually  independent 
parts.  These  are  the  field  of  magnetic  type,  including  Ex,  By,  and  Bz  given  by 

Elx  =  E‘Qxeik2'r  =  E[)xei(k2>y + k2^  (14.1-1) 


i_dEi 
w  bz  ’ 


i  dEj 

to  by 


and  the  field  of  electric  type  including  Bx,  Ey,  and  Ez  given  by 


/to  bB‘x 
k2  bz  ’ 


—  /to  bBlx 
k\  by 


Note  that 


k2y  =  k2  sin  O'; 


k2z  =  k2  cos  O' 


(14.1-2) 


(14.1-3) 

(14.1-4) 


(14.1-5) 


The  plane  of  incidence  for  these  waves  is  the  plane  that  contains  the  vector  k^  and 
its  projection  onto  the  boundary  plane  z  =  0.  In  Fig.  14.1-2  the  plane  of  incidence 
is  the  yz  plane.  For  the  waves  of  magnetic  (electric)  type,  the  magnetic  (electric) 
field  is  in  the  plane  of  incidence,  the  electric  (magnetic)  field  perpendicular  to  it 
and  parallel  to  the  boundary  plane.  Note  that  the  field  of  magnetic  (electric)  type 
is  related  to  the  radiation  field  of  a  vertical  magnetic  (electric)  dipole  on  the 
boundary  surface. 

In  order  to  satisfy  the  boundary  conditions 


fti  X  Ej  +  n2  X  E2  =  0  or  Elx  =  E^  at  z  =  0 
X  Bx)  +  (x2-  x(n2  X  B2)  =  0  or  nf  xBXy  =  n2~  xB2y  at  z  =  0 


(14.1-6a) 

(14.1-6b) 
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Figure  14.1-2  Plane  wave  incident  on 
the  plane  boundary  z  =  0  at  angle  0‘. 


e^-Ei  +  e2n2-E2  =  0  or 


ei^iz  =  e2£2 z  at  z  =  0 


(14.1 -6c) 


+  n2-B2  =  0  or 


Blz  =  B2z  at  z  =  0 


(14.1-6d) 


it  is  necessary  to  assume  a  solution  of  the  form 


E2  =  E'  +  E5;  B2  =  B‘  +  B5  (14.1-7) 

where  E5  and  B5  are  the  reflected  or  scattered  field.  The  field  Ex,  Bx  in  region  1  is 
the  transmitted  field.  The  field  of  magnetic  type  can  be  expressed  in  terms  of 
reflection  and  transmission  coefficients  as  follows: 


2jc  =  ElQX[ei{k2yy + k2zZ)  +  fmrei{k2>y-k2^] 

(14.1-8a) 

—  k 

2  =  - ll  Ei\ei(k2yy  -  k2zz)  _fei(k2yy-k2zz)-\ 

0) 

(14.1-8b) 

— 

'2z  =  - -  El0x[ei(k2yy + k2yZ)  +  fmrei(k2>y  ~  k2yZ)] 

0) 

(14.1-8c) 

i,  =  /m£Le'<‘w+‘,l2) 

(14,1 -9a) 

i,  =  u 

0) 

(14.1-9b) 

u  =  lyL,Eh^k'yy*k'^ 

(14.1-9c) 

0) 
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The  corresponding  expressions  for  the  field  of  electric  type  are 

B2x  =  Bi0x[el(k2>y+k2zZ)  +  ferei(k2yy-k2zZ)] 


Ely  — 


~wk2z 


Bi0x[ei(k2yy+k2zZ)  ~fer  gi(fC2yy  -  k2zZ)^ 


(14.1 -10a) 
(14.1-10b) 


(tikiv 

Elz  =  —pp  Bl0x[el{k2yy + k2*z)  +  ferel(k2yy-k2zZ>] 
k2 


(14.1-10c) 


Blx  =  ~ 1fetBi0xei(klyy+k uz) 

\y2 


(14.1-lla) 


Ely  — 


M-2^1 


0)|Xi^iy 


fetBl0xe^yy+k «) 


(14. 1 —1  lb) 


Eiz  =  bxeKk^-kuz) 


(14.1-llc) 


When  these  components  are  substituted  in  the  boundary  conditions  (14.1 
6a-d)  at  z  =  0,  they  require  that 


eik2yy  =  e ikiyy  —  eikiyy  for  aq  values  of  y 


(14.1-12) 


so  that  with  (14.1-5), 


k2  sin  0*  =  k2  sin  02  =  kx  sin  0X 


(14.1-13) 


It  follows  that 


0*  =  0 


(14.1 -14a) 


and  the  complex  index  of  refraction  is 

_  ki  =  ( Mi\ 1/2  =  sin  02 
12  k2  W2iJ  sin  0X 


P'2e2 


(14.1-14b) 


This  is  a  generalized  form  of  Snell’s  law.  Note  that  when  region  2  is  air  with  e2 
=  e0,  fx2  =  |ulo,  it  follows  that  k2  and  02  are  real.  On  the  other  hand,  when  region 
1  is  a  general  simple  medium  with  ex  and  kx  =  p!  +  iax  complex,  the  angle  0X 
must  also  be  complex. 

In  addition  to  (14.1-12),  the  substitution  of  (14.1-8a-c)  and  (14.1-9a-c) 
into  the  boundary  conditions  (14.1-6a-d)  yields 


1  T  fmr  fmt 

f^M1  -  fmr)  =  M-f  zfr, 


(14.1-15) 


or 


(14.1-16) 


(1  -  fmr)  COS  02  =  y  fmt  COS 

4>1 
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where  the  wave  impedances  are 


(14.1-17) 


When  (14.1-15)  and  (14.1-16)  are  solved  for  the  reflection  coefficient/^  and  the 
transmission  coefficient  fmt,  these  turn  out  to  be 


f 


Ym2  ~  Y 


ml 


mr 


Ym  2  +  Y. 


fmt  = 


2  Y 


m2 


ml 


Ym  2  +  Y 


ml 


where 


Y 


£2  1  cos  02;  Yml  =  Cl  1  cos  0! 


m2 


—  r-l 


are  generalized  admittances  in  siemens. 

The  corresponding  expressions  for  the  waves  of  electric  type  are 


fer  = 


•e2 


' el 


ze2  +  z 


fet 


2  Z 


e2 


el 


Ze2  +  Z. 


el 


where 


Ze2  =  £2  cos  02 ;  Zel  =  £i  cos  0X 


(14.1-18) 


(14.1-19) 


(14.1-20) 


(14.1-21) 


are  generalized  impedances  in  ohms.  Note  that  when  region  2  is  air,  £2  and  02  are 
real  so  that  Ym2  and  Ze2  are  real.  Note  also  that  (14.1-18)  and  (14.1-20)  are 
formally  like  the  reflection  and  transmission  coefficients  for  sections  of  waveguide 
or  transmission  line.  In  order  to  study  the  properties  of  the  reflection  coefficients, 
let 


fmr  =  \fmr\ei*nr\  fer  =  I  feM^  (14.1-22) 


14.2  REFLECTION  COEFFICIENTS  FOR  PERFECT 
NONCONDUCTORS 

When  both  regions  1  and  2  are  perfect  nonconductors  with  region  2  air,  =  u2 
=  0  and  ex  =  ex  =  elre0,  e2  =  e0,  where  €1  is  real.  Under  these  conditions  the 
magnitudes  and  angles  of  the  two  reflection  coefficients  are,  respectively,  very 
different  from  each  other.  They  are  shown  graphically  in  Fig.  14.2-1  for  elr  =  4, 
10,  and  80.  The  coefficient  of  magnetic  type  (for  an  incident  plane  wave  with  its 
magnetic  field  in  the  plane  of  incidence  and  the  electric  field  perpendicular  to  it 
and  parallel  to  the  boundary)  has  the  constant  angle  tymr  —  180°  for  all  values  of 
02  and  €lr,  and  a  magnitude  that  has  a  flat  minimum  at  02  =  0°  and  increases 
continuously  and  smoothly  to  \fmr\  =  1  at  02  =  90°.  Thus,  when  =  p,2,  fmr  is 
always  a  negative  quantity.  The  coefficient  of  electric  type  (for  an  incident  plane 
wave  with  its  electric  field  in  the  plane  of  incidence  and  the  magnetic  field  per¬ 
pendicular  to  it  and  parallel  to  the  boundary)  has  a  flat  maximum  at  02  =  0°, 
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Figure  14.2-1  Complex  reflection  coefficients  for  an  incident  plane  wave;  |Xj  =  (x2  =  |x0. 


decreases  to  a  null  between  02  =  50°  and  90°,  and  then  increases  steeply  to  1.  At 
the  null  the  angle  tyer  jumps  by  180°. 

The  angle  of  incidence  0'  =  02  at  which  the  reflection  coefficient  vanishes 
and  its  angle  changes  by  180°  is  known  as  the  Brewster  angle  (denoted  here  by 
02fi) .  Respectively  for  incident  waves  of  the  magnetic  or  electric  types ,  the  reflec¬ 
tion  coefficient  vanishes  when: 


Magnetic  type:  Yml  =  Ym2 

02 B  ~  C0S 


(mV|a2)2  - 


1 


1/2 


When  ex  =  e2, 


tan  1 


P'2 


1/2 


Electric  type:  Zel  =  Ze2 

&2B 


cos 


(ei/e2)2  - 


1 


1/2 


When  px  =  p2, 


(14.2-1) 


(14.2-2) 


(14.2-3) 


(14.2-4) 


With  e2  =  e0  for  air,  02fi  =  54°. 7,  63°. 4,  72°. 5,  83°.7,  respectively,  for  elr  =  2,  4, 
10,  and  81.  No  Brewster  angle  exists  for  waves  of  magnetic  type  when  =  p2; 
for  waves  of  electric  type  when  ex  =  e2.  At  the  Brewster  angle  the  two  half-spaces 
are  perfectly  matched  at  z  =  0  and  the  electromagnetic  waves  proceed  from  the 
one  to  the  other  without  reflection. 

When  px  =  p2  and  the  angle  of  incidence  in  region  2  is  the  Brewster  angle 
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for  a  field  of  electric  type,  propagation  in  region  1  is  at  an  angle  0X  which  satisfies 
Snell’s  law: 


sin  0i  =  sin  02  =  y"  sin  ©2 b  =  7^  (1  -  cos2  02B)1/2 

kx  K  kx  v 


(14.2-5) 


With  (14.2-4), 


sin  0X  = 


kx 


1  - 


1 


(ei/e2)  +  1 


1/2 


h 

k\ 


ei/e; 


~l  1/2 


L(ei/e2)  +  lj 


=  cos  0 


2  B 


(14.2-6) 


Hence 


0i  =  f  -  02B  (14.2-7) 

This  means  that  kx  is  perpendicular  to  k2.  Since  Ex  and  Px  =  (ex  -  e0)E!  are 
perpendicular  to  kl5  they  must  be  parallel  to  k2.  Thus  the  oscillating  dipoles  that 
determine  the  volume  density  of  polarization  P  in  region  1  have  their  axes — along 
which  they  do  not  radiate — parallel  to  k2.  Thus  they  generate  no  field  in  this 
direction,  so  that  there  is  no  reflected  field. 

For  waves  of  magnetic  type,  when  ex  =  e2,  kx  is  also  perpendicular  to  k2;  Bx 
and  —Mi  =  (pf1  -  pcT1^  are  perpendicular  to  kx  and  parallel  to  k2.  The  os¬ 
cillating  magnetic  dipoles  (or  equivalent  loops)  have  their  axes — along  which  they 
do  not  radiate — parallel  to  k2.  It  follows  that  they  generate  no  field  in  this  direction, 
so  that  there  is  no  reflected  field. 

Since  fer  and  fmr  differ  except  at  normal  and  grazing  incidence ,  an  incident 
field  that  is  arbitrarily  polarized  (circular,  elliptical,  unpolarized)  is  reflected  as  a 
linearly  polarized  field  when  the  angle  of  incidence  is  the  Brewster  angle. 


14.3  TOTAL  INTERNAL  REFLECTION:  SURFACE  WAVES 

In  the  preceding  discussion  of  the  reflection  coefficients  for  perfect  dielectrics,  it 
was  assumed  that  the  incident  wave  is  in  air  with  e2  =  e0,  the  refracted  wave  in  a 
dielectric  with  ex  =  elre0.  In  this  case  Snell’s  law  is 

sin  0i  =  ^  sin  02  (14.3-1) 

k\ 

where  02  =  0*  and  k2lkx  =  l/e}72  <  1.  It  follows  that  for  every  real  angle  02  there 
is  a  smaller  real  angle  0X.  The  refracted  wave  is  bent  toward  the  normal. 

If  the  incident  wave  originates  in  a  dielectric  with  e2  =  e2re0  and  the  refracted 
wave  is  in  air  with  ex  =  e0,  the  relation  (14.3-1)  is  still  valid  but  now 
k2lkx  =  e2?  >  1,  so  that  there  can  be  real  angles  0X  only  for  {k^k-^)  sin  02  <  1. 
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At  the  critical  angle  ( k2/k1 )  sin  02c  =  1,0!  =  tt/2.  To  understand  this  new  situation, 
note  that 

k\y  -  &isin0i  =  k2sin02  =  k2y  (14.3-2) 

k\z  =  ki cos 0!  =  kx{  1  -  sin2©!)172  =  {k\  -  k2 sin202)172;  k2sinQ2  —  ki 

=  i(k\ sin202  -  k2)172;  k^inQ^k,  (14.3-3) 
Let 

ai  =  (k2  sin2  02  -  kl)m;  klz  =  iax\  k2  sin  02  >  kx  (14.3-4) 

Also, 

IOL 

Ze i  =  Ci  cos  ©i  =  =  — 1  (14.3-5) 


Ym  1  =  Cf 1  cos  01  =  i^k^a  1  =  (14.3-6) 

0)|Xi 

The  reflection  and  transmission  coefficients  are 


Ym2  -  /ai/w(Xi 

Ur  Ym2  +  U 

Ze2  —  ia1/i>i€1 

Ze2  +  /ai/<o€i 

(14.3-7) 

,  2ym2  . 

yw2  +  idi/aW  /ef 

2Ze2 

Ze2  +  ia1/iae1 

(14.3-8) 

The  electromagnetic  fields  for  the  magnetic  type  are  like  (14.1-8a-c)  with  (14.3- 
7)  in  region  2.  In  region  1  with  (14.3-2)  they  are 

Eix  =  fmtE‘0xe  «'zeik2yy; 

k2y  >  kx 

(14.3-9a) 

♦ 

_  /•  e'/  p-a\zpik2yy. 

D\y  ~~  Jmt^Ox^  e  > 

0) 

k2y  >  kx 

(14.3-9b) 

—  k 

f  J7*  p-a.\zpik2yy. 
&lz  Ox"  "  > 

0) 

k2y  >  kx 

(14.3-9c) 

where /wf  is  given  by  (14.3-8).  Similarly,  for  the  electric  type  the  field  is  like  (14.1- 
lOa-c)  in  region  2  with  fer  as  given  in  (14.3-7).  In  region  1  the  field  is 

Bu  =  — 

fX2 

k2y  >  kx 

(14.3-10a) 

—  r  ni  0-GL\Zgik2yy 

&1  y  ^  ^2  JetD Oxe  e 

;  k2y  >  kx 

(14.3-10b) 

_  r  T>i  e-GL\zeik2yy. 

^1  z  ^  1^2  JetD  Oxe  e  > 

k2y  >  kx 

(14.3-10c) 

where  fet  is  given  in  (14.3-8). 
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At  angles  of  incidence  0'  =  02  for  which  k2y  =  k2  sin  02  <  kt ,  the  fields  in 
both  regions  obey  Snell’s  law  for  real  wave  numbers  and  real  angles.  Since  k2  > 
*1,  01  >  02,  so  that  the  direction  kx  of  the  refracted  waves  is  bent  away  from  the 
normal  to  the  surface.  At  angles  of  incidence  0'  =  02  for  which  k2  sin  02  >  kt, 
there  is  no  transmitted  wave  into  region  1.  The  field  is  totally  reflected.  However, 
although  there  are  no  electromagnetic  waves  propagating  into  region  1 ,  there  are 
electromagnetic  waves  traveling  in  region  1  very  close  to  and  along  the  surface. 
The  components  of  the  field  in  region  1  all  have  the  form  exp  (-o^z)  exp  ( ik2yy ). 
When  multiplied  by  exp  ( -  mt) ,  the  real  part  is 

e — aiz  cos  _  k2yy)  (14.3-11) 

This  is  a  wave  traveling  in  the  y  direction  with  the  wave  number  k2y  =  k2  sin  02. 
It  exists  only  very  close  to  the  surface  since  it  is  exponentially  attenuated  with  the 
attenuation  constant  ax  defined  in  (14.3-4).  At  the  critical  angle,  ax  =  0;  but  when 
k2  is  large  compared  to  ku  a1  increases  rapidly  as  the  angle  of  incidence  is  made 
larger  than  the  critical  angle.  A  wave  that  travels  along  a  boundary  surface  and  is 
exponentially  attenuated  in  the  direction  perpendicular  to  the  surface  is  known  as 
a  surface  wave.  It  accompanies  the  incident  and  reflected  fields  in  region  2  by 
providing  a  field  that  satisfies  the  boundary  conditions  across  the  surface  and  is  of 
no  significance  even  a  short  distance  from  the  surface.  Note  that  the  exponential 
attenuation  in  region  1  is  not  associated  with  losses  in  either  region — both  are 
assumed  to  be  perfect  dielectrics  such  as  glass  and  air  or  distilled  water  and  air. 


14.4  PLANE  WA  VES  INCIDENT  AT  AN  ARBITRARY  ANGLE 
ON  A  DISSIPATIVE  HALF-SPACE 


The  electromagnetic  field  in  a  dissipative  half-space  when  generated  by  a  plane 
wave  normally  incident  from  the  air  is  discussed  in  detail  in  Chapter  2.  When  the 
angle  of  incidence  is  not  zero,  the  field  in  the  dissipative  half-space  is  much  more 
complicated,  as  indicated  in  Sec.  14.1.  The  general  expressions  for  the  fields  in 
both  regions  are  given  by  (14.1-8a-c)  and  (14.1-9a-c)  for  the  magnetic  type  and 
by  (14.1-10a-c)  and  (14.1-lla-c)  for  the  electric  type.  Snell’s  law  in  the  gen¬ 
eralized  form  given  in  (14.1-14a,b)  applies  with 


fci  =  Pi  +  «*i  =  w(M-oei)1/2 

^2  ~  k0  =  o)(p,0e0)1/2 
The  complex  index  of  refraction  is 


O) 


m  *le  + 


Id 


le 


O) 


k 


2 


1/2 


1/2 


(14.4-1) 
,  (14.4-2) 

(14.4-3) 


where  it  has  been  assumed  that  fxx  =  fx0. 
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With  (14.4-1)  and  (14.4-2)  and  0!  =  Qlr  -I-  iQu,  Snell’s  law  has  the  form 
0!  sin  0lr  cosh  01(  -  oq  cos  0lr  sinh  01(  =  k2  sin  02  (14.4-4a) 


oq  sin  Qlr  cosh  0l7  +  0X  cos  0lr  sinh  01(  =  0  (14.4-4b) 

Thus,  when  region  1  is  dissipative,  Snell’s  law  consists  of  two  equations.  Of  these, 
the  second  can  be  solved  for  01(  in  the  form 


tanh  0 


1  i 


-  ^  tan  0 

Pi 


1  r 


(14.4-5) 


With  (14.4-5),  (14.4-4a)  becomes 


.  f  1  +  *Wx 

Pi  0M  [i  +  (a f/pf)  tan2  0lr] 


=  ko  sin  0 


(14.4-6) 


which  is  Snell’s  law  in  terms  of  real  angles  for  a  plane  wave  entering  a  dissipative 
half-space  at  the  angle  0lr.  When  ((VPi)2  <§  1,  this  reduces  to  the  simple  form  for 
perfect  dielectrics.  Since  Snell’s  law  requires  that  kly  =  k2y  =  k2  sin  02,  propagation 
in  both  regions  in  the  direction  parallel  to  the  interface  is  the  same  as  for  perfect 
dielectrics.  Propagation  normal  to  the  interface  is  governed  by  k2z  =  k2  cos  02  in 
region  2  and  in  region  1  by 


klz  =  Pi z  +  io. lz  =  kx  cos  0X  =  &x(l  -  sin2  0i)1/2 

=  (kj  -  k\  sin2  02)1/2 


With  =  Pi  +  iax  and 


Pi  =  20^,0?  -  a'i  -  kl  sin2  02)  '"2 
ku  =  01  -al-kl  sin2  62)i'2(l  +  iPl)u* 

It  follows  that 


Pi,  =  (P?  ~  oil  -  k\  sin2  02)1/2/(p i) 
oil z  =  (Pi  -  oil  -  kl  sin2  02)1/2g(Pi) 


(14.4-7) 


(14.4-8) 

(14.4-9) 

(14.4-10) 

(14.4-11) 


where  f(pi)  and  g(pi)  are  given  in  Appendix  II. 

With  (14.4-7)  to  (14.4-11)  the  general  expressions  for  the  fields  of  electric 
type  in  the  two  regions  have  the  following  forms: 

£2*  =  B‘0x  e ik2y  sin  &2{e ik2Z  cos  02  +  fere~ik2ZCOsQ2)  (14.4-12a) 


(14.4- 12b) 


Blox o)  sin  02 

k2 


g  ik2y  sin  ©2^  ikiz  cos  ©2 


_|_  -f  g  —  ik2z  cos  ©2 

i/ 


(14.4- 12c) 
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where 


Here 


Bix  — 


Elz  = 


Epx^lfet  g  —  ctizZgi(k2ysinQ2  +  fi\zz) 

(X2 

~ffi)*0)>xl(ftlz  +  ialz)fet  „  -  on zz ei(k2y  sin e2  + Pi zz) 

Mz(Pi  +  *'<*i)2 

fiLwai,  sin  02  „  Q  , 

VX  T~1  Z _ Z  r  p  —  a.\zZpl(k2yS\n&2  +  $\zZ) 

M*(0i  +  i)2  Tet 


fer  = 


■^e2  -^el . 
^e2  +  Zei 


fet  = 


2Z 


e2 


Ze2  F  ^el 


(14.4-13a) 
(14.4-13b) 
(14.4- 13c) 


(14.4-14) 


Ze2  =  cos  02; 


=  h  COS  0!  = 


Plz  +  ?’alZ 
0)6! 


(14.4-15) 


The  field  in  region  2  includes  a  direct  and  reflected  wave  substantially  like 
that  for  a  perfect  dielectric.  It  consists  of  a  standing  wave  in  the  z  direction  per¬ 
pendicular  to  the  boundary  and  a  traveling  wave  along  the  boundary.  The  field  in 
region  1  when  this  is  dissipative  differs  from  that  in  a  perfect  dielectric  primarily 
and  significantly  in  the  appearance  of  the  exponential  attenuation  exp  ( —  alzz)  in 
the  direction  of  z.  This  governs  the  amplitude  in  its  dependence  on  z.  The  atten¬ 
uation  constant  alz  as  given  by  (14.4-11)  is  a  function  of  the  angle  of  incidence 
0*  =  02,  but  for  any  and  every  angle  of  incidence,  the  amplitude  of  the  wave 
entering  region  1  decays  in  the  direction  of  increasing  z .  Thus  the  amplitude  fronts 
are  horizontal  planes  for  all  angles  of  incidence,  whereas  the  phase  fronts  proceed 
in  a  direction  determined  by  0lr.  These  are  the  characteristics  of  an  inhomogeneous 
wave.  The  normal  to  the  phase  fronts  has  the  angle  0lr  as  determined  by  Snell’s 
law,  the  normal  to  the  amplitude  fronts  always  has  the  angle  tt/2.  Very  similar 
results  are  obtained  for  the  waves  of  magnetic  type.  The  two  types  coincide  at 
normal  incidence. 

The  behavior  of  the  plane- wave  reflection  coefficients  fmr  =  \fmr\eiA>mr  and 
fer  =  \fer\e>A>er  when  region  1  is  dissipative  with  different  values  of  N\2  =  k\lk2  is 
shown  in  Figs.  14.4-1  and  14.4-2.  The  deep  minima  in  \fer\  and  phase  changes  by 
nearly  180°  in  i) ier  at  the  pseudo-Brewster’s  angle  are  clearly  evident. 


14.5  FIELD  OF  A  VERTICAL  ELECTRIC  DIPOLE  OVER  A 
DISSIPATIVE  HALF-SPACE 

The  radiation  field  of  a  vertical  electric  dipole  at  a  height  d  in  air  over  a  conducting 
earth  is  well  approximated  by  the  superposition  of  the  direct  field  and  the  reflected 
field.  At  sufficient  distances  this  is  given  by  the  plane- wave  reflection  coefficient. 
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Angle  of  incidence,  0 


Figure  14.4-1 

fer  and  fmr\  elr 


/ 


Reflection  coefficients 
10.  Note  that  j  =  -  i 
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0 


Angle  of  incidence,  © 


80°  90° 


Figure  14.4-2  Reflection  coefficients 
fer  and  fem\  elr  =  80.  Note  that;  = 
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The  complete  rotationally  symmetric  electric  field,  in  polar  coordinates  R,  0,  <E>, 
for  an  electric  dipole  with  effective  length  2he  and  moment  2Izhe  is 

_ t/.\  ||  7  /?  ik2R 

E2q  =  - jr°  z  e  (e~ik2dcose  +  fereik2dcose )  sin  0  (14.5-1) 

2tt  R 


Note  that,  in  agreement  with  the  earlier  sections,  the  positive  z  axis  (the  origin  for 
the  coordinate  0)  is  vertically  downward  into  the  dissipative  region  1.  The  dipole 
is  at  z  =  -d.  The  term  in  parentheses  in  (14.5-1)  is  the  array  factor  Ae(0). 

The  plane-wave  reflection  coefficient  is  that  defined  by  (14.4-14).  In  terms 
of  the  complex  index  of  refraction,  N  =  k1lk2  =  (ele/.  +  urlel we0)1/2,  and  angle  of 
incidence  0*  =  02  =  0,  it  is 


_  N2  cos  02  -  (N2  -  sin2  02)1/2 
*er  ~  N2  cos  02  +  (. N 2  -  sin2  02)1/2 


(14.5-2) 


Note  that  \fer\  as  shown  in  Figs.  14.4-1  and  14.4-2  has  values  near  1  when  02  = 
0  and  tt/2  and  has  a  deep  minimum  between  02  =  0  and  tt/2  at  the  pseudo-Brewster 
angle.  The  field  factor,  Ae(Q)  sin  0  =  (1  +  fer )  sin  0,  for  a  dipole  on  the  earth 
(d  =  0)  for  (14.5-1)  is  shown  graphically  in  Fig.  14.5-1  for  a  wide  range  of  values 
of  N2  corresponding  to  earth  and  water.  It  is  seen  that  along  the  surface  of  the 
earth  where  02  =  tt/2,  the  field  vanishes  except  for  N2  =  the  value  for  a 
perfectly  conducting  earth.  The  corresponding  patterns  for  a  quarter- wave  mon¬ 
opole  erected  on  the  earth — shown  in  Fig.  14.5-2 — also  give  a  vanishing  field 
along  the  surface  of  the  earth.  This  suggests  that  radio  communication  along  the 
surface  of  the  earth  between  vertical  transmitting  and  receiving  antennas  is  im¬ 
possible.  Since  very  satisfactory  communication  is  actually  maintained  between 
such  antennas,  it  is  evident  that  the  formula  (14.5-1)  is  not  complete.  Although 
it  gives  the  complete  radiation  field,  it  does  not  include  a  surface  wave  that  exists 
in  the  air  along  the  boundary. 


14.6  GENERAL  INTEGRALS  FOR  THE  ELECTROMAGNETIC 
FIELD  OF  A  VERTICAL  ELECTRIC  DIPOLE 
ALONG  THE  BOUNDARY  BETWEEN  AIR 
AND  A  DISSIPATIVE  HALF-SPACE 

The  determination  of  the  electromagnetic  field  generated  by  a  vertical  electric 
dipole  on  the  horizontal  boundary  between  air  and  earth  is  a  classical  problem  that 
dates  back  to  the  early  days  of  radio  communication.  It  is  perhaps  most  commonly 
formulated  with  the  help  of  the  Hertz  potentials.  However,  it  is  an  instructive 
exercise  to  proceed  directly  from  Maxwell’s  equations  and  the  integrals  of  the  field 
so  obtained  can  be  evaluated  directly  with  certain  approximations.  To  provide  a 
broad  insight  into  different  aspects  of  the  electromagnetic  surface  waves  generated 
by  a  vertical  electric  dipole,  this  will  initially  be  located  at  a  depth  d  in  the  dissipative 
half-space  near  its  boundary  with  air  and  the  complete  field  at  all  points  in  the 
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Figure  14.5-1  Field  factors  of  vertical  electric  and  magnetic  dipoles  on  conducting  earth;  d  =  0. 
Note  that  j  =  —i. 
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dissipative  half-space  and  near  the  boundary  surface  in  air  will  be  determined. 
Subsequently,  the  field  with  the  dipole  on  the  boundary  in  air  will  be  determined. 

The  geometry  and  notation  underlying  the  analysis  are  shown  in  Fig.  14.6- 
1.  The  vertical  electric  dipole  with  unit  electric  moment  (2 hlz  =  1  A  m)  is  located 
on  the  downward-directed  z  axis  at  a  distance  d  from  the  origin  of  coordinates  on 
the  interface,  the  xy  plane.  Interest  is  in  the  electromagnetic  field  at  an  arbitrary 
point  (x,  y,  z)  in  rectangular  or  (p,  0,  z)  in  cylindrical  coordinates.  The  dissipative 
half-space  is  region  1  (z  >  0);  region  2  is  air  (z  <  0).  In  general,  the  two  regions 
are  characterized  by  the  complex  wave  numbers  kx  =  (Jj  +  icq  =  to^ei)172, 
where  €!  =  €!  +  icr^io  and  ex  =  e0elr,  and  k2  =  (32  +  ioL2  =  <*>(|x2e2)172.  It  is 
assumed  that  p,!  =  |x2  =  |x0;  for  air,  e2  =  e0,  a2  =  0. 

Maxwell’s  curl  equations  for  the  two  regions  with  the  time  dependence  e~iM 
and  j  =  1,2  are 

V  x  E j  =  icoBy  =  iid(xBjX  +  yBjy);  Bjz  =  0  (14.6-la) 

V  x  B,  = - -E,+  |UL0 Z-Jz  (14.6-lb) 

J  O) 

where 

Jz  =  8(x)8(y)8(z  -  d )  (14.6-2) 

and  8(x)  is  the  delta  function.  Jz  as  defined  in  (14.6-2)  is  the  current  density  of 
unit  amplitude  localized  at  the  point  z  -  d.  Let  these  equations  be  transformed 
with  the  Fourier  transform 


oc  roc 

E(x,  y,  z)  =  (2'tt)-2  d £  dr\  el('^c+r]y^E(^,  iq,  z)  (14.6-3a) 

J  —  oc  J  —  oc 


Jz( 'n,  *)  =  S(z 


(14.6-3b) 


Figure  14.6-1  Vertical  dipole  at  depth  d  in  region  1;  electromagnetic  field  calculated 
at  (p,z). 
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With  (14.6-3a,b),  equations  (14.6- la, b)  become 


hEh 


&  J^l 
v<* 

II 

—  dEjx 

=  iuBix;  —  - 
JX  dz 

HEJZ  = 

iuBjy 

Wjy 

-  i^Epc 

=  0 

(14.6-4) 

dB,y  _ 

ikf  _ 

= - -  E,- 

dBjx  _ 

ikf  _ 

- 1  Eiv 

dz 

O) 

dZ 

jy 

0) 

%Biv  -  ir\Bjx  =  - 


—  Ejz  +  P*8(z 
0) 


(14.6-5) 


It  follows  that  Ejy  =  (r\/QEjx,  Bjy  -  —  {^lr()Bjx.  Suitable  combinations  of  (14.6- 
4)  and  (14.6-5)  yield  the  following  ordinary  differential  equations: 


cE_ 

dz2 


+  ij)Bjx  =  -nnp0S(z  -  d ) 


(14.4-6) 


with 


h  =  ( k) 


2  _  t2  _  _,2\l/2. 


ti2)1/2;  7  =  1,2 


(14.6-7) 


From  solutions  of  (14.6-6)  for  Bjx,  the  other  components  of  the  field  can  be 
determined  from 


Bjy 


F  = 

^]X 


-~B]X 

—  iio  dBjy 

kj  dz 


iio  dBj} 


ioo  £  dBjx 
kf  T|  dz 


F  = - - 

jy  k2  dz 


Ejz  y]kj\dz2  +  k*)Bjx 


(14.6-8) 


(14.6-9) 


(14.6-10) 


(14.6-11) 


The  solutions  of  (14.6-6)  that  do  not  become  infinite  at  z  =  ±o°  are 


Blx(z)  =  <VW  -  ^  <**-‘'1; 
B^iz)  =  C2e  ~ iy2Z ; 

The  boundary  condition  7?1;c(0)  =  B^iO)  leads  to  Cx 
so  that 


z  >  0  (14.6-12a) 

z  <  0  (14.6- 12b) 

=  C2  +  (tip0/27i)  exp  (r/id), 


Blx(z )  =  C2eiyiz  +  ^  {eiy*z+d)  -  eiy^z-^) 

27i 


(14.6-13) 
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With  (14.6-9),  (14.6— 12b),  and  (14.6-13), 

EM  = 

The  boundary  condition  £i*(0)  =  E^O)  leads  to 

=  -  p.0Ti  kle*'d 
2  k\y2  +  khi 


7i€  ^  ,  CMo 


CV712  + 


TH 


(e 


iyl(z  +  d)  zp  pi 7l|2“ 


4) 


in**  <i4-6-i4a) 

2  <  0  (14.6- 14b) 


(14.6-15) 


When  this  value  of  C2  is  substituted  in  (14.6-14a,  b),  (14.6-12b),  and  (14.6-13), 
the  final  expressions  for  Elx(z),  E^z),  and  B2x(z )  are  obtained.  The  corresponding 
solutions  for  Ely(z),_E2y(z),  B^z),  and  B2y(z )  follow  from  Ejy  =  (r\/£)Ejx,  Bjy  = 
-(£/t ))Bjx.  Finally,  Elz(z)  and  E2z(z)  are  obtained  with  (14.6-11).  The  results  are 
as  follows: 


Region  1,  z  >  0: 


BiM,  ti,  z)  =  “  M-o^n 


giyi\z-d\  giy\(z  +  d) 


klen'(z+d) 

kbh  +  ^7i 


(14.6-16) 


Bly(^y],z)  =  -  —B^JX,  ti,  z) 

t| 


Elx(&  T)>  Z ) 


k\ 


giyi\z-d\  giy\(z  +  d) 
- 1 -  +  - 1 - 


k\yxe^z+d) 
kill  +  &27i 


z>  d, 

0  <z<d 


Ely(t  Ti,  z)  =  ^  Elx{i,  Tl,  z) 


Eiz{i>  T)>  z)  = 


-  <»^o(g2  +  TI2) 

k\ 


eiyi\z-d\  eiy\(z  +  d)  £2£ryi(z  +  rf) 

- 1 - £ - 

2yi  2y1  k\y2  +  k\yx 


(14.6-17) 


(14.6-18) 

(14.6-19) 

(14.6-20) 


Region  2,  z  <  0: 


B-J&  ti,  z) 


“M-oTl 


k\eh  lde~h2Z 
kbh  +  ^7i 


(14.6-21) 


B2y{i,  ti,  z)  = - B-M  ti,  z) 

Tl 


(14.6-22) 
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£2*(&  T)’  z) 


iyxdg-iyrz 


kill  +  ^27 1 


(14.6-23) 


E2 y(&  %  Z)  =  |  E^,  T],  Z) 

_  piy\dp-iy2Z 

E2z{i,  *n,  z)  =  -  cop.0(^2  +  ti2)  — —  2 

km  +  kfix 


(14.6-24) 

(14.6-25) 


The  substitution  of  (14.6-16)  to  (14.6-25)  into  (14.6-3a)  yields  the  general  in¬ 
tegrals  for  the  components  of  the  electric  and  magnetic  fields  in  Cartesian  coor¬ 
dinates.  These  are  readily  converted  to  cylindrical  coordinates  with  the  relations: 
x  —  p  cos  0,  y  =  p  sin  0,  £  =  X  cos  0',  t]  =  A.  sin  0',  p  =  ( x 2  -I-  y2)1/2,  X  = 
(£2  +  ti2)1/2,  di  dr\  =  X  dQ'  dk,  &  +  Tiy  =  Xp  cos  (0  -  0'),  Ep  =  Ex  cos  0  +  Ey 
sin  0,  Bq  =  —Bx  sin  0  +  By  cos  0.  If  use  is  made  of  the  integral  representations 
of  the  Bessel  functions,  that  is, 


/0(X p)  =  J-  e^pcos(e-e')  dy 

Jo 


y,(\P) 


■2tt 


eiKp cos(e  e')  cos 


0')  d0' 


it  follows  that  Bjz(p,  z)  =  0,  Bjp( p,  z)  =  0,  Ej9(p,  z)  =  0,  j  =  1,  2,  and 


flie(p,  z)  = 


4^o 
2 TT  Jo 


giyx\z-d\  giyx(z  +  d) 


2yi 


+ 


2yi 

j^hniz  +  d) 

k2rn  +  k^ii 


Jx(kp)k2  dk ;  z  >  0  (14.6-26) 


£ip(p>  Z)  = 


iO)|X0 

2  'nk2  Jo 


piy\\z-d\  piy\{z  +  d) 


+ 


kl~jlei^z+d') 
k2m  +  &27l 


Jx(kp)k2  dk; 


Elz(p,  z )  = 


wp.0 


oc 


2 irk2  Jo 


giyx\z-d\  giy\(z  +  d) 


2yi 


27 1 


+ 


f^giyxiz  +  d) 

k\l2  +  k2m 


z>  d, 

0  <z<d 


/0(Xp)X3dX;  z>0 


(14.6-27) 


(14.6-28) 


711  f00  lAph\dp-iy2Z 

^ z)  -  do  2<0 


(14.6-29) 
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^  N  -iwp.o 

E*(p,z)-  2v 

Jo  +  *bi /l(Xp)X  dK 

z<0 

(14.6-30) 

rp  (  ^  _Wfl0 

£^(p’z)  =  2ir  J 

ph\dp-iy2z 

o  kh2  +  fcb/o(Xp)X  dK 

z<0 

(14.6-31) 

These  are  the  general  integrals  for  the  electromagnetic  field  of  a  vertical  electric 
dipole  at  z  =  d  in  the  dissipative  half-space. 


14.7  EVALUATION  OF  THE  FIELD  OF  A  VERTICAL  DIPOLE 
NEAR  A  PLANE  BOUNDARY  BETWEEN  AIR 
AND  A  DISSIPATIVE  HALF-SPACE 

It  is  possible  to  evaluate  the  integrals  in  (14.6-26)  to  (14.6-28)  for  the  field  in 
region  1 — the  dissipative  half-space  where  z  >  0 — subject  to  the  following  con¬ 
ditions: 

\ki\  —  3|fc2|;  p  S:  5z;  p  >  5d  (14.7-1) 

Note  that  the  condition  \k2\  =  kl\elr  +  io^/coeol  S:  9  \k2\  does  not  require  region  1 
to  be  conducting.  It  may  be  lake  water  or  earth  as  well  as  seawater,  and  the  range 
of  frequencies  is  not  otherwise  restricted. 

The  first  step  in  the  evaluation  of  (14.6-26)  to  (14.6-28)  is  to  note  that  in 
each  formula  the  first  term  is  the  appropriate  component  of  the  direct  field 
(fife,  Efp,  Efz)  of  a  vertical  dipole  at  z  =  d  in  an  infinite,  rather  than  semi-infinite 
region  1.  This  follows  directly  since  when  k2  =  kx,  the  third  term  in  each  formula 
cancels  the  second  term.  Furthermore,  the  second  term  in  each  formula  is  the  field 
(•®  ie>  E‘lp,  fiiz)  of  an  image  dipole  at  z  =  -  d  but,  because  of  the  -  sign,  with  its 
electric  moment  reversed.  The  remaining  third  term  includes  the  surface-wave  or 
lateral- wave  field  (fife,  E{p,  E^z)  and  a  correction  to  the  reflected  field.  Thus,  with 
(5.9-3)  to  (5.9-5)  and  with  =  [(z  -  d)2  +  p2]1/2,  r2  =  [(z  +  d)2  +  p2]1/2, 


ZULn  f°° 

BUp,  z)  =  ^  p)\2  dk 

477  JO 

=  Zto  eltJiki  _  J_\  P 

4it  V  n  r\j  r, 

—  ii±n  Cx  eh\(z  +  d) 

fii9(p,  z)  =  — —  - J1  (Xp)X2  dk 

4tt  Jo  y1 

=  !to  -1)2. 

4tt  \  r2  r22)  r2 


(14.7-2) 


(14.7-3) 
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£fP(p,  z)  = 


~~ri  ±  e^z-dl  /i(Xp)X2  d\ 
Airkf  Jo 


^0  pikjKi  ,  3^1 

4  'nkl  \ry  r2 


p  z  —  d 


£'iP(p,  = 


r 

4-77^1  Jo 


e/71(Z  +  d)  /1(xp)\2 


-  *1  |  3i’^l 

4rot?  Vr2  r| 


p  z  + 


£?z(p,  Z)  = 


4'77&2  Jo 


eiy\\z-d\ 


J0{\ p)\3  d\ 


^,1,,  /iM _ _ _i 

4-77^1  \  rx  r2  r; 


z  -  d\  ( ik\  3k1 


E[z( P,  z)  = 


oop,0  f00  e''Y>(z+d) 


4'77&2  Jo 


4-77^1 


/0(Xp)X3 


z7c2  /cx 


z  +  / 7&2  3Jti 


With  the  conditions  (14.7-1),  rx  ~  r2  ~  p  in  amplitudes;  p/^  ~  p/r2 
in  (z  -  d)2!r\  and  (z  +  d)2/^  are  negligible.  It  follows  that 


BU p,  z)  +  Bie(p,  2)  ~  (e,km 

£fp(p,  Z)  +  £'lp(p>  *) 


_  yyik\r2 


iky 


(14.7-4) 


(14.7-5) 


(14-7-6) 


(14.7-7) 


1  and  terms 


(14.7-8) 


7O)p,0  (z  —  d 

A'nk2  l  p 


ik\r\  _ 


z  +  d 


ikxri 


k\  3  iky 

-  +  —T 

P  P 


EUp,  z)  +  E[z{ p,  z)  ~  (e 


( t>ik\r\  _  dikin' 


iky  ky 


J)  (14-7~9) 


(14.7-10) 


It  is  now  necessary  to  evaluate  the  remaining  terms  given  by  the  third  integral 
in  each  of  the  formulas  (14.6-26)  to  (14.6-28).  They  include  the  surface-wave  or 
lateral-wave  terms  [5fe(p,  z)>  and  £fp(p,  z),  and  E\z{ p,  z)]  and  a  correction  term 
[£ip(p,  z)]  of  the  reflected  field.  Thus 


fiie(p,  z)  =  ^  ^le(p,  z  +  d) 


mcc  ph\ (z  +  d) 

Fle(p,  2  +  d)  =  fcl  Jo  +  ^  A(^p)X2  A 


(14.7-11) 
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£fp(p,  z)  +  Eclp( p,  z)  =  ^2  FiP(P>  z  +  d) 

Fip(p,  z  +  d)  =  k%  f 

J  u 


-yie'7l(2  +  d) 


^fr2  + 


/^Xp^2  t/X 


(14.7-12) 


£iz(P>  z)  = 


top.0 


2ttXi 


Fu(p,  z  +  <*) 


cc 


Fu(p,  z  +  d)  =  k\ 


eiy\{z  +  d) 


(14.7-13) 


o  k\y 2  + 


/0(Xp)X3  t/X 


In  (14.7-12)  Eclp( p,  z)  is  a  correction  of  the  reflected  field. 

These  integrals  can  be  evaluated  subject  to  (14.7-1)  and  the  following  ap¬ 
proximation: 

^i«(p,  z  +  d)  ~  Flm(p,  0)eikliz+d>;  m  =  0,  p,  z  (14.7-14) 


This  approximation  has  been  verified  by  a  direct  comparison  of  the  results  obtained 
with  (14.7-14)  and  by  the  numerical  evaluation  of  the  integrals.  It  can  be  justified 
physically  by  noting  that  (14.7-14)  implies  that  the  surface  wave  originates  in  the 
air  above  and  propagates  vertically  downward  in  region  1.  This  is  true  for  the 
amplitude  fronts  but  only  approximately  for  the  phase  fronts  which  continue  down¬ 
ward  at  small  angles  from  the  normal  that  depend  on  the  angle  of  incidence.  This 
difference  is  unimportant  at  small  depths  and  significant  at  large  depths  only  in 
very  low  loss  materials.  The  expressions  obtained  for  the  field  with  (14.7-14)  and 
verified  numerically  support  this  physical  picture.  Note  that  the  approximation 
(14.7-14)  is  not  required  when  the  dipole  is  on  the  surface  ( d  =  0)  and  the  field 
is  observed  on  the  surface  (z  =  0). 

The  three  integrals  F10(p,  0),  Flp(p,  0),  and  Fl2(p,  0)  as  given  by  (14.7-11) 
to  (14.7-13)  have  been  evaluated*  subject  to  (14.7-1).  The  results  are 


Biei P,  z) 
£iP(p>  z) 

£fz(p,  z) 


P-0  ^2 


2ttXi 


to 


e/fci(2+<Vfop/(A:2p,  kx) 


-  BU p.  z);  £5p( p.  z)  = 


KOIA0&2  •  z  .  e 


ik  ip 


gik\(z  +  d) 


top-o  k\ 

2  vk\ 


eik\{z  +  d)  eik2p  g(fc2p,  kx) 


(14.7-15) 

(14.7-16) 

(14.7-17) 


where 


f(k2p,  kx) 


ik2 

P 


-  -r\~)  e-ik\pi2k\  &(k2p}  kl)  (14.7-18a) 
P  K  \k2 p) 


*  R.  W.  P.  King,  “New  Formulas  for  the  Electromagnetic  Field  of  a  Vertical  Electric  Dipole  in 
a  Dielectric  or  Conducting  Half-Space  Near  Its  Horizontal  Interface,”  J.  Appl.  Phys.,  53,  8476-8482 
(1982);  Erratum,  56,  3366  (1984). 
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g(k2p,  kx)  =  f(k2 p,  kx) 


l 


3 


with 


Here 


^(fc2p,  kx)  =  ^  (1  +  i) 


C2(u)  +  iS2(u ) 


fu  pu 

— — rrjz  dt 

o  (2tt7)1/2 


(14.7-18b) 


(14.7-19a) 


(14.7-19b) 


is  the  Fresnel  integral.  Note  that  when  k2 p  >  3,  the  term  Hk2 p3  in  (14.7- 18b)  is 
negligible  compared  with/(A:2p,  kx)  so  that  g(k2 p,  kx)  ~  f(k2 p,  kx).  Note  also  that 
when  k2p  >  \kx/k2\, 

f(k2p,  kx)  ~  g(k2 p,  kx)  ~  -j-^  (14.7-20) 

since  (k2/kx)(^/k2p)m  exp  {-ik2p/2k\)  ^{k2p,  kx)  ~  (ik2/p)  +  (kx/k2 p2). 

The  complete  field  at  depth  z  in  region  1  due  to  a  vertical  dipole  at  depth  d 
also  in  region  1  is  the  sum  of  the  direct  and  reflected  fields  given  in  (14.7-8)  to 
(14.7-10)  and  the  surface-wave  and  correction  terms  in  (14.7-15)  to  (14.7-17). 
However,  for  all  practically  available  materials  that  form  the  surface  of  the  earth, 
the  attenuation  constant  ax  is  sufficiently  large  so  that  all  terms  with  the  factor 
exp  (ikx p)  =  exp  (  — axp)  exp  (/Pxp)  decay  rapidly  with  radial  distance.  Only  close 
to  the  source  is  the  magnitude  of  the  direct  and  reflected  fields  comparable  with 
that  of  the  surface-wave  field.  Here  their  superposition  can  produce  an  interference 
pattern.  This  is  observable  in  lake  water  with  low  conductivity  and  in  earth  and 
salt  water  at  very  high  frequencies.  At  all  moderate  and  large  distances  from  the 
source,  the  surface-wave  field  is  alone  significant  in  region  1  and  along  its  boundary 
with  region  2. 

The  field  in  air  (region  2)  along  the  boundary  with  region  1  is  readily  obtained 
with  the  boundary  conditions: 


B20(p,  0)  =  Ble(p,  0);  E2p(p,  0)  =  £lp(p,  0) 

E^p,  0)  =  |  E22(p,  0)  (14.7-21) 

When  the  vertical  dipole  is  in  region  2  on  the  boundary  ( d  =  0)  instead  of 
in  region  1  (d  >  0),  the  electromagnetic  field  in  region  1  is  given  by  (14.6-29)  to 
(14.6-31)  with  subscripts  1  and  2  interchanged,  —  z  replaced  by  z,  2hlz  —  1  replaced 
by  2hlz  =  —1,  and  d  =  0;  that  is,  by 


5ie(p,  z ) 


fro*?  p  eiyiz 
2tt  Jo  k\”i2  +  k\^x 


71(Xp)X2  d\\ 


z  >  0  (14.7-22) 
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£iP(p>  z)  = 


^0>(JL0 

2t r 


oc 


he 


iy\z 


0  kih  +  fcl7i 


/1(X.p)X.2  d\‘, 


EiziP,  z )  = 


wp0 


2tt 


oc 


tyiz 


0  +  AfYi 


/o(Ap)A.3  dA; 


2  >  0  (14.7-23) 

z  >  0  (14.7-24) 


Since  the  integrals  in  these  formulas  are  the  same  as  those  in  (14.7-11)  to  (14.7- 
13)  when  d  =  0,  it  follows  with  (14.7-15)  to  (14.7-17)  that 


^ie(P>  z)  ~ 

e1p(p,  Z)  = 


~Po 
2t r 


g  ikizg  ik2  p 


f(k2P,  kx) 

ik 2P  /(A2p,  kj 


EiziP,  z) 


^Po  k2 
2t xk\ 


eik'zeik2f>g(k2p, 


(14.7-25) 

(14.7-26) 

(14.7-27) 


This  is  the  field  at  depth  2  in  region  1  when  the  vertical  dipole  is  located  in  region 
2  on  the  boundary  surface,  d  =  0.  It  is  greater  than  the  corresponding  field  when 
the  same  dipole  is  in  region  1  at  d  =  0  by  the  large  factor  k^/kl. 

The  field  along  the  surface  2  =  0  in  region  2  (air)  is  obtained  from  the  field 
at  2  =  0  in  region  1  with  the  boundary  conditions.  The  results  are 


B2q(p,  0) 


Po 


2t r 


eik2p  f(k2p,  kx) 


^2p(P  0)  = 


wp0 


2  Ttkl 


eik2p  f(k2 p,  kx)  - 


ieik  lp 


(14.7-28) 

(14.7-29) 


E2z(p,  0) 


<oPo 

2t tki 


eik2Pgik2  p, 


(14.7-30) 


where  f(k2p,  kx)  and  g(k2 p,  kx)  are  defined  in  (14.7-18a,b).  This  is  the  field  in  air 
along  the  boundary  surface  (2  =  0)  when  the  vertical  dipole  is  also  in  air  on  the 
boundary  (d  =  0). 


14.8  PROPERTIES  OF  THE  FIELD  OF  A  VERTICAL  DIPOLE 
NEAR  A  PLANE  BOUNDARY  BETWEEN  AIR 
AND  A  DISSIPATIVE  HALF-SPACE 

In  conjunction  with  radio  transmission  along  the  surface  of  the  earth,  the  electro¬ 
magnetic  field  of  a  vertical  electric  dipole  in  the  air  on  the  earth  is  of  primary 
interest.  The  electric  field  of  such  a  dipole  is  given  by  (14.5-1)  supplemented  with 
(14.7-29)  and  (14.7-30)  and  simplified  for  distances  for  which  k2 p  >  1  and  exp  (ikx p) 
=  exp  (-axp)  exp  (i'Pxp)  is  negligibly  small.  Since  Ee  given  by  (14.5-1)  vanishes 
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at  0  =  tt/2  or  z  =  0,  the  complete  field  in  air  along  the  boundary  is  the  surface- 
wave  field.  In  the  air  it  is 


E2(p,  0)  ~  -r^/(*2p,  k,)e‘^ 


2  Tiki 


A  A 

p  -z 


K 


z  =  0inregion2  (14.8-1) 


In  the  earth, 


Ei(p,z) 


topo 


2  Tiki 


f(k2  p,  k^)eik2-v  eikxz 


*■*» 


K 


;z^0  in  region  1  (14.8-2) 


The  time-dependent  electric  vectors  are 

E2(p,  0;  t)  =  Re  (x(p)g-fe^0> 


Ex(p,  z;  0  =  Re  K(p)e~ie^ 


pe  loyt  - 
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-  z 

ki 

k2 

1 - 1 
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■  ^ 
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-  z 

ki 

ki 

^  — ((to/+0i) 

where 


(14.8-3) 


(14.8-4) 


-i£h. 

Pi’ 


0i  =  tan  1  K(?)e  i*0/c(  p,z)  __ 


O)^o 


2  Tiki 


/(A:2p,  k^)eik2(>  eik'z  (14.8-5) 


These  equations  can  be  reduced  to  the  following  forms: 

2 


ki 


El(p,  0;  0  -  2 


ki 


E2z(p,  0;  t)E2p(p,  0  cos  0! 

+  E%( p,  0;  t)  -  sin2  0X  =  0 


k\ 

2 

k\ 

i 

k2 

E\z{ p,  z;  t)  - 

-  2 

i 

k2 

Elz(p,  z;  0^iP(p,  z;  t)  cos  dl 

+  E\p{ p,  z;  t ) 


sin2  0,  =  0 


(14.8-6) 


(14.8-7) 


which  are  the  equations  of  ellipses  with  their  major  axes  rotated  with  respect  to 
the  z  axis  by  the  angles 


.  1  _i  2\k2lkA  cos  0X  1 

^  =  2  ta"  1  -  \k\lkl\  ~  2 


tan 


_i  2k2$i  ~  k2$l 

k^2  \kx\2 


(14.8-8) 


i  _  1  _  Itan-i  _  1  _  Mi 
^  2  2  \kx\2  2  |  kx\2 


(14.8-9) 


Use  has  been  made  of  the  condition  \k2lkx\2  ^  9 

These  equations  indicate  that  the  surface  wave  that  travels  radially  outward 
from  the  dipole  along  the  surface  z  =  0  in  region  2  (air)  consists  of  a  linearly 
polarized  transverse  magnetic  field  520(p,  0)  and  an  elliptically  polarized  electric 
field  with  its  major  axis  inclined  slightly  from  the  plane  perpendicular  to  the  di- 
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rection  of  propagation  p.  Note  that  \E2z/E2p\  ~  | kl/k2\  is  large  and  vpi  is  small.  The 
surface  wave  is  not  a  transverse  plane  wave  but  an  inhomogeneous  wave  since  it 
has  the  component  E2p  in  the  direction  of  propagation.  If  region  1  were  a  perfect 
conductor  with  0^  =  0°  and  kx  =  00 5  E2p(p,  0)  and  the  angle  of  tilt  vpi  would  be 
zero  and  the  remaining  field  (characterized  by  B2e  and  E2z)  would  proceed  as  a 
transverse  plane  wave. 

The  field  in  region  1,  the  dissipative  half-space,  consists  of  a  wave  that  travels 
vertically  downward  from  the  surface.  It  is  composed  of  a  transverse  magnetic  field 
2?10(p,  z)  and  an  elliptically  polarized  electric  field.  This  has  its  major  axis  inclined 
slightly  from  the  plane  perpendicular  to  the  direction  of  propagation,  z.  Note  that 
\Elp/Elz\  ~  | kx/k2\  is  large  and  (tt/2)  -  \\s2  is  small. 

The  general  behavior  of  E2z( p,  0)  due  to  a  vertical  dipole  in  air  on  the  surface 
of  seawater  is  shown  as  a  function  of  the  radial  distance  p  in  Fig.  14.8-1  in  the 
form  20  log10|£2z(p,  0)|.  It  is  seen  that  in  the  range  0  ==  k2 p  ==  1,  |£2z(p,  0)|  is 
proportional  to  1/p3;  in  the  range  1  <  k2p  <  8|A:2/A:2|,  |£2z(p,  0)|  is  proportional  to 
1/p;  and  finally  in  the  range  k2p  s:  8\kyk2\  it  is  proportional  to  1/p2.  This  general 
behavior  obtains  for  all  media  that  satisfy  the  condition  \k^\  >  3 k2.  It  indicates  that 
in  the  intermediate  range  the  surface-wave  field  decreases  at  the  same  rate  as  the 
far  field  of  an  isolated  dipole  in  air,  but  that  in  the  far  field  the  rate  of  decrease 
of  the  surface  wave  is  much  more  rapid  as  1/p2.  This  suggests  that  for  optimum 
transmission,  frequencies  should  be  selected  for  which  the  maximum  radial  distance 
of  interest  does  not  extend  beyond  the  intermediate  range.  Graphs  of  20  log10|£2z(p, 
0)|  for  a  wide  range  of  frequencies  and  radial  distances  are  shown  in  Fig.  14.8-2. 
It  is  seen  that  in  the  near-field  range,  unit  dipoles  at  low  frequencies  have  stronger 
signals,  but  that  as  the  distance  is  increased  to  the  intermediate  or  far  field,  higher 
frequencies  are  superior. 


Figure  14.8-1  E2z( p,  0)  of  vertical  unit  dipole  in  air  on  the  surface  of  seawater. 
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Figure  14.8-2  Magnitude  of  E2z{ p,  0)  due  to  a  vertical  unit  electric  dipole  in  air 
above  the  surface  of  seawater. 


The  surface-wave  field  generated  by  a  vertical  monopole  on  the  shore  of  the 
ocean  provides  a  useful  means  for  communicating  with  submarines  at  a  radial 
distance  p  and  a  depth  z  in  the  ocean.  For  antennas  with  electrical  lengths  k2h  < 
tt/2,  the  distribution  of  current  for  calculating  the  radiated  field  is  adequately 
approximated  by 


Vq  sin  k2(h  -  |z|) 
Z0  sin  k2h 


(14.8-10) 


where  Z0  is  the  driving-point  impedance.  For  the  calculation  of  the  field  in  the 
equatorial  plane,  the  antenna  can  be  represented  by  an  equivalent  monopole  with 
the  uniform  current  /z(0)  and  an  effective  length  he  defined  by 


uw,  = 


mh 

0  Iz(z)  dz 


(14.8-11) 


The  electrical  effective  length  is 


k2he 


sin  k2(h  —  z ) 
sin  k2h 
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Figure  14.8-3  Magnitude  of  £lp(p,  0,  z)  at  depth  z  and  p  =  5000  km  due  to  horizontal  electric  dipole  at 
depth  d  in  seawater  as  a  function  of  frequency  with  z  +  d  as  parameter. 


For  an  electrically  short  antenna  with  k^h2  ^  1,  he  ~  h/2.  If  the  antenna  is  suffi¬ 
ciently  top-loaded,  he  ~  h. 

The  radial  electric  field  at  p  =  5000  km  generated  by  a  horizontal  dipole  with 
lz(0)he  =  1  A-m  is  shown  in  Fig.  14.8-3  with  the  combined  depth  (z  +  d)  as  the 
parameter.  It  is  seen  that  for  depths  of  10  to  20  m,  frequencies  in  the  range  /  = 
10  to  20  kHz  provide  a  maximum  field.  For  greater  depths,  lower  frequencies  are 
better.  For  example,  at  z  +  d  =  50  m,  the  maximum  field  is  generated  with  /  = 
1  kHz.  The  field  of  a  vertical  dipole  on  the  surface  of  the  sea — of  interest  here — 
differs  from  that  shown  in  Fig.  14.8-3  with  d  =  0  only  by  the  factor  kxlk*  =  (a/ 
tosj)172.  This  raises  the  level  by  80  dB  at  /  =  0.01  kHz  and  by  40  dB  atr  100  kHz. 
The  conclusions  are  the  same.  It  is  important  to  note  that  physical  limitations  make 
it  impossible  to  construct  vertical  monopoles  with  a  large  enough  electric  moment 
at  /  =  1  kHz  whereas  this  is  not  true  of  horizontal  dipoles  in  the  sea. 


Historical  and  Critical 

Retrospect 


In  formulating  the  theoretical  foundations  of  electromagnetism  a  purely  logical 
approach  was  chosen  in  the  interest  of  simplicity  and  coherence.  As  a  result,  the 
historical  development  of  the  science  of  electricity  was  ignored  completely,  and 
only  casual  mention  was  made  of  those  illustrious  men  of  genius  whose  imagination, 
perseverance,  and  skill  erected  one  of  the  truly  great  monuments  to  the  human 
intellect.  Although  a  brief  summary  is  not  adequate  to  do  justice  to  the  amazing 
and  fascinating  account  of  intellectual  adventure  and  achievement  which  is  the  true 
history  of  electrical  science ,  a  short  outline  of  its  highlights  will  nevertheless ,  serve 
to  illuminate  the  following  important  lessons  which  may  be  learned  from  the  story 
of  electromagnetism:  (1)  An  entire  field  of  engineering  and  of  technological  industry 
may  owe  its  existence  to  abstract  mathematical  theory;  and  (2)  preconception  and 
tradition  may  be  as  important  as  scientific  fact  in  determining  the  nonmathematical 
descriptive  text  of  a  physical  theory. 

The  history  of  electromagnetism  may  be  treated  conveniently  under  three 
headings,  which  characterize  the  guiding  principles  in  successive  periods  of  its 
growth.  From  the  purely  mathematical  point  of  view,  the  combined  achievements 
in  all  three  periods  form  a  single,  powerful  tool  for  predicting  new  measured  data 
in  intricate  electrophysical  and  electrotechnical  experiments.  On  the  other  hand, 
the  physical  theories  and  the  philosophical  implications  that  are  associated  with 
the  mathematical  symbolism  differ  greatly  and  fundamentally  in  successive  periods. 
Indeed,  it  is  amazing  that  different  physical  pictures  or  philosophical  interpretations 
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could  be  so  irreconcilable  and  so  positive  when  there  is  no  conflict  in  the  mathe¬ 
matics  for  which  they  seek  to  provide  the  explanatory  text.  The  basic  conflict  in 
the  several  interpretations  of  electromagnetic  action  center  about  the  fundamental 
physical  and  psychological  differences  between  action  by  contact  and  action  at  a 
distance.  Shall  it  be  postulated  that  two  bodies  can  interact  only  by  direct  contact 
with  each  other  or  with  a  continuous  material  medium  that  makes  contact  with 
both?  Or  shall  it  be  assumed  that  nature  may  be  so  constituted  that  the  interaction 
of  two  or  more  bodies  requires  no  contact  and  may  be  accomplished  when  they 
are  widely  separated  in  a  matterless  void?  In  other  words,  do  gravitational  attrac¬ 
tion,  and  electric  and  magnetic  attraction  and  repulsion,  actually  require  contact 
with  a  physically  meaningful  material  medium  between  two  interaction  entities  so 
that  no  experimentally  verifiable  theory  can  be  devised  without  it?  Or  is  it  adequate 
to  proceed  on  the  assumption  that  such  a  medium  does  not  actually  exist  and, 
hence,  is  not  required  in  a  consistent  and  comprehensive  theory?  In  studying  the 
answer  to  this  question  care  must  be  taken  to  distinguish  between  arguments  based 
on  traditions  of  thought  and  evidence  based  on  experimental  observation. 

The  concept  of  action  by  contact  or  through  a  material  medium  is  familiar 
to  all  in  the  sense  of  pushing  a  wheelbarrow  or  pressing  on  the  pedal  of  a  hydraulic 
brake.  Historically,  it  is  as  old  as  coordinated  thought.  Aristotle  believed  in  action 
by  contact.  Newton  in  a  letter  to  Bentley  considered  the  very  idea  that  one  body 
could  act  on  another  through  empty  space  absurd.  Perhaps  the  concept  of  action 
at  a  distance  might  have  been  acceptable  to  early  scientific  thinkers  if  they  had 
been  more  interested  in  natural  law  as  revealed  in  visible  nature  than  in  systems 
of  their  own  design  based  on  their  preconceptions.  For  example,  if  they  had  merely 
taken  for  granted  that  the  falling  of  a  body  is  due  to  an  interaction  between  it  and 
the  earth,  and  that  the  motion  of  the  planets  is  possible  because  of  mutual  action 
between  them  and  the  sun,  action  at  a  distance  might  have  been  accepted  as  readily 
as  action  by  contact.  Actually,  for  the  evolving  scientific  mind,  an  explanation  for 
the  process  of  throwing  a  stone  was  somehow  so  much  nearer  at  hand  than  for  just 
dropping  the  stone  that  action  by  contact  became  reasonable,  action  at  a  distance 
puzzling  and  absurd.  Thus,  if  the  stone  was  not  set  in  motion  by  a  visible  push, 
there  must  be  an  invisible  something  to  force  it  to  the  surface  of  the  earth. 

In  spite  of  his  own  belief  in  action  by  contact  or  through  a  mechanical  medium, 
it  was  Newton  who  was  largely  responsible  for  the  first  widespread  acceptance  of 
the  concept  of  action  at  a  distance.  He  expressed  the  law  of  gravitation  in  terms 
of  a  force  acting  at  a  distance  to  attract  two  masses.  This  formulation  was  destined 
to  plant  in  the  minds  of  generations  to  come  the  idea  that  action  at  a  distance 
between  masses  without  reference  to  a  medium  might  be  a  fundamental  property 
of  nature.  But  for  more  than  half  a  century  action  by  contact  with  a  medium 
dominated  scientific  thought,  and  attempts  were  made,  notably  by  the  great  math¬ 
ematician  Euler  in  the  years  1746-1748,  to  formulate  comprehensive  theories  of 
gravitation,  of  the  transmission  of  light  (following  earlier  work  by  Huygens),  and 
of  the  interaction  of  permanent  magnets  in  which  an  all-pervading  material  medium, 
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the  ether,  played  a  dominant  role.  Euler  described  the  ether  as  a  perfectly  elastic 
substance  of  very  small  density. 

Action  at  a  Distance  between  Charges  and  Currents.  In  view  of  the 
widespread  and  traditional  belief  in  action  by  contact  in  a  medium  in  other  fields, 
it  is  surprising  that  early  work  in  electrostatics  and  electromagnetism  developed  in 
a  way  that  led  to  the  general  acceptance  of  the  conception  of  action  at  a  distance 
between  electric  charges  and  currents.  This  may  be  traced  directly  to  Newton’s 
inverse  square  law  of  gravitation  which  served  as  a  model  in  the  formulation  of 
the  laws  of  force  in  electrostatics  and  magnetostatics.  The  inverse  square  law  of 
electric  charges  was  first  stated  by  Priestly  in  1766  using  an  electrometer.  It  was 
discussed  by  Cavendish  in  1771  and  finally  formulated  by  Coulomb  in  1785  following 
experiments  using  a  torsion  balance.  The  inverse  square  law  for  magnetic  poles 
was  first  expressed  by  Michell  in  1750.  The  magnetic  effects  of  currents  were 
investigated  especially  by  Oersted,  Biot,  Savart,  and  Faraday  in  the  time  from  1820 
to  1821.  In  this  period,  Laplace  formulated  a  law  of  action  at  a  distance  between 
elements  of  current  and  magnetic  poles.  In  1823,  Ampere  conducted  his  celebrated 
experimental  researches  and  formulated  his  fundamental  law  of  force  between 
currents,  a  law  of  action  at  a  distance.  Ohm’s  law  was  announced  in  1826;  Faraday 
formulated  his  law  of  induction  in  1832;  Lenz’s  law  followed  in  1834.  In  this  period 
the  theory  of  potential  was  developed  by  Gauss  and  independently  by  Green.  Later 
work  on  induction  due  to  moving  conductors  carrying  currents  and  due  to  the  rise 
and  decay  of  currents  was  published  by  Neumann  and  Weber  in  1845-1847.  In 
1845,  Kirchhoff  worked  out  his  well-known  laws  for  closed  circuits. 

In  1846,  Weber  began  a  systematic  study  of  Ampere’s  fundamental  law  of 
instantaneous  action  at  a  distance  from  the  point  of  view  of  the  interaction  between 
discrete  charges.  He  took  into  account  both  the  velocities  and  accelerations  of  the 
charges.  Other  important  work  in  the  formulation  of  a  fundamental  law  of  elec¬ 
tromagnetic  action  at  a  distance  was  done  by  Grassmann,  Riemann,  and  Clausius. 
The  first  suggestion  of  a  propagation  of  such  action  with  a  finite  velocity  appears 
to  be  due  to  Gauss  (1845).  In  1858,  the  celebrated  mathematician  Riemann  pre¬ 
sented  a  paper  in  which  he  introduced  a  finite  velocity  of  propagation  of  electro¬ 
magnetic  effects  and  showed  this  velocity  to  be  equal  to  that  of  light.  In  1867,  the 
Danish  physicist  L.  Lorenz  (not  to  be  confused  with  the  Dutch  physicist  H.  A. 
Lorentz)  extended  earlier  work  by  Neumann  to  obtain  formulas  for  retarded  scalar 
and  vector  potentials  essentially  like  those  which  are  the  basis  of  the  theory  of 
retarded  action  at  a  distance  without  an  intervening  medium.  Recognizing  that 
light  is  electromagnetic  in  nature,  Lorenz  concluded  that  a  hypothetical,  all-per¬ 
vading  medium  such  as  the  ether  was  no  more  required  for  the  transmission  of 
light  than  for  other  electromagnetic  phenomena. 

The  actual  formulation  of  the  general  laws  of  electromagnetism  in  terms  of 
a  retarded  action  at  a  distance  between  charges  and  currents  without  an  accessory 
medium  was  thus  within  reach.  It  was,  however,  not  to  be  enunciated  for  another 
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half-century  because  the  work  of  Lorenz  was  completely  eclipsed  by  the  inde¬ 
pendent,  brilliant,  and  comprehensive  theory  of  Maxwell  which  was  destined  to 
entangle  all  electromagnetic  phenomena  in  the  ether  hypothesis. 

Action  in  an  Elastic  Ether.  In  1847,  Kelvin  exhibited  analogies  between 
electric  and  elastic  phenomena  and  made  a  first  attempt  to  treat  electrical  experi¬ 
ments  by  the  equations  of  the  theory  of  elasticity.  This  work,  together  with  Far¬ 
aday’s  conceptions  of  lines  and  tubes  of  electric  and  magnetic  force,  inspired  Max¬ 
well  to  begin  in  1864  the  investigation  of  electrical  phenomena  from  the  point  of 
view  of  conditions  existing  in  a  hypothetical,  continuous,  all-pervading  mechanical 
medium,  rather  than  in  terms  of  interactions  of  discrete  charges  and  currents.  As 
a  first  step,  he  showed  that  the  magnetic  B  vector  could  be  represented  formally 
by  the  velocity  of  flow  in  an  incompressible  fluid.  He  ultimately  devised  a  set  of 
field  equations  governing  all  electromagnetic  phenomena.  They  were  so  general 
that  their  solutions  included  Coulomb’s  law,  Ampere’s  formula,  the  laws  of  in¬ 
duction,  and  the  propagation  of  electromagnetic  effects  with  the  velocity  of  light. 
Maxwell,  like  Lorenz,  identified  light  as  an  electromagnetic  phenomenon,  but  he 
concluded  that  all  electromagnetic  effects  must  be  propagated  in  the  optical  ether. 
Thus  while  Lorenz,  proceeding  from  the  laws  of  action  between  charges  and  cur¬ 
rents  and  apparently  completely  unaware  of  the  work  three  years  earlier  by  Max¬ 
well,  wished  to  dispense  with  the  optical  ether  as  unnecessary,  Maxwell’s  initial 
assumption  that  all  electromagnetic  effects  resided  in  a  mechanical  medium  nec¬ 
essarily  led  him  to  the  opposite  conclusion.  Instead  of  abandoning  the  optical  ether 
as  unnecessary,  Maxwell  elevated  it  to  the  most  fundamental  role  in  electromagnetic 
theory.  Indeed,  electromagnetism  following  Maxwell  became  a  mechanical  theory 
of  the  state  of  an  elastic  medium. 

After  Maxwell’s  intricate  analytical  formulation  had  been  simplified  by  Heav¬ 
iside  and  Hertz,  the  field  equations  became  the  core  of  electromagnetic  theory. 
Although  the  equations  themselves  in  no  way  required  the  Maxwellian  interpre¬ 
tation  in  terms  of  the  ether,  this  was  universally  accepted,  and  the  great  success 
of  the  equations  in  predicting  and  coordinating  diverse  electromagnetic  effects  was 
assumed  to  substantiate  the  validity  not  only  of  the  equations,  but  of  the  mechanical 
models  in  terms  of  which  they  had  been  derived.  Faraday’s  lines  and  tubes  of  force 
became  essential  properties  of  the  ether  along  with  strains  and  displacements. 
Energy  was  pictured  as  stored  in  the  strained  medium,  much  as  if  this  were  filled 
with  stretched  rubber  bands,  and  in  1884  Poynting  defined  the  vector  bearing  his 
name  which  was  assumed  to  govern  the  flow  of  energy  distributed  in  the  medium. 
In  1887,  Hertz  demonstrated  experimentally  the  existence  of  what  were  inter¬ 
preted  to  be  electromagnetic  waves  in  the  ether.  In  a  series  of  brilliant  experiments 
he  measured  the  velocity  of  propagation  and  showed  their  properties  of  reflection, 
refraction,  and  polarization.  Thus  the  first  radio  transmission  was  achieved  in  order 
to  confirm  the  mathematical  predictions  of  the  field  equations  of  Maxwell. 

From  the  point  of  view  of  mechanically  minded  physicists,  the  entire  Max¬ 
wellian  theory  together  with  all  its  assumptions  and  interpretations  was  ideal,  it 
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fitted  so  perfectly  into  their  preconceptions.  Every  triumph  of  the  field  equations 
became  new  proof  of  the  correctness  not  only  of  the  equations,  but  more  signifi¬ 
cantly  of  the  physical  pictures  devised  by  Faraday  and  Maxwell.  In  time,  especially 
in  the  views  of  practical  scientists,  the  pictures  rather  than  the  intricate  equations 
became  identified  with  the  theory.  The  lines  of  force,  the  displacements,  and  the 
stored  energy  became  increasingly  real  in  the  minds  of  students  as  texts  and  teachers 
used  them  and  embellished  them.  The  mathematical  predictions  of  Maxwell’s  equa¬ 
tions  thus  became  completely  enveloped  in  an  ether  the  existence  of  which  had 
never  been  proved  either  real  or  necessary  and  the  strange  properties  of  which 
were  dogmatically  inculcated  into  the  minds  of  students  as  truth  itself. 

Retarded  Action  at  a  Distance  between  Charges  and  Currents.  In  1895 , 
the  Dutch  physicist  H.  A.  Lorentz  took  a  great  step  in  coordinating  the  early 
restricted  theories  of  action  between  charges  and  currents  with  Maxwell’s  general 
theory  of  the  state  of  the  ether.  Lorentz  conceived  matter  to  contain  electric  charges 
(electrons)  that  act  on  each  other  in  various  ways  to  produce  all  electromagnetic 
(including  optical)  effects.  Instead  of  acting  on  one  another  at  a  distance,  Lorentz 
assumed  the  charges  and  their  motions  to  establish  in  Maxwell’s  ether  precisely 
those  conditions  of  strain  and  displacement  required  by  the  Maxwellian  interpre¬ 
tation  of  the  field  equations.  In  Lorentz’s  theory  these  conditions  constitute  the 
so-called  electromagnetic  field,  and  it  is  the  field  that  characterizes  and  is  propagated 
by  the  ether.  From  its  primary  Maxwellian  role  as  the  ultimate  seat  of  all  electro¬ 
magnetic  and  optical  phenomena  the  ether  is  reduced  to  play  only  a  secondary  part 
in  Lorentz’s  theory,  where  it  is  a  mere  means  of  transporting  electrical  effects  from 
one  charge  to  another.  Evidently,  the  ether  was  no  longer  indispensable,  it  was 
needed  only  to  satisfy  the  traditional  preconception  that  action  at  a  distance  is  a 
priori  inadmissible,  that  natural  law  necessarily  requires  action  by  contact.  Clearly, 
a  mere  willingness  to  admit  the  possibility  that  electric  charges  can  exert  forces 
directly  on  one  another  even  when  separated  in  vacuum  would  make  the  ether 
completely  unnecessary  in  the  electron  theory.  Thus  in  Lorentz’s  theory  the  sig¬ 
nificance  of  the  ether  is  more  pyschological  than  physical. 

In  formulating  his  theory  of  the  ether,  Maxwell  must  have  assumed  that 
incontestable  experimental  evidence  for  the  existence  of  the  ether  would  be  forth¬ 
coming  in  due  course.  But  this  has  not  been  the  case.  Experiments  skillfully  devised 
to  verify  the  existence  of  the  ether,  notably  the  ether-drift  experiments,  have 
without  exception  failed.  Every  experimental  inquiry  has  given  the  same  answer: 
All  natural  phenomena  proceed  exactly  as  if  there  were  no  ether.  Furthermore, 
as  a  result  of  The  theory  of  relativity,  the  ether  hypothesis  is  faced  with  insur¬ 
mountable  logical  difficulties.,  For  example,  the  constancy  of  the  electromagnetic 
velocity  with  respect  to  moving  observers  demands  that  each  observer  have  his 
own  ether  that  moves  with  him.  Unless  and  until  conclusive  evidence  is  provided 
that  a  material,  all-pervading  ether  exists  in  a  true  physical  sense,  it  must  be 
concluded  that  there  is  no  ether.  Therefore,  Maxwell’s  entire  theory  of  the  elec¬ 
tromagnetic  ether  must  necessarily  become  a  part  of  the  history  and  no  longer  a 
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part  of  the  practice  of  physical  science.  The  Maxwell  field  equations,  on  the  other 
hand,  will  continue  to  be  the  mathematical  heart  of  macroscopic  electromagnetic 
theory. 

In  spite  of  the  negative  answers  of  ether-drift  experiments,  and  the  general 
acceptance  of  the  theory  of  relativity,  the  Maxwellian  ether  with  all  its  implications 
is  still  made  to  play  an  apparently  significant  part  in  technical  work.  Those  who 
continue  to  believe  in  the  ether  argue  that  nature  may  be  so  constituted  as  to 
conceal  forever  its  existence.  Since  anything  may  be  assumed  to  exist  on  the  same 
basis,  this  is  wishful,  not  scientific,  thinking.  Even  engineers  and  physicists  who 
are  willing  to  agree  that  the  ether  is  nonexistent  and  unnecessary,  nevertheless 
continue  to  do  all  their  electromagnetic  thinking  and  teaching  in  terms  of  Max¬ 
wellian  pictures.  Such  adherence  to  traditions  in  the  face  of  contrary  scientific 
evidence  is  carefully  avoided  in  this  book.  Since  the  action  of  charge  on  charge 
requires  no  medium,  none  is  introduced  and  all  explanations  are  made  without  it. 
The  fundamental  law  of  macroscopic  electromagnetism  as  expressed  in  the  field 
and  force  equations  is  interpreted  as  a  retarded  action  at  a  distance.  The  universal 
constants  appearing  in  this  law  are  assumed  to  be  defined  operationally  in  terms 
of  experiments  devised  to  measure  them.  They  are,  of  course,  not  assigned  a 
localized  physical  significance  as  properties  of  a  medium.  The  electromagnetic  field 
and  the  fields  of  the  potential  functions  serve  merely  as  intermediate  steps  in  a 
mathematical  calculation  of  action  between  statistical  distributions  of  charge  and 
current. 
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Differential  Operators; 
Vector  Formulas  and  Identities 


A.I- 1  DIFFERENTIAL  OPERATORS 

The  equations  for  potentials  involve  the  differential  operators 

V2cj>  =  V  •  Vc}>  (A.I-1) 

V2A  =  VV  •  A  -  V  x  V  x  A  (A. 1-2) 

and  hence 

Vc}>;  V  •  A;  V  x  A  (A. 1-3) 

In  order  to  express  (A.I-1)  and  (A. 1-2)  in  systems  of  orthogonal  coordinates,  it 
is  necessary  to  obtain  expressions  for  the  operators  V,  V  ;  V  x  in  general  orthog¬ 
onal  curvilinear  coordinates  U,  V,  W  and  then  specialize  these  to  each  system. 

Let  the  curvilinear  coordinate  axes  of  U,  V,  W  be  drawn  at  a  point  A  shown 
in  Fig.  A.I-1.  At  the  point  of  intersection,  the  tangents  to  these  axes  are  mutually 
perpendicular.  In  advancing  Idong  the  positive  U  axis  a  distance  dsu,  from  A  to 
D,  the  coordinate  U  changes  by  an  amount  dU.  Similarly,  traversing  a  distance 
dsv  in  passing  from  AtoB  along  the  positive  V  axis,  V  changes  by  dV.  In  moving 
a  distance  dsw  from  A  to  E  along  the  W  axis,  W  changes  by  dW.  It  is  important 
to  note  that  U,  V,  W  do  not  necessarily  have  the  dimension  of  a  simple  length  as 
is  true  in  the  Cartesian  system.  However,  dU,  dV,  dW  are  always  functionally 


554 


Differential  Operators:  Vector  Formulas  and  Identities 


Appendix  I 


I 

I 

I 

I 

\ 


Figure  A.I-1  Orthogonal  curvilinear  coordinates. 


« 

related,  respectively,  to  dsu,  dsv,  dsw.  That  is,  for  example, 

dsv  =  f{dU)\  dsv  =  g(dV);  dsw  =  h(dW)  (A. 1-4) 

By  expanding  the  functions  /,  g,  h  in  Maclaurin  series  about  the  origin  at  A , 

dsv  =  /(0)  +  /'( 0)  dU  +  f\ +  •  •  • 

dV2 

dsv  =  g(0)  +  g'(0)  dV  +  g"( 0)—  +  •  •  •  (A. 1-5) 

dW 2 

=  /t(0)  +  /i'(0)  dW  +  h"(0)-—~  +  •  •  • 

^  • 

Here  /(0),  /'(0),  g(0),  and  so  on,  are  in  general  functions  of  all  three  variables  U, 
V,  W.  In  order  to  evaluate  these  functions  it  is  to  be  noted  that 

dsv  —  0  when  dU  =  0  so  that/(0)  =  0 

» 

dsv  -  0  when  dV  =  0  so  that  g(0)  =  0  (A. 1-6) 

dsw  -  0  when  dW  =  0  so  that  /i(0)  -  0 

If  dU,  dV,  dW  are  sufficiently  small,  infinitesimals  of  higher  order  than  the  first 
may  be  neglected.  In  this  case 

dsu  =  e1  dU  with  ex  -  /'( 0) 

dsv  =  e2  dV  with  e2  =  g'(0) 

dsw  =  e3  dW  with  e3  -  h'(0) 


(A.I-7) 
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The  determination  of  ex,  e2,  e3  is  not  difficult  in  Cartesian,  cylindrical,  and  spherical 
coordinates.  It  is  accomplished  by  inspection  from  appropriately  specialized  figures 
like  Fig.  A.I-1  by  determining  the  factor  by  which  each  coordinate  must  be  mul¬ 
tiplied  to  give  a  length.  The  calculation  in  other  cases  is  illustrated  later,  where 
the  e  factors  are  evaluated  for  rotationally  symmetrical  confocal  coordinates. 

The  evaluation  of  V4>  in  general  curvilinear  coordinates  using  ex,  e2,  e3  is 

AAA  _ 

simple.  Let  U,  V,  W  be  unit  vectors  along  the  orthogonal  curvilinear  axes.  Then 


Vcj)  =  (U  •  Vcj))U  +  (V  •  Vcj))V  +  (W  •  Vcj))W 


deb  a  deb  a  deb 

v<|>  =  —  u  +  —  v  +  —  w 


ds 


u 


ds 


v 


ds 


w 


(A. 1-8) 
(A. 1-9) 


(A.I-10) 


The  evaluation  of  V  •  A  is  accomplished  by  direct  calculation  from  the  defi¬ 
nition  of  the  divergence.  This  is, 


J  (n  •  A)  da 

V  •  A  =  lim  - - - -  (A.I-11) 

0  «T 

Let  dj  be  an  element  of  volume  in  orthogonal  curvilinear  coordinates: 

dj  =  dsu  dsv  dsw  =  exe2e3  dU  dV  dW  (A. 1-12) 

The  surface  elements  are  of  the  form 

da uy  =  ds u  dsy  =  £x@2  dU  dV  (A.. I — 13) 

and  similarly  on  the  other  surfaces.  Consider  the  two  opposite  faces  ABCD  and 
EFGH.  On  ABCD, 


J  (n  •  A)  daAB(2D  —  Aw  da^y  (A. I— 14) 

The  positive  normal  across  ABCD  is  taken  along  the  positive  axis  of  W.  The  value 
on  EFGH  is  obtained  by  expanding  in  a  power  series  in  dsw  and  retaining  only 
first-order  terms. 


I  (n  •  A)  daEFGH  —  dayy  +  ( Aw  dauv )  dsw  (A. I— 15) 

The  value  of  /  (n  •  A)  da  for  ABCD  and  EFGH  is  the  sum  of  (A. I- 14)  and  (A.I- 
15).  It  is 


d  d 

(li9  A)uvd(y  —  —  (A  wd(j  uv)  ds  w  —  dV)dW 


ds 


w 


dW 


(A.I-16a) 
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By  cyclic  permutation, 


(n  •  A )yw  da  =  —  (. Ave2e3  dV  dW)  dU 


dU 


(A.I-16b) 


(n  •  A)wt/  da 


dV 


(Ave3el  dW  dU )  dV 


(A.  I -16c) 


The  use  of  (A.I.-16a-c)  in  (A.I-11)  leads  to 


V  ’  A  =  lim 


1 


dT^o  exe2e3  dU  dV  dW 


dU 


(Aue2e3  dV  dW)  dU 


H — —  (Ave3e1  dW  dU)  dV  +  —r  (Awe xe2  dU  dV)  dW 


dV 


dW 


(A. 1-17) 


Since  U,  V,  and  W  are  independent  of  one  another,  cancellation  leads  to 


V  •  A  s 


1 


exe2e3 


d  S  d 

(e2e3Aa)  +  —{e3exAv)  +  —  0iC2Aw) 


dU 


dV 


dW 


(A. 1-18) 


The  evaluation  of  V  x  A  is  accomplished  in  a  similar  manner  from  the 
alternative  definition 


N  •  (V  x  A)  =  lim 

dij — >0 


y(A  •  ds) 
da 


(A. 1-19) 


where  N  is  normal  to  the  surface  of  the  element  da  around  which  ds  is  integrated. 
Evidently, 


W  •  (V  x  A)  =  lim 

d<r—>  0 


y(A  •  ds) 
da 


(A. 1-20) 


A 

with  W  normal  to  the  surface  ABCD  (Fig.  A.I-1)  around  which  ds  is  integrated. 
The  area  of  this  element  of  surface  is 


AB 


d(J  jjy  —  dS  jj  dSy  —  ^1^2  dU  dV 

(A  *  ds)  =  Ay  dSy 


(A. 1-21) 
(A. 1-22) 


AD 


(A  *  ds)  —  A  u  ds  u 


|  (A  •  ds)  =  Av  dsa  H — —(Au  dsu)  ds 

J  BC  dSy 


V 


(A  *  ds)  —  Ay  dSy  (Ay  dSy)  ds  jj 


U 


(A. 1-23) 


(A. 1-24) 


(A. 1-25) 
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In  order  that  the  right-hand-screw  relation  be  satisfied,  the  positive  direction  of 
integration  must  be  DCBA.  The  combination  of  (A. 1-22)  to  (A. 1-25)  algebraically 
leaves  only 

f  S  d 

9  (A  •  ds)  =  — (Av  dsv )  dsu - (Ay  dsv )  dsv  (A. 1-26) 

Jdcba  dsu  dsv 

The  appropriate  substitution  for  dsu  and  dsv  combined  with  the  fact  that  U  and  V 
are  independent  lead  to 


DCBA 


(A  •  ds)  = 


S  d 

(e2Av)  —  ~r(e\Au) 


dU 


dV 


dVdU 


(A. 1-27) 


The  substitution  of  (A. 1-27)  in  (A. 1-20)  and  appropriate  cancellation  result  in 


W  •  (V  x  A)  = 


1 


^2 


d  S 

(e2^v)  —  TrXei  Au) 


dU 


dV 


(A.I-28a) 


U  •  (V  x  A)  = 


1 


e~>e 


2C3 


V  •  (V  x  A)  = 


1 


e^e 


3C1 


d  d 

“  dW(e2Ay) 

s  s 

ie\Au)  ~  TTr(e3^w) 


(A.I-28b) 


dW 


dU 


(A.  I -28c) 


The  general  curvilinear  formula  for  V24>  is  obtained  by  forming  (V  •  V4>)  with  (A.I- 
10)  and  (A.I- 18).  It  is 


2X  _ 


V29 


1 


e1e2e3 


d  ( e2e3  d(}> 


dU  \  e j  dU 


+ 


d  ( e3ex 


dV  \  e,  dV 


+ 


d  ( exe2  6(}) 


dW  \  e,  dW 


(A. 1-29) 


A  formula  for  (V  x  V  x  A)  may  be  obtained  from  the  substitution  of  the 
expressions  for  U  •  (V  x  A),  V  •  (V  x  A),  W  •  (V  x  A),  respectively,  for  AUf 
AV)  Aw,  in  (A. 1-28).  Since  no  simplification  is  obtained  in  this  way,  it  is  usually 
more  convenient  to  evaluate  (V  x  V  x  A)  directly  as  required. 

In  order  to  determine  an  expression  for  the  quantity  V2A  [where  A  is  a  vector 
to  be  carefully  distinguished  from  the  scalar  4>  in  (A. 1-29)],  which  appears  in  the 
important  Helmholtz  equation  for  the  vector  potential,  it  is  necessary  to  proceed 
from  its  definition 


V2A  =  VV  •  A  -  V  x  V  x  A  (A. 1-30) 

The  formula  for  V2A  in  general  orthogonal  coordinates  is  excessively  complicated. 
In  fact,  in  all  systems  of  coordinates  except  only  rectangular  ones ,  the  expressions 
for  the  components  of  V2A  involve  so  many  terms  as  to  be  practically  useless.  In 
Cartesian  coordinates,  on  the  other  hand,  its  form  is  very  simple  and  readily 
calculated.  Thus,  with 


A  =  xAx  +  y Ay  +  z Az 


(A. 1-31) 
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and 

V2A  =  ±[±  •  (V2A)]  +  y[y  •  (V2A)]  +  z[z  •  (V2A)]  (A.  1-32) 

the  x  component  of  V2A  must  equal  the  x  component  of  the  expression  to  the  right 
in  (A. 1-30).  That  is, 


x  •  (V2A) 


dx 


(V  •  A)  -  [V  x  (V  x  A)]. 


(A.I-33a) 


The  use  of  the  formulas  for  divergence  and  curl  already  derived  gives 


*-(V2A)  =  — (  — 
v  '  dx  \  dx 


+ 


BA  dAz  „  „ 

~r~z  +  )  —  -(V  x  A)z  +  -(V  x  A) 

By  Bz  )  By  Bz 


y 


(A.I-33b) 


This  is  equivalent  to 


x  •  ( V2A) 


B2A  B2AV  B2AZ 
Bx2  Bx  By  Bx  Bz 

_±(dAz_  a  / BAX  BA 

By  \  Bx  By  j  Bz  \  Bz  Bx 


(A.I-33c) 


Similarly, 


x  •  (V2A)  = 


y  •  (V2A) 


z  •  (V2A) 


(A.I-34a) 

(A.I-34b) 
(A.  I -34c) 


It  thus  appears  that  in  Cartesian  coordinates  each  rectangular  component  of 
the  vector  A  in  V2A  satisfies  precisely  the  same  equation  as  the  scalar  cj>.  It  is 
especially  important  to  remember  that  this  is  not  true  in  cylindrical  or  spherical 
coordinates. 

With  the  substitution  of  the  values  of  ex,  e2,  e3  appropriate  for  each  coordinate 
system  as  listed  with  the  formulas  for  VcJ),  V  •  A,  V  x  A,  and  V2cJ),  the  results, 
given  in  Table  A.I-1  are  obtained  for  Cartesian,  cylindrical,  and  spherical  coor¬ 
dinates.  V2A  is  listed  only  in  Cartesian  coordinates  as  explained  above. 

Where  it  is  not  possible  to  determine  the  e  factors  by  inspection,  it  is  possible 
to  proceed  from  the  definitions  (A. 1-7).  Thus 


Then 


ds2(j  =  dx2u  +  dy2u  +  dz2v  =  e\  dU2 


(A. 1-35) 


dUj 


BU 


+ 


2 


By_ 

BU 


+ 


BU 


(A.I-36a) 


TABLE  A.I-1  Differential  Operators 


n  os 

o 
*C 
<u 

iJm  +■ 

a0 

c/3  w 


o 


C3  _ 

.a 

Lh 

T3 
C 

■  1-H 

u 


OD 

CL 


0 

c 

•hH 

C/3 

ft; 


-e-  ft; 

ro  ro 

+ 

-©-  e 

ro  ro 


0 

c 

•  1-H 

C/3 

ft; 


i  os 

© 


■©■I 

ro  | 
<N 
+ 


OD 


■©" 

I  a 
<© 

+ 

■0"!  Q- 
ro  I 

<a 


+ 


■©" 

<N 


(N 

<©> 

0 

(N 

c 

•hH 

C/3 

<N 


c 

•  1-H 

C/3 


0 

<©> 

0 

c 

■  1-H 

C/3 

<N 

ft; 


■©" 

(N 


(N 

N 


+ 


■©" 

(N 


+ 


CL 


as 

(N 


ro 


(N 

C* 


+ 


<©> 

0 

c 

•  1-H 

C/3 

cs 


e 


fo  ^ 


as 


0 


as 


<e 

+ 

+ 

+ 

^eT<0 

0 

-e-i® 

ro  |  ro 

c 

■  1-H 

ro  |  ro 

0 

C/3 

& 

<©> 

0 

c 

•hH 

C/3 


© 


fo  ^ 


J 


I  AS 


© 


I  as 


<©> 


5 

<©> 


N 

<©> 


+ 


® 


N 


(N 

cSI 

1  ^ 

<©> 

1  <N 

1 

+ 

a 

d  L 

^1  % 

T— I  I  Q- 


<©> 


3 

<©> 

|  Q- 


5 

<©> 


< 

X 

> 


X 

> 


© 


<©> 


<©> 


0 

c 

•  1-H 

C/3 

e 

X 


<©> 


0 

<©> 


j 


0 

c 

•  1-H 

C/3 

ft; 


✓ 

0 

-< 

< 

<*© 

X 

X 

X 

0 

l> 

c 

•  I-M 

C/3 

ft; 

n 


5 

<©> 


<©> 


CL 

<©> 


N 

<©> 


® 


® 

1 


<©> 


CL 

<©> 

_ I 


I  a 

II 

< 

X 

> 


a 

C3 

■  1-H 

C/3 

<D 

4— » 

Lh 

C3 

u 


N 

H. 


■©- 

<©> 

<N 

+ 


N 

<©> 


<X 


■©- 

(N 

<©> 


(N 

N 

<©> 


+ 


N 

<©> 


+ 


■©" 

^ 

& 

(N 

(N 

£> 

+ 

+ 

H 

■0- 

■0- 

(N 

(N 

<8 

H 

£ 


—  <N  r*1 

^  ^ 


-©- 


■©" 

(N 

> 


< 

> 


< 

X 


w 


Note  that  the  spherical  coordinates  are  written  in  the  order  0,  4>,  R ,  ra>f  7?,  0,  4>. 
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since  dxJdU  =  dx/dU ,  and  so  on.  Similarly, 


ds  y 

~dV 

ds  y* 
~W 


dx 

dV 


dx 

dW 


ay\ 

dVj 

(  dy 
KdW 


dV 


(A.I-36b) 


dW 


(A.  I -36c) 


The  calculation  of  ev  e2,  e3  in  rotationally  symmetrical  confocal  coordinates  follows. 
The  equation  of  an  ellipsoid  in  Cartesian  coordinates  is 


jr  y 
1  +  7 

a 2  b 


2  Z2 


2  b2  C2 


+  ~  1 
cz 


(A. 1-37) 


An  hyperboloid  of  one  sheet  is  defined  by 


jr  y- 

f 


=  1 


(A. 1-38) 


An  hyperboloid  of  two  sheets  is  defined  by 


z_ 

b 2 


c2, 


=  1 


(A. 1-39) 


Here  a,  b,  c  are  the  semimajor  axes;  a  >  b  >  c.  If  rotational  symmetry  prevails, 
there  are  two  possibilities:  the  prolate  (stretched)  ellipsoid  with  its  related  orthog¬ 
onal  hyperboloid  defined  by  b  =  c,  and  the  oblate  (flattened)  ellipsoid  with  its 
related  orthogonal  hyperboloid  defined  by  a  =  b. 

For  the  prolate  surfaces  with  a  >  b  and  r2  =  y2  +  z2, 


x2  r 2 

— Z  +  7T  —  1 


(A. 1-40) 


-  1 


The  hyperboloid  has  two  sheets. 

For  the  oblate  surfaces  with  a  >  c  and  r 2 

—  z2  -  ■] 
a 2  +  c 2 


=  x2  +  y2, 


a2  c2 

For  the  prolate  case  the  eccentricity  e  is  defined  by 


e2  —  a2  —  b 2  (ellipse) 

„2  —  i  U2 


or 


b2  —  a2  —  e‘ 


a 2  +  b 2  (hyperbola)  or  b2  =  e2  -  a 


(A. 1-41) 


(A. 1-42) 


(A. 1-43) 


(A. 1-44) 
(A. 1-45) 
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Accordingly,  the  equations  for  the  prolate  case  are 


x2  r2 
a2  +  a2  —  e 2 


-  1 


(ellipsoid) 


(A. 1-46) 


X‘ 


r2 


a 2  e 2  —  a 2 


=  1 


(hyperboloid  of  two  sheets) 


(A. 1-47) 


The  eccentricity  for  the  oblate  case  is  given  by  (A. 1-44)  and  (A. 1-45)  with  c 
written  for  b.  Hence 


a 2  +  a2 


=  1 


(ellipsoid) 


(A. 1-48) 


r2 


a 


a 


=  1  (hyperboloid  of  one  sheet) 


(A. 1-49) 


The  oblate  case  follows  directly  from  the  prolate  one  with  an  interchange  of  co¬ 
ordinates,  that  is,  with  r  substituted  for  x  and  z  for  r. 

A  family  of  confocal  ellipsoids  of  revolution  is  defined  by 


x2  r 2 

u2  +  u2  —  e 2 


=  1 


u  >  e 


(A. 1-50) 


The  associated  orthogonal  hyperboloids  are 


X‘ 

v 


e 2  -  v 2 


=  1 


—  e  <  v  <  e 


(A. 1-51) 


The  variables  u,  v  are  ellipsoidal  and  hyperboloidal  coordinates.  The  parameters 
ex,  e2,  e3  may  be  calculated  from 


Ci  - 


dx\2  /  By 
du /  \du 


+  '.to)  " 


dx\2  /  dr\ 
du/  \du / 


(A.I-52a) 


With  r2  =  y2  +  z2, 


e2 


dx\2  +  fty 

dv)  \dV 


+ 


dz 

dv 


e-t  = 


dx 

dw 


+ 


dy 

dw 


+ 


dz 

dw 


d;c\2  /  dr 
dv /  \c>t> 


dx\  l  dr 

ae/  + 


(A.l-52b) 


(A.I-52c) 


The  coordinate  w  is  identically  the  angle  of  rotation  0  about  the  axis  of  symmetry 
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x.  It  is  related  to  y  and  z  by 

y  =  r  cos  0; 

z  =  r  sin  0; 


dy 

d0 

dz 

d0 


-  r  sin  0 

r  cos  0 


The  solution  of  (A. I -50)  and  (A.  1-51)  for  r  and  x  gives 


x2  =  u2  -  7  -  =  V2  + 

uz  —  ez 


v2r 2 


e 2  —  v 2 


v 


+ 


ll‘ 


e2  —  v2  u2  —  e2 


=  u2  —  v2 


e2(u2  —  v2) 


r2  = 


(e2  —  v2)(u2  —  e2)j 
( e 2  —  v2)(u2  —  e2) 


u2  —  v 2 


x2  -  u2 11- 


e 2  —  v 2 


U2V2 


Hence 


V(e2  —  v2)(u2  —  e2) 


r  - 

e 

dx 

V 

• 

dx  u 

du 

e 

dv  e 

dr 

u 

le 2  —  v 2 

dr 

du 

'  u2  —  e2' 

dV 

x  - 


uv 

e 


e^  = 


+ 


u 2  e2 


v 


e2  u2  —  e2 


Co  = 


v2  u 2  —  e2 


7 


ju2  — 

e2 

e2  - 

V2 

ju2  — 

V2 

e2 

u2  — 

V2 

(A. 1-53) 


(A. 1-54) 


(A.I-55a) 


(A.I-55b) 


(A.I-55c) 

(A.I-55d) 


(A.I-55e) 


(A. 1-56) 


(A. 1-57) 
(A. 1-58) 


(A.I-59a) 


2 


(A.I-59b) 


Sec.  A.I-1 


Differential  Operators 


563 


(A.  I -59c) 


It  follows  that 


V  •  A 


u  •  (V  x  A) 


(A. 1-60) 


(A. 1-61) 


d_ 

30 


v  •  (V  x  A) 


u 2  —  V2 

u 2  —  e 2 


d_ 

du 


v2)(u2 

e 


\ 


\ 


0  •  (V  x  A) 


d_ 

du 


u2  -  V 2  \ 
e 2  -  v 2  / 


(A.  I -62a) 


(A.  I -62b) 


(A.  I -62c) 


(A. 1-63) 
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A.I- 


2  VECTOR  FORMULAS  AND  IDENTITIES 
WITH  CARTESIAN  EQUIVALENTS 

Scalar  product: 

A  •  B  =  B  •  A  =  AB  cos  (A,  B)  =  AXBX  +  A  B  +  AZB 


A  •  (B  +  C)  =  A  •  B  +  A  •  C 


Vector  product: 


A  x  B  =  -B  x  A  =  C  = 


A 

X 

A 


A 

y 

A 


y 


A 

z 

A 


Bv  B„  B 


y 


C  is  an  axial  vector  perpendicular  to  the  plane  containing  A  and  B  and  pointing 
in  the  direction  of  advance  of  a  right-hand  screw  when  A  is  turned  into  B  through 
the  shortest  arc. 

C  =  AB  sin  (A,  B) 


Ax(B  +  C)  =  AxB  +  AxC 
A  x  A  =  0 


Double  products: 


A  •  (B  x  C)  =  B  •  (C  x  A)  =  C  •  (A  x  B) 

A  •  (A  x  B)  =  0 

A  x  (B  x  C)  =  B(A  •  C)  -  C(A  •  B)  (polar  vector) 


Differential  operators: 


V<j)  =  lim 

At— »o  At 


n<b  da 

2  *  d<!>  A  34)  A  d<|) 

—  =  x - by - bz  — 

dx  By  Bz 


is  the  rate  of  change  Btyds  in  the  direction  of  its  maximum; 


(n  •  A)  d<j 

_  .  ..  sv  BAX 

V  •  A  =  lim  - - -  = - b 

at— »o  At  Bx  By 


BAy  dA 


+ 


Bz 


V  x  A  = 


lim 

At— >0 


J  (A  X  A)  d<y 


At 


A 

X 


A 

z 


Bx  By  Bz 


Ax  Ay  Az 


-  x(V  x  A)x  +  y(V  x  A)y  +  z(V  x  A)z 
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V2cj>  =  V  •  (Vcj)) 


d24>  d24>  a24» 

i  i 


dr 


dy 


dZ‘ 


V2A  =  V(V  •  A)  -  V  x  (V  x  A)  =  xV2Ax  +  y V2Ay  +  z V2A 


Double  operations: 


V(V  •  A)  = 


rj  rj 

x  — (V  •  A)  +  y  — (V  •  A)  +  z  — (V  •  A) 

dy 


dx 


dz 


d2(b  d2<b  d2(j) 
v  •  (Vcj))  =  V2cj>  =  -Hr  +  -Hr  +  ^ 


dx‘ 


dy- 


dZ‘ 


V  •  (V  x  A)  =  0 
V  x  (Vcj))  =  0 


V  x  (V  x  A)  = 


A 

z 


dx 


dy 


dz 


(V  X  A),  (V  x  A)y  (V  x  A) 


dcj> 


dcj> 


A  •  (Vcj))  -  (A  •  V)4>  =  +  A  -r~  +  A 


dcj> 


is  the  rate  of  change 


dx  ydy  *dz 

dfy/ds  in  the  direction  of  A  multiplied  by  A 

4  •  (V<(»)  =  (a  •  V)<|>  is  the  rate  of  change  dfy/ds  in  the  direction  of  the 

unit  vector  a 


(A  •  V)B  =  x(A  •  VBX )  +  y(A  •  VBy )  +  z(A  •  VBZ)  is  the  rate  of  change 

dB/ds  in  the  direction  of  A  multiplied  by  A 

(a  •  V)B  =  x(a  •  VBX)  +  y(a  •  V5y)  +  z(a  •  VBZ)  is  the  rate  of  change 

dB/ds  in  the  direction  of  the  unit  vector  a;  it  is  the  directional 
derivative  of  B  in  the  direction  a 

Operations  on  products: 

V(cjnj;)  =  cj)(Viji)  +  vji(Vcj)) 

V  •  (4>A)  =  cj)(V  •  A)  +  Vcj)  •  A 
V  •  (A  x  B)  =  B  •  (V  x  A)  -  A  •  (V  x  B) 

V  x  (c|>A)  =  4>(V  x  A)  +  Vcj)  x  A 
V  x  (A  x  B)  =  A(V^  B)  -  B(V  •  A)  +  (B  •  V)A  -  (A  •  V)B 


Appendix 


Tables  of  Functions  f(h),  g(h) 


f(h)  =  +  / i(vl  +  h2  +  1)  =  cosh(j  sinh  1  h) 


< 

+ 

III 

'b© 

/I  +  /i2 

—  1)  =  sinh(2  sinh  1  /i) 

1 

in  the  expression 

VT 

±  jh  = 

+1 

as  computed  by  G.  W.  Pierce.* 

h2  <  1; 

/w 

~  i;  g(h)  ~  | 

h  >  1; 

/w 

~ «(/,)  ~ 

*Proc.  Am.  Acad.  Arts  Sci 57,  175  (1922). 
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h 

m 

g(6) 

h 

m 

g(6) 

h 

m 

g(6) 

h 

m 

g(h) 

1.000 

WM 

m 

1.001 

.0360 

.144 

B 

.216 

^^9 

.1074 

1.000 

BSI 

1.001 

.0370 

.146 

H 

.218 

.1084 

1.000 

IE1 

.076 

1.001 

.0380 

.148 

1.003 

mm 

.220 

1.006 

.1094 

.006 

1.000 

.078 

1.001 

.0390 

.150 

1.003 

.0748 

.222 

1.006 

.1104 

.008 

1.000 

.080 

1.001 

.0400 

.152 

1.003 

.0758 

.224 

1.006 

.1114 

.010 

1.000 

.082 

1.001 

.0410 

.154 

1.003 

.0768 

.226 

1.006 

.1124 

.012 

1.000 

.0060 

.084 

1.001 

.0420 

.156 

1.003 

.0778 

.228 

1.006 

.1133 

.014 

1.000 

.0070 

.086 

1.001 

.0430 

.158 

1.003 

.0788 

.230 

1.007 

.1143 

.016 

1.000 

.0080 

.088 

1.001 

.0440 

.160 

1.003 

.0798 

.232 

1.007 

.1153 

.018 

1.000 

.0090 

.090 

1.001 

.0450 

.162 

1.003 

.0807 

.234 

1.007 

.1163 

.020 

1.000 

.0100 

.092 

1.001 

.0460 

.164 

1.003 

.0817 

.236 

1.007 

.1172 

.022 

1.000 

.0110 

.094 

1.001 

.0470 

.166 

1.003 

.0827 

.238 

1.007 

.1182 

.024 

1.000 

.0120 

.096 

1.001 

.0480 

.168 

1.004 

.0837 

.240 

1.007 

.1192 

.026 

1.000 

.0130 

.098 

1.001 

.0490 

.170 

1.004 

.0847 

.242 

1.007 

.028 

1.000 

.0140 

.100 

1.001 

.0499 

.172 

1.004 

.0857 

.244 

1.007 

.1211 

.030 

1.000 

.0150 

.102 

1.001 

.0509 

.174 

1.004 

.0867 

.246 

1.007 

.1221 

.032 

1.000 

.0160 

.104 

1.001 

.0519 

.176 

1.004 

.0877 

.248 

1.007 

.1230 

.034 

1.000 

.0170 

.106 

1.001 

.0529 

.178 

1.004 

.0887 

.250 

1.008 

.1240 

.036 

1.000 

.108 

.0539 

.180 

1.004 

.0896 

.252 

1.008 

.1250 

.038 

1.000 

.110 

.0549 

.182 

1.004 

.0906 

.254 

1.008 

.1260 

.040 

1.000 

KH| 

.112 

RS3 

.0559 

.184 

1.004 

.0916 

.256 

1.008 

.1270 

.042 

1.000 

.0210 

.114 

1.002 

.0569 

.186 

1.004 

.0926 

.258 

1.008 

.1280 

.044 

1.000 

.0220 

.116 

1.002 

.0579 

.188 

1.004 

.0936 

.260 

1.008 

.1289 

.046 

1.000 

.0230 

.118 

1.002 

.0589 

.190 

1.004 

.0946 

.262 

1.008 

.1299 

BSi 

1.000 

.0240 

.120 

1.002 

.0599 

.192 

1.005 

.0956 

.264 

1.008 

.1309 

1.000 

.0250 

.122 

1.002 

.0609 

.194 

1.005 

.0966 

.266 

1.009 

.1319 

m 

1.000 

.0260 

.124 

1.002 

.0619 

.196 

1.005 

.0975 

.268 

1.009 

.1329 

.054 

1.000 

.0270 

.126 

1.002 

.0629 

.198 

1.005 

.0985 

.270 

1.009 

.1338 

.056 

1.000 

.0280 

.128 

1.002 

.0639 

.200 

1.005 

.0995 

.272 

1.009 

.1348 

.058 

1.000 

.0290 

.130 

1.002 

.0649 

.202 

1.005 

.1005 

.274 

1.009 

.1358 

.060 

1.000 

.0300 

.132 

1.002 

.0659 

.204 

1.005 

.1015 

.276 

1.009 

.1368 

.062 

1.000 

.0310 

.134 

1.002 

.0669 

.206 

1.005 

.1025 

.278 

1.009 

.1377 

.064 

1.001 

.0320 

.136 

1.002 

^0679 

.208 

1.005 

.1035 

.280 

1.010 

.1387 

.066 

1.001 

.0330 

.138 

1.002 

.0689 

.210 

1.005 

.1044 

.282 

1.010 

.1397 

.068 

1.001 

.0340 

.140 

1.002 

.0698 

.212 

1.006 

.1054 

.284 

1.010 

.1406 

.070 

1.001 

.0350 

.142 

1.003 

.0708 

.214 

1.006 

.1064 

.286 

1.010 

.1416 
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h 

m 

8(h) 

h 

m 

8(h) 

h 

f(h) 

8(h) 

h 

f(h) 

8(h) 

.286 

1.010 

IB 

.358 

^9 

.1762 

1.022 

.2104 

.502 

m 

.2438 

.288 

1.010 

mm 

.360 

■tin! 

.1772 

.432 

1.022 

.2114 

.504 

nn 

.2447 

.290 

1.010 

M 

.362 

1.016 

.1782 

.434 

1.022 

.2123 

.506 

1.030 

.2456 

.292 

1.010 

.1445 

.364 

1.016 

.1792 

.436 

1.022 

.2132 

.508 

1.030 

.2465 

.294 

1.011 

.1455 

.366 

1.016 

.1801 

.438 

1.023 

.2141 

.510 

1.030 

.2475 

.296 

1.011 

.1464 

.368 

1.016 

.1811 

.440 

1.023 

.2150 

.512 

1.030 

.2484 

.298 

1.011 

.1474 

.370 

1.016 

.1820 

.442 

1.023 

.2159 

.514 

1.031 

.2493 

.300 

1.011 

.1484 

.372 

1.017 

.1829 

.444 

1.023 

.2170 

.516 

1.031 

.2502 

.302 

1.011 

.1494 

.37  4 

1.017 

.1839 

.446 

1.023 

.2179 

.518 

1.031 

.2512 

.304 

1.011 

^^9 

.376 

1.017 

.1848 

.448 

1.024 

.2188 

.520 

1.031 

.2520 

.306 

1.011 

9Hfcl 

.378 

1.017 

.1858 

.450 

1.024 

.2197 

.522 

1.031 

.2529 

.308 

1.011 

.1522 

.380 

1.017 

.1867 

.452 

1.024 

.2207 

.524 

1.032 

.2538 

.310 

.1532 

.382 

1.017 

.1877 

.454 

1.024 

.2216 

.526 

1.032 

.2549 

.312 

^^9 

.1541 

.384 

1.018 

.1886 

.456 

1.024 

.2225 

.528 

1.032 

.2558 

.314 

1.012 

.1551 

.386 

1.018 

.1896 

.458 

1.025 

.2234 

.530 

1.032 

.2566 

.316 

1.012 

.1561 

.388 

1.018 

.1905 

.460 

1.025 

.2244 

.532 

1.033 

.2575 

.318 

1.012 

.1570 

.390 

1.018 

.1915 

.462 

1.025 

.2253 

.534 

1.033 

.2584 

.320 

1.012 

.1580 

.392 

1.018 

.1924 

.464 

1.025 

.2262 

.536 

1.033 

.2593 

.322 

1.013 

.1590 

.394 

1.018 

.1934 

.466 

1.025 

.2271 

.538 

1.033 

.2602 

.324 

1.013 

.1600 

.396 

1.019 

.1943 

.468 

1.026 

.2281 

.540 

1.034 

.2612 

.326 

1.013 

.1609 

.398 

1.019 

.1953 

.470 

1.026 

.2290 

.542 

1.034 

.2621 

.328 

1.013 

.1619 

.400 

1.019 

.1962 

.472 

1.026 

.2300 

.544 

1.034 

.2630 

.330 

1.013 

.1629 

.402 

1.019 

.1972 

.474 

1.026 

.2309 

.546 

1.034 

.2639 

.332 

1.013 

.1638 

.404 

1.019 

.1981 

.476 

1.026 

.2318 

.548 

1.034 

.2648 

.334 

1.013 

.1648 

.406 

HI 

.1991 

.478 

1.027 

.2327 

.550 

1.035 

.2658 

.336 

1.014 

.1658 

.408 

■ESI 

.2001 

.480 

1.027 

.2337 

.552 

1.035 

.2667 

.338 

1.014 

.1667 

.410 

1.020 

.2010 

.482 

1.027 

.2346 

.554 

1.035 

.2676 

.340 

1.014 

.1677 

.412 

1.020 

.2020 

.484 

1.027 

.2355 

.556 

1.035 

.2685 

.342 

1.014 

.1686 

.414 

1.020 

.2029 

.486 

1.028 

.2364 

.558 

1.036 

.2694 

.344 

1.014 

.1696 

.416 

1.020 

.2038 

.488 

1.028 

.2374 

.560 

1.036 

.2703 

.346 

1.014 

.1705 

.418 

1.021 

.2048 

.490 

1.028 

.2383 

.562 

1.036 

.2712 

.348 

1.015 

.1715 

.420 

1.021 

.2057 

.492 

1.028 

.2392 

.564 

1.036 

.2721 

.350 

1.015 

.1724 

.422 

1.021 

.2067 

.494 

1.028 

.2401 

.566 

1.036 

.2730 

.352 

1.015 

.1734 

.424 

1.021 

.2076 

.496 

1.029 

.2411 

.568 

1.037 

.2739 

.354 

1.015 

.1743 

.426 

1.022 

.2085 

.498 

1.029 

.2420 

.570 

1.037 

.2748 

.356 

1.015 

.1753 

.428 

1.022 

.2095 

.500 

1.029 

.2429 

.572 

1.037 

.2757 
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h 

m 

8(h) 

h 

m 

8(h) 

h 

f(h) 

8(h) 

h 

f(h) 

8(h) 

.572 

m 

.2757 

n 

1.106 

.4705 

1.76 

.715 

2.48 

.915 

.574 

H 

.2766 

1.109 

.4782 

1.78 

1.233 

.722 

2.50 

1.359 

.920 

.576 

1.038 

.2775 

an 

1.113 

.4857 

1.80 

1.237 

.728 

2.52 

1.362 

.925 

.578 

1.038 

.2784 

1.10 

na 

.4933 

1.82 

1.241 

.733 

2.54 

1.366 

.930 

.580 

1.038 

.2793 

1.12 

.5007 

1.84 

1.244 

.740 

2.56 

1.369 

.935 

.582 

1.039 

.2802 

1.14 

ma 

.5082 

1.86 

1.248 

.745 

2.58 

1.373 

.939 

.584 

1.039 

.2811 

na 

1.126 

.5155 

1.88 

1.251 

.751 

2.60 

1.376 

.945 

.586 

1.039 

.2820 

1.129 

.5229 

1.90 

1.255 

.757 

2.62 

1.379 

.950 

.588 

1.039 

.2829 

m 

1.132 

.530 

1.92 

1.258 

.763 

2.64 

1.383 

.955 

.590 

1.040 

.2838 

1.22 

1.135 

.538 

1.94 

1.262 

.769 

2.66 

1.386 

.960 

.592 

1.040 

.2847 

1.24 

1.139 

.544 

1.96 

1.265 

.775 

2.68 

1.390 

.964 

.594 

1.040 

.2856 

1.26 

1.142 

.552 

1.98 

1.269 

.780 

2.70 

1.393 

.969 

.596 

1.040 

.2865 

1.28 

1.146 

.559 

2.00 

1.272 

.786 

2.72 

1.396 

.974 

.598 

1.041 

.2874 

1.30 

1.149 

.565 

2.02 

1.275 

.792 

2.74 

1.400 

.979 

.60 

1.041 

.2882 

1.32 

1.153 

.572 

2.04 

1.279 

.798 

2.76 

1.403 

.984 

.62 

1.044 

.2972 

1.34 

1.156 

.580 

2.06 

1.283 

.803 

2.78 

1.407 

.989 

.64 

1.046 

.3059 

1.36 

1.160 

.586 

2.08 

1.286 

.809 

2.80 

1.410 

.993 

.66 

1.049 

.3148 

1.38 

1.163 

.593 

2.10 

1.290 

.814 

2.82 

1.413 

.998 

.68 

.3235 

1.40 

1.167 

.600 

2.12 

1.293 

.820 

2.84 

1.416 

1.003 

.70 

Wtral 

.3321 

1.42 

1.170 

.607 

2.14 

1.297 

.825 

2.86 

1.420 

1.007 

.72 

1.057 

.3408 

1.44 

1.174 

.613 

2.16 

1.300 

.831 

2.88 

1.423 

1.012 

.74 

1.060 

.3493 

1.46 

1.178 

.620 

2.18 

1.304 

.836 

2.90 

1.426 

1.017 

.76 

1.062 

.3578 

1.48 

1.181 

.627 

2.20 

1.307 

.842 

2.92 

1.429 

1.022 

.78 

1.065 

.3662 

1.50 

1.184 

.634 

2.22 

1.310 

.847 

2.94 

1.433 

1.026 

.80 

1.068 

.3745 

1.52 

1.188 

.640 

2.24 

1.314 

.852 

2.96 

1.436 

1.031 

.82 

1.071 

.3828 

1.54 

1.191 

.647 

2.26 

1.317 

.858 

2.98 

1.440 

1.035 

.84 

1.074 

.3911 

1.56 

1.195 

.653 

2.28 

1.321 

.863 

3.00 

1.443 

1.040 

.86 

1.077 

.3993 

1.58 

lm 

.659 

2.30 

1.324 

.869 

3.02 

1.446 

1.044 

.88 

1.080 

.4074 

1.60 

wm 

.666 

2.32 

1.328 

.874 

3.04 

1.449 

1.049 

.90 

1.083 

.4155 

1.62 

na 

.672 

2.34 

1.331 

.879 

3.06 

1.453 

1.053 

.92 

1.086 

.4236 

1.64 

1.209 

.678 

2.36 

1.335 

.884 

3.08 

1.456 

1.058 

.94 

1.089 

.4316 

1.66 

1.212 

.685 

2.38 

1.338 

.889 

3.10 

1.459 

1.062 

.96 

1.093 

.4394 

1.68 

1.216 

.691 

2.40 

7\ 

1.342 

.894 

3.12 

1.462 

1.067 

.98 

1.096 

.4473 

1.70 

1.219 

.697 

? 

1  2.42 

1.345 

.900 

3.14 

1.465 

1.072 

1.0 

1.099 

.4552 

1.72 

1.223 

.703 

2.44 

1.349 

.904 

3.16 

1.469 

1.076 

1.02 

1.102 

.4628 

1.74 

1.226 

.710 

2.46 

1.352 

.910 

3.18 

1.472 

1.080 
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h 

m 

8(h) 

h 

m 

8(h) 

h 

f(h) 

8(h) 

h 

f(h) 

8(h) 

3.18 

WiBil 

3.90 

1.585 

1.230 

4.62 

5.34 

n 

1.490 

3.20 

1.475 

Hi 

3.92 

1.588 

1.234 

4.64 

1.695 

1.369 

5.36 

Hi 

1.493 

3.22 

1.478 

1.089 

3.94 

1.591 

1.238 

4.66 

1.698 

1.372 

5.38 

1.800 

1.495 

3.24 

1.482 

1.093 

3.96 

1.595 

1.241 

4.68 

1.701 

1.376 

5.40 

1.802 

1.497 

3.26 

1.485 

1.098 

3.98 

1.598 

1.245 

4.70 

1.704 

1.379 

5.42 

1.804 

3.28 

1.489 

1.102 

4.00 

1.601 

1.249 

4.72 

1.706 

1.383 

5.44 

1.807 

3.30 

1.492 

1.106 

4.02 

1.604 

1.253 

4.74 

1.709 

1.387 

5.46 

1.810 

3.32 

1.495 

1.110 

4.04 

1.607 

1.257 

4.76 

1.712 

1.390 

5.48 

1.813 

1.513 

3.34 

1.498 

1.115 

4.06 

1.610 

1.261 

4.78 

1.715 

1.394 

5.50 

1.815 

1.515 

3.36 

1.502 

1.119 

4.08 

1.613 

1.265 

4.80 

1.718 

1.397 

5.52 

1.818 

1.518 

3.38 

1.505 

1.123 

4.10 

1.616 

1.269 

4.82 

1.721 

1.400 

5.54 

1.821 

1.522 

3.40 

1.508 

1.127 

4.12 

1.619 

1.273 

4.84 

1.723 

1.403 

5.56 

1.824 

1.526 

3.42 

1.511 

1.132 

4.14 

1.622 

1.276 

4.86 

1.726 

1.407 

5.58 

1.827 

1.529 

3.44 

1.514 

1.136 

4.16 

1.625 

1.280 

4.88 

1.729 

1.411 

5.60 

1.829 

1.531 

3.46 

1.517 

1.140 

4.18 

1.628 

1.284 

4.90 

1.732 

1.415 

5.62 

1.831 

1.535 

3.48 

1.520 

1.145 

4.20 

1.631 

1.288 

4.92 

1.735 

1.418 

5.64 

1.834 

1.537 

3.50 

1.523 

1.149 

4.22 

1.634 

1.291 

4.94 

1.738 

1.422 

5.66 

1.837 

1.540 

3.52 

1.526 

1.153 

4.24 

1.637 

1.295 

4.96 

1.741 

1.425 

5.68 

1.840 

1.544 

3.54 

1.529 

1.158 

4.26 

1.640 

1.299 

4.98 

1.743 

1.429 

5.70 

1.842 

1.548 

3.56 

1.533 

1.161 

4.28 

1.642 

1.303 

5.00 

1.746 

1.432 

5.72 

1.844 

1.550 

3.58 

1.536 

1.165 

4.30 

1.645 

1.307 

5.02 

1.749 

1.435 

5.74 

1.847 

1.553 

3.60 

1.539 

1.170 

4.32 

1.648 

1.310 

5.04 

1.752 

1.439 

5.76 

1.850 

\ 

1.557 

3.62 

1.542 

1.174 

4.34 

1.651 

1.314 

5.06 

1.755 

1.442 

5.78 

1.853 

1.560 

3.64 

1.545 

1.178 

4.36 

1.654 

1.318 

5.08 

1.758 

1.445 

5.80 

1.855 

1.562 

3.66 

1.549 

1.181 

4.38 

1.657 

1.322 

5.10 

1.760 

1.449 

5.82 

1.857 

1.566 

3.68 

1.552 

1.186 

4.40 

1.660 

1.325 

5.12 

1.763 

1.452 

5.84 

1.860 

1.568 

3.70 

1.555 

1.190 

4.42 

1.663 

1.328 

5.14 

1.766 

1.455 

5.86 

1.863 

1.571 

3.72 

1.558 

1.194 

4.44 

1.666 

1.332 

5.16 

1.769 

1.459 

5.88 

1.866 

1.575 

3.74 

1.561 

4.46 

1.669 

1.336 

5.18 

1.772 

1.463 

5.90 

1.868 

1.579 

3.76 

1.564 

1.202 

4.48 

1.672 

1.340 

5.20 

1.774 

1.465 

5.92 

1.871 

1.581 

3.78 

1.567 

1.206 

4.50 

1.675 

1.343 

5.22 

1.777 

1.468 

5.94 

1.874 

1.584 

3.80 

1.570 

1.210 

4.52 

1.678 

1.346 

5.24 

1.780 

1.473 

5.96 

1.877 

1.588 

3.82 

1.573 

1.214 

4.54 

1.681 

1.350 

5.26 

1.783 

1.477 

5.98 

1.880 

1.592 

3.84 

1.576 

1.218 

4.56 

1.684 

1.354 

5.28 

1.786 

1.480 

6.00 

1.882 

1.594 

3.86 

1.579 

1.222 

4.58 

1.686 

1.358 

5.30 

1.788 

1.482 

6.02 

1.885 

1.598 

3.88 

1.582 

1.226 

4.60 

1.689 

1.362 

5.32 

1.791 

1.486 

6.04 

1.888 

1.600 
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h 

m 

g(h) 

h 

m 

g(h) 

h 

/(A) 

£(*0 

h 

m 

g(h) 

6.04 

1.888 

1.600 

6.76 

1.979 

1.708 

7.48 

2.066 

1.808 

8.20 

2.151 

1.904 

6.06 

1.890 

1.604 

6.78 

1.981 

1.710 

7.50 

2.069 

1.811 

8.22 

2.153 

1.908 

6.08 

1.892 

1.606 

6.80 

1.984 

1.713 

7.52 

2.071 

1.815 

8.24 

2.156 

1.911 

6.10 

1.895 

1.609 

6.82 

1.986 

1.716 

7.54 

2.074 

1.816 

8.26 

2.158 

1.912 

6.12 

1.898 

1.613 

6.84 

1.989 

1.719 

7.56 

2.076 

1.819 

8.28 

2.160 

1.915 

6.14 

1.900 

1.616 

6.86 

1.991 

1.722 

7.58 

2.078 

1.822 

8.30 

2.163 

1.918 

6.16 

1.903 

1.619 

6.88 

1.994 

1.725 

7.60 

2.081 

1.825 

8.32 

2.165 

1.920 

6.18 

1.905 

1.621 

6.90 

1.996 

1.727 

7.62 

2.083 

1.828 

8.34 

2.167 

1.923 

6.20 

1.908 

1.625 

6.92 

1.999 

1.730 

7.64 

2.086 

1.830 

8.36 

2.170 

1.926 

6.22 

1.911 

1.628 

6.94 

2.001 

1.733 

7.66 

2.088 

1.833 

8.38 

2.172 

1.928 

6.24 

1.913 

1.630 

6.96 

2.004 

1.736 

7.68 

2.090 

1.836 

8.40 

2.174 

1.930 

6.26 

1.916 

1.633 

6.98 

2.006 

1.739 

7.70 

2.093 

1.838 

8.42 

2.176 

1.933 

6.28 

1.918 

1.636 

7.00 

2.009 

1.743 

7.72 

2.095 

1.841 

8.44 

2.179 

1.935 

6.30 

1.921 

1.639 

7.02 

2.011 

1.745 

7.74 

2.097 

1.844 

8.46 

2.181 

1.938 

6.32 

1.924 

1.643 

7.04 

2.014 

1.748 

7.76 

2.100 

1.847 

8.48 

2.183 

1.941 

6.34 

1.926 

1.645 

7.06 

2.016 

1.751 

7.78 

2.102 

1.850 

8.50 

2.186 

1.944 

6.36 

1.929 

1.649 

7.08 

2.019 

1.754 

7.80 

2.104 

1.852 

8.52 

.2.188 

1.946 

6.38 

1.931 

1.652 

7.10 

2.021 

1.756 

7.82 

2.108 

1.854 

8.54 

2.190 

1.949 

6.40 

1.934 

1.655 

7.12 

2.023 

1.758 

7.84 

2.109 

1.857 

8.56 

2.193 

1.952 

6.42 

1.936 

1.657 

7.14 

2.026 

1.761 

7.86 

2.112 

1.860 

8.58 

2.195 

1.954 

6.44 

1.939 

1.661 

7.16 

2.028 

1.764 

7.88 

2.114 

1.863 

8.60 

2.197 

1.956 

6.46 

1.941 

1.664 

7.18 

2.030 

1.767 

7.90 

2.117 

1.866 

8.62 

2.199 

1.959 

6.48 

1.944 

1.667 

7.20 

2.033 

1.770 

7.92 

2.119 

1.868 

8.64 

2.202 

1.962 

6.50 

1.946 

1.669 

7.22 

2.035 

1.772 

7.94 

2.122 

1.871 

8.66 

2.204 

1.965 

6.52 

1.949 

1.672 

7.24 

2.038 

1.775 

7.96 

2.124 

1.873 

8.68 

2.207 

1.967 

6.54 

1.951 

1.675 

7.26 

2.040 

1.778 

7.98 

2.126 

1.876 

8.70 

2.209 

1.970 

6.56 

1.954 

1.678 

7.28 

2.042 

1.781 

8.00 

2.128 

1.878 

8.72 

2.211 

1.972 

6.58 

1.956 

1.682 

7.30 

2.045 

1.784 

8.02 

2.130 

1.881 

8.74 

2.214 

1.975 

6.60 

1.959 

1.684 

7.32 

2.047 

1.786 

8.04 

2.133 

1.884 

8.76 

2.216 

1.977 

6.62 

1.962 

1.687 

7.34 

2.050 

1.789 

8.06 

2.135 

1.886 

8.78 

2.218 

1.980 

6.64 

1.964 

1.690 

7.36 

2.052 

1 .792 ' 

8.08 

2.138 

1.889 

8.80 

2.220 

1.982 

6.66 

1.966 

1.692 

7.38 

2.054 

1.795 

8.10 

2.140 

1.892 

8.82 

2.222 

1.984 

6.68 

1.969 

1.696 

7.40 

2.057 

1.798 

8.12 

2.142 

1.894 

8.84 

2.225 

1.987 

6.70 

1.971 

1.698 

7.42 

2.05? 

1.800 

8.14 

2.144 

1.897 

8.86 

2.227 

1.989 

6.72 

1.974 

1.702 

7.44 

2.062 

1.803 

8.16 

2.147 

1.900 

8.88 

2.229 

1.992 

6.74 

1.976 

1.705 

7.46 

2.064 

1.805 

8.18 

2.149 

1.902 

8.90 

2.231 

1.994 
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h 

m 

8(h) 

h 

m 

8(h) 

h 

f(h) 

8(h) 

h 

f(h) 

8(h) 

8.90 

2.231 

1.994 

9.7 

2.319 

2.092 

13.3 

2.678 

2.484 

16.9 

2.995 

2.823 

8.92 

2.233 

1.997 

9.8 

2.329 

2.104 

13.4 

2.687 

2.494 

17.0 

3.003 

2.832 

8.94 

2.236 

2.000 

9.9 

2.340 

2.116 

13.5 

2.696 

2.503 

17.1 

3.011 

2.841 

8.96 

2.238 

2.002 

10.0 

2.351 

2.128 

13.6 

2.705 

2.513 

17.2 

3.019 

2.850 

8.98 

2.240 

2.005 

10.1 

2.362 

2.140 

13.7 

2.714 

2.523 

17.3 

3.027 

2.857 

9.00 

2.242 

2.007 

10.2 

2.372 

2.151 

13.8 

2.723 

2.533 

17.4 

3.035 

2.866 

9.02 

2.244 

2.009 

10.3 

2.382 

2.162 

13.9 

2.732 

2.543 

17.5 

3.044 

2.876 

9.04 

2.247 

2.012 

10.4 

2.392 

2.173 

14.0 

2.741 

2.553 

17.6 

3.052 

2.883 

9.06 

2.249 

2.014 

10.5 

2.403 

2.185 

14.1 

2.750 

2.563 

17.7 

3.060 

2.892 

9.08 

2.251 

2.016 

10.6 

2.413 

2.196 

14.2 

2.759 

2.573 

17.8 

3.068 

2.901 

9.10 

2.253 

2.019 

10.7 

2.423 

2.207 

14.3 

2.768 

2.582 

17.9 

3.076 

2.910 

9.12 

2.255 

2.021 

10.8 

2.433 

2.218 

14.4 

2.777 

2.592 

18.0 

3.084 

2.919 

9.14 

2.258 

2.024 

10.9 

2.443 

2.230 

14.5 

2.787 

2.602 

18.1 

3.093 

2.926 

9.16 

2.260 

2.026 

11.0 

2.454 

2.242 

14.6 

2.796 

2.612 

18.2 

3.101 

2.935 

9.18 

2.262 

2.029 

11.1 

2.465 

2.253 

14.7 

2.805 

2.621 

18.3 

3.109 

2.943 

9.20 

« 

2.264 

2.031 

11.2 

2.475 

2.264 

14.8 

2.814 

2.631 

18.4 

3.117 

2.952 

9.22 

2.266 

2.034 

11.3 

2.484 

2.274 

14.9 

2.823 

2.640 

18.6 

3.133 

2.969 

9.24 

2.269 

2.036 

11.4 

2.494 

2.285 

15.0 

2.832 

2.649 

18.8 

3.148 

2.986 

9.26 

2.271 

2.039 

11.5 

2.504 

2.296 

15.1 

2.841 

2.659 

19.0 

3.164 

3.002 

9.28 

2.273 

2.042 

11.6 

2.514 

2.307 

15.2 

2.850 

2.669 

19.2 

3.180 

3.019 

9.30 

2.275 

2.044 

11.7 

2.524 

2.318 

15.3 

2.859 

2.678 

19.4 

3.196 

3.035 

9.32 

2.277 

2.046 

11.8 

2.534 

2.329 

15.4 

2.867 

2.686 

19.6 

3.211 

3.052 

9.34 

2.280 

2.049 

11.9 

2.544 

2.340 

15.5 

2.876 

2.697 

19.8 

3.227 

3.068 

9.36 

2.282 

2.051 

12.0 

2.554 

2.350 

15.6 

2.885 

2.706 

20.0 

3.243 

3.085 

9.38 

2.284 

2.053 

12.1 

2.563 

2.360 

15.7 

2.892 

2.715 

20.2 

3.258 

3.101 

9.40 

2.286 

2.056 

12.2 

2.573 

2.370 

15.8 

2.901 

2.724 

20.4 

3.273 

3.117 

9.42 

2.288 

2.058 

12.3 

2.582 

2.381 

15.9 

2.911 

2.733 

20.6 

3.288 

3.132 

9.44 

2.291 

2.061 

12.4 

2.592 

2.392 

16.0 

2.919 

2.742 

20.8 

3.303 

3.148 

9.46 

2.293 

2.063 

12.5 

2.601 

2.401 

16.1 

2.928 

2.751 

21.0 

3.318 

3.164 

9.48 

2.295 

2.065 

12.6 

2.610 

2.411 

16.2 

2.936 

2.760 

21.2 

3.333 

3.179 

9.50 

2.297 

2.067 

12.7 

2.620 

2.423 

16.3 

2.945 

2.769 

21.4 

3.348 

3,195 

9.52 

2.299 

2.069 

12.8 

2.630 

2.432 

16.4 

2.953 

2.778 

21.6 

3.362 

3.210 

9.54 

2.302 

2.072 

12.9 

2.640 

2.443 

16.5 

2.961 

2.787 

21.8 

3.377 

3.226 

9.56 

2.304 

2.075 

13.0 

2.650 

2.454 

16.6 

2.970 

2.796 

22.0 

3.392 

3.241 

9.58 

2.306 

2.077 

13.1 

2.660 

2.465 

16.7 

2.977 

2.805 

22.2 

3.408 

3.256 

9.60 

2.308 

2.080 

13.2 

2.669 

2.475 

16.8 

2.987 

2.814 

22.4 

3.421 

3.272 
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h 

m 

8(h) 

h 

m 

8(h) 

h 

m 

g(h) 

h 

m 

8(h) 

22.4 

3.421 

3.272 

29.6 

3.912 

3.782 

36.8 

4.348 

4.232 

72 

6.042 

5.959 

22.6 

3.436 

3.287 

29.8 

3.924 

3.795 

37 

4.359 

4.243 

73 

6.084 

6.001 

22.8 

3.450 

3.303 

30.0 

3.937 

3.808 

38 

4.417 

4.302 

74 

6.123 

6.041 

23.0 

3.465 

3.318 

30.2 

3.950 

3.821 

39 

4.473 

4.360 

75 

6.166 

6.084 

23.2 

3.480 

3.333 

30.4 

3.963 

3.835 

40 

4.528 

4.416 

76 

6.205 

6.124 

23.4 

3.494 

3.348 

30.6 

3.976 

3.848 

41 

4.584 

4.473 

77 

6.245 

6.165 

23.6 

3.509 

3.363 

30.8 

3.989 

3.862 

42 

4.638 

4.528 

78 

6.285 

6.205 

23.8 

3.523 

3.378 

31.0 

4.002 

3.875 

43 

4.692 

4.584 

79 

6.326 

6.246 

24.0 

3.538 

3.393 

31.2 

4.014 

3.888 

44 

4.743 

4.636 

80 

6.364 

6.284 

24.2 

3.551 

3.407 

31.4 

4.026 

3.900 

45 

4.797 

4.691 

81 

6.403 

6.326 

24.4 

3.565 

3.423 

31.6 

4.039 

3.913 

46 

4.848 

4.744 

82 

6.443 

6.364 

24.6 

3.579 

3.437 

31.8 

4.051 

3.925 

47 

4.899 

4.795 

83 

6.481 

6.403 

24.8 

3.593 

3.452 

32.0 

4.063 

3.938 

48 

4.950 

4.848 

84 

6.519 

6.442 

25.0 

3.607 

3.467 

32.2 

4.075 

3.951 

49 

5.000 

4.900 

85 

6.558 

6.481 

25.2 

3.621 

3.481 

32.4 

4.087 

3.963 

50 

5.050 

4.950 

86 

6.597 

6.519 

25.4 

3.635 

3.495 

32.6 

4.100 

3.976 

51 

5.099 

5.000 

87 

6.633 

6.557 

25.6 

3.647 

3.509 

32.8 

4.112 

3.988 

52 

5.147 

5.049 

88 

6.671 

6.596 

25.8 

3.661 

3.524 

33.0 

4.124 

4.001 

53 

5.198 

5.099 

89 

6.708 

6.633 

26.0 

3.676 

3.538 

33.2 

4.136 

4.014 

54 

5.244 

5.148 

90 

6.746 

6.671 

26.2 

3.689 

3.552 

33.4 

4.148 

4.026 

55 

5.293 

5.198 

91 

6.782 

6.708 

26.4 

3.702 

3.565 

33.6 

4.161 

4.039 

56 

5.339 

5.244 

92 

6.819 

6.746 

26.6 

3.716 

3.579 

33.8 

4.173 

4.051 

57 

5.387 

5.292 

93 

6.857 

6.783 

26.8 

3.729 

3.592 

34.0 

4.185 

4.064 

58 

5.433 

5.340 

94 

6.892 

6.819 

27.0 

3.742 

3.606 

34.2 

4.197 

4.076 

59 

5.478 

5.386 

95 

6.928 

6.856 

27.2 

3.756 

3.620 

34.4 

4.209 

4.088 

60 

5.524 

5.433 

96 

6.964 

6.892 

27.4 

3.769 

3.634 

34.6 

4.220 

4.100 

61 

5.568 

5.477 

97 

7.001 

6.929 

27.6 

3.783 

3.648 

34.8 

4.232 

4.112 

62 

5.612 

5.522 

98 

7.035 

6.964 

27.8 

3.796 

3.662 

35.0 

4.244 

4.124 

63 

5.656 

5.567 

99 

7.071 

7.000 

28.0 

3.810 

3.676 

35.2 

4.256 

4.136 

64 

5.701 

5.613 

100 

7.105 

7.035 

28.2 

3.823 

3.689 

35.4 

4.267 

4.148 

65 

5.746 

5.658 

101 

7.141 

7.070 

28.4 

3.836 

3.703 

35.6 

4.279 

4.160 

66 

5.789 

5.701 

102 

7.176 

7.106 

28.6 

3.848 

3.716 

35.8 

4.290 

4.172 

67 

5.832 

5.745 

103 

7.212 

7.142 

28.8 

3.861 

3.730 

36.0 

4.302 

4.184 

68 

5.875 

5.788 

104 

7.247 

7.178 

29.0 

3.874 

3.743 

36.2 

4.314 

^196 

69 

5.916 

5.830 

105 

7.279 

7.211 

29.2 

3.887 

3.756 

36.4 

4.325 

4.208 

70 

5.959 

5.875 

106 

7.315 

7.246 

29.4 

3.899 

3.769 

36.6 

4.336 

4.219 

71 

6.000 

5.917 

107 

7.349 

7.280 
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h 

m 

8(h) 

h 

m 

8(h) 

h 

f(h) 

8(h) 

h 

f(h) 

8(h) 

107 

7.349 

7.280 

143 

8.485 

8.426 

179 

9.487 

9.434 

215 

10.392 

10.344 

108 

7.383 

7.315 

144 

8.515 

8.456 

180 

9.513 

9.460 

216 

10.416 

10.368 

109 

7.416 

7.349 

145 

8.544 

8.485 

181 

9.539 

9.487 

217 

10.392 

110 

7.450 

7.383 

146 

8.573 

8.515 

182 

9.566 

9.513 

218 

10.464 

10.416 

111 

7.483 

7.416 

147 

8.602 

8.544 

183 

9.592 

9.539 

219 

10.488 

10.440 

112 

7.517 

7.450 

148 

8.631 

8.573 

184 

9.618 

9.566 

220 

10.512 

10.464 

113 

7.550 

7.483 

o 

8.660 

8.602 

185 

9.644 

9.592 

221 

10.536 

10.488 

114 

7.583 

7.517 

K9 

8.689 

8.631 

186 

9.670 

9.618 

222 

10.559 

10.512 

115 

7.616 

7.550 

wm 

8.718 

8.660 

187 

9.695 

9.644 

223 

10.583 

10.536 

116 

7.649 

7.583 

152 

8.747 

8.689 

188 

9.721 

9.670 

224 

10.607 

10.559 

117 

7.681 

7.616 

153 

8.775 

8.718 

189 

9.747 

9.695 

225 

10.630 

10.583 

118 

7.714 

7.649 

154 

8.803 

8.747 

190 

9.772 

9.721 

226 

10.654 

10.607 

119 

7.746 

7.681 

155 

8.832 

8.775 

191 

9.798 

9.747 

227 

10.677 

10.630 

7.778 

7.714 

156 

8.860 

8.803 

192 

9.823 

9.772 

228 

10.700 

10.654 

121 

7.810 

7.746 

157 

8.888 

8.832 

193 

9.849 

9.798 

229 

10.724 

10.677 

122 

7.842 

7.778 

158 

8.916 

8.860 

194 

9.874 

9.823 

230 

10.747 

10.700 

123 

7.874 

7.810 

159 

8.944 

8.888 

195 

9.900 

9.849 

231 

10.770 

124 

7.906 

7.842 

160 

8.972 

8.916 

196 

9.925 

9.874 

232 

10.794 

10.747 

125 

7.937 

7.874 

161 

9.000 

8.944 

197 

9.950 

9.900 

233 

10.817 

10.770 

126 

7.969 

7.906 

162 

9.028 

8.972 

198 

9.975 

9.925 

234 

10.840 

10.794 

127 

8.000 

7.937 

163 

9.055 

9.000 

199 

10.000 

9.950 

235 

10.863 

10.817 

128 

8.031 

7.969 

164 

9.083 

9.028 

200 

10.025 

9.975 

236 

10.886 

10.840 

129 

8.062 

8.000 

165 

9.110 

9.055 

201 

10.050 

10.000 

237 

10.909 

10.863 

130 

8.093 

8.031 

166 

9.138 

9.083 

202 

10.075 

10.025 

238 

10.932 

10.886 

131 

8.124 

8.062 

167 

9.165 

9.110 

203 

10.100 

10.050 

239 

10.954 

10.909 

132 

8.155 

8.093 

168 

9.192 

9.138 

204 

10.124 

10.075 

240 

10.977 

10.932 

133 

8.185 

8.124 

169 

9.220 

9.165 

205 

10.149 

10.100 

241 

11.000 

10.954 

134 

8.216 

8.155 

170 

9.247 

9.192 

206 

10.174 

10.124 

242 

11.023 

10.977 

135 

8.246 

8.185 

171 

9.274 

9.220 

207 

10.198 

10.149 

243 

11.045 

11.000 

136 

8.277 

8.216 

172 

9.301 

9.247 

208 

10.223 

10.174 

244 

11.068 

11.023 

137 

8.307 

8.246 

173 

9.327 

9.274 

209 

10.247 

10.198 

245 

11.091 

11.045 

138 

8.337 

8.277 

174 

9.354 

9.301 

210 

10.271 

10.223 

246 

11.113 

11.068 

139 

8.367 

8.307 

175 

9.381 

9.327 

211 

10.296 

10.247 

247 

11.136 

11.091 

140 

8.397 

8.337 

176 

9.407 

9.354 

212 

10.320 

10.271 

248 

11.158 

11.113 

141 

8.426 

8.367 

177 

9.434 

9.381 

213 

10.344 

10.296 

249 

11.180 

11.136 

142 

8.456 

8.397 

178 

9.460 

9.407 

214 

10.368 

10.320 

250 

11.203 

11.158 
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TABLE  1.  J0(  y) 


y 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

0 

wm 

HI 

m 

KBI 

0.9385 

0.9120 

0.8812 

mm 

0.8075 

l 

wBm 

0.7196 

■gni 

mm 

mm 

0.5118 

0.4554 

0.3980 

ini 

0.2818 

2 

KB 

0.1666 

wsm 

■H 

-0.0484 

-0.0968 

-0.1424 

HI 

-0.2243 

3 

-0.2601 

-0.2921 

-0.3443 

-0.3643 

-0.3801 

-0.3918 

-0.3992 

-  0.4026 

-0.4018 

4 

-0.3971 

-0.3887 

H Wnm 

-0.3610 

-0.3423 

-0.3205 

-0.2961 

-0.2693 

-0.2404 

-0.2097 

5 

-0.1776 

-0.1443 

-0.1103 

-0.0758 

-0.0412 

-  0.0068 

0.0270 

0.0599 

0.0917 

0.1220 

6 

0.1506 

0.1773 

0.2017 

0.2238 

0.2433 

0.2601 

0.2740 

0.2851 

0.2931 

0.2981 

7 

0.3001 

0.2991 

0.2951 

0.2882 

0.2786 

0.2663 

0.2516 

0.2346 

0.2154 

x 0.1944 

8 

0.1717 

0.1475 

0.1222 

0.0960 

0.0692 

0.0419 

0.0146 

-0.0125 

-0.0392 

-0.0653 

9 

-0.0903 

-0.1142 

-0.1367 

-0.1577 

-0.1768 

-0.1939 

-0.2090 

-0.2218 

-0.2323 

-0.2403 

10 

-  0.2459 

-0.2490 

-0.2496 

-0.2477 

-0.2434 

-0.2366 

-0.2276 

-0.2164 

-0.2032 

B|i| 

11 

-0.1712 

-0.1528 

-0.1330 

-0.1121 

-0.0902 

-0.0677 

-0.0446 

-0.0213 

0.0020 

WXIJUIW 

12 

0.0477 

0.0697 

0.0908 

0.1108 

0.1296 

0.1469 

0.1626 

0.1766 

0.1887 

13 

0.2069 

0.2129 

0.2167 

0.2183 

0.2177 

0.2150 

0.2101 

0.2032 

0.1943 

0.1836 

14 

0.1711 

0.1570 

0.1414 

0.1245 

0.1065 

0.0875 

0.0679 

0.0476 

0.0271 

0.0064 

15 

-0.0142 

-0.0346 

-0.0544 

-0.0736 

-0.0919 

-0.1092 

-0.1253 

-0.1401 

-0.1533 

-0.1650 

For  y  ^  16,  an  approximate  formula  is 


*  These  tables  are  taken  from  N.  W.  McLachlan,  Bessel  Functions  for  Engineers  (Oxford:  Clarendon 
Press,  1934),  by  permission  of  the  author  and  the  publisher. 
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TABLE  2.  J,(y) 


- ! 

y 

0 

0.1 

0.2 

0.3 

l 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

0 

0.0000 

0.0499 

0.0995 

in 

BB 

m 

in 

BB 

in 

0.4059 

1 

0.4401 

0.4709 

0.4983 

■n 

mam 

■Ha 

0.5812 

2 

0.5767 

0.5683 

0.5560 

■an 

0.5202 

0.4971 

0.4708 

0.4097 

0.3754 

3 

0.3391 

0.3009 

0.2613 

0.2207 

0.1792 

0.1374 

0.0955 

0.0538 

0.0128 

-0.0272 

4 

-0.0660 

-0.1033 

-0.1386 

-0.1719 

-0.2028 

-0.2311 

-0.2566 

-0.2791 

-0.2985 

-0.3147 

5 

-0.3276 

-0.3371 

-0.3432 

-0.3460 

-0.3453 

-0.3414 

-0.3343 

-0.3241 

-0.3110 

-0.2951 

6 

-0.2767 

-0.2559 

-0.2329 

-0.2081 

-0.1816 

-0.1538 

-0.1250 

-0.0953 

-0.0652 

-0.0349 

7 

-0.0047 

0.0252 

0.0543 

0.0826 

0.1096 

0.1352 

0.1592 

0.1813 

0.2014 

0.2192 

8 

0.2346 

0.2476 

0.2580 

0.2657 

0.2708 

0.2731 

0.2728 

0.2697 

0.2641 

0.2559 

9 

0.2453 

0.2324 

0.2174 

0.2004 

0.1816 

0.1613 

0.1395 

0.1166 

0.0928 

0.0684 

10 

0.0435 

0.0184 

-0.0066 

-0.0313 

-0.0555 

-0.0789 

-0.1012 

-0.1224 

-0.1422 

HI 

11 

-0.1768 

-0.1913 

-0.2039 

-0.2143 

-0.2225 

-0.2284 

-0.2320 

-0.2333 

-0.2323 

■HI 

12 

-0.2234 

-0.2157 

-0.2060 

-0.1943 

-0.1807 

-0.1655 

-0.1487 

-0.1307 

-0.1114 

-0.0912 

13 

-0.0703 

-0.0489 

-0.0271 

-0.0052 

0.0166 

0.0380 

0.0590 

0.0791 

0.0984 

0.1165 

14 

0.1334 

0.1488 

0.1626 

0.1747 

0.1850 

0.1934 

0.1999 

0.2043 

0.2066 

0.2069 

15 

0.2051 

0.2013 

0.1955 

0.1879 

0.1784 

0.1672 

i 

1 _ 

0.1544 

0.1402 

0.1247 

0.1080 

For  y  s:  16,  an  approximate  formula  is 


TABLE  3.  N0(y) 


y 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

1 

I 

0.6 

0.7 

0.8 

0.9 

0 

—  00 

-1.534 

-1.081 

-0.8073 

-  0.6060 

-0.3085 

-0.0868 

0.0056 

1 

0.1622 

0.2281 

0.2865 

0.3379 

0.4204 

0.4774 

0.4968 

2 

0.5183 

0.5208 

0.5181 

0.5104 

HH| 

0.4813 

0.4359 

0.4079 

3 

0.3769 

0.3431 

0.3071 

0.2691 

0.2296 

0.1890 

0.1477 

0.1061 

0.0645 

0.0234 

4 

-0.0169 

-0.0561 

-0.0938 

-0.1296 

-0.1633 

-0.1947 

-0.2235 

-0.2494 

-0.2723 

-0.2921 

5 

-0.3085 

-0.3216 

-0.3313 

-0.3374 

-0.3402 

-0.3395 

-0.3354 

-0.3282 

-0.3177 

-0.3044 

6 

-0.2882 

-0.2694 

-0.2483 

-0.2251 

-0.1999 

-0.1732 

-0.1452 

-0.1162 

-0.0864 

-0.0563 

7 

-0.0259 

0.0042 

0.0339 

0.0628 

0.0907 

0.1173 

0.1424 

0.1658 

0.1872 

0.2065 

8 

0.2235 

0.2381 

0.2501 

0.2595 

0.2662 

0.2702 

0.2715 

0.2700 

0.2659 

0.2592 

9 

0.2499 

0.2383 

0.2245 

0.2086 

0.1907 

0.1712 

0.1502 

0.1279 

0.1045 

0.0804 

10 

0.0557 

0.0307 

0.0056 

-0.0193 

-0.0437 

-0.0675 

-0.0904 

-0.1122 

-0.1326 

-0.1516 

11 

-0.1688 

-0.1843 

-0.1977 

-0.2091 

-0.2183 

-0.2252 

-0.2299 

-0.2322 

-0.2322 

-0.2298 

12 

-0.2252 

-0.2184 

-0.2095 

-0.1986 

-0.1858 

-0.1712 

-0.1551 

-0.1375 

-0.1187 

-0.0989 

13 

-0.0782 

-0.0569 

-0.0352 

-0.0134 

0.0085 

0.0301 

0.0512 

0.0717 

0.0913 

0.1099 

14 

0.1272 

0.1431 

0.1575 

0.1703 

i 

0.1812 

0.1903 

0.1974 

0.2025 

0.2056 

0.2065 

15 

0.2055 

0.2023 

0.1972 

0.1902 

0.1813 

0.1706 

0.1584 

0.1446 

0.1295 

0.1132 

For  y  >  16,  an  approximate  formula  is 


Tt\  1  .  (  TT 

s.n  i  y  -  -j  -  — s,n  [  y  +  4 


rny)  = 
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TABLE  4.  N-t(y) 


y 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

0 

—  00 

1 

-6.459 

-3.324 

-2.293 

■RH 

-1.471 

-1.260 

-1.103 

-0.9781 

-0.8731 

i 

-0.6981 

-0.6211 

-0.5485 

-0.4123 

-0.3476 

-0.2847 

-0.2237 

-0.1644 

2 

HM 

-0.0517 

0.0015 

0.0523 

0.1459 

0.1884 

0.2276 

0.2635 

0.2959 

3 

0.3496 

0.3707 

0.3879 

0.4102 

0.4154 

0.4167 

0.4141 

0.4078 

4 

0.3979 

0.3846 

0.3680 

0.3484 

0.3260 

0.3010 

0.2737 

0.2445 

0.2136 

0.1812 

5 

0.1479 

0.1137 

0.0792 

0.0445 

0.0101 

-0.0238 

-0.0568 

-0.0887 

-0.1192 

-0.1481 

6 

-0.1750 

-0.1998 

-  0.2223 

-  0.2422 

-0.2596 

-0.2741 

-0.2857 

-0.2945 

-0.3002 

-0.3029 

7 

-0.3027 

-0.2995 

-0.2934 

-0.2846 

-0.2731 

-0.2591 

-  0.2428 

-  0.2243 

-0.2039 

-0.1817 

8 

-0.1581 

-0.1331 

-0.1072 

-0.0806 

-0.0535 

-0.0262 

0.0011 

0.0280 

0.0544 

0.0799 

9 

0.1043 

0. 1275 

0.1491 

0.1691 

0.1871 

0.2032 

0.2171 

0.2287 

0.2379 

0.2447 

10 

0.2490 

0.2508 

0.2502 

0.2471 

0.2416 

0.2337 

0.2236 

0.2114 

0.1973 

0.1813 

11 

0.1637 

0.1446 

0.1243 

0.1029 

0.0807 

0.0579 

0.0348 

0.0114 

-0.0118 

-0.0347 

12 

-0.0571 

-0.0787 

-0.0994 

-0.1189 

-0.1371 

-0.1538 

-0.1689 

-0.1821 

-0.1935 

-  0.2028 

13 

-0.2101 

-0.2152 

-0.2182 

-0.2190 

-0.2176 

-0.2140 

-0.2084 

-0.2007 

-0.1912 

-0.1798 

14 

-0.1666 

-0.1520 

-0.1359 

-0.1186 

-0.1003 

-0.0810 

-0.0612 

-0.0408 

-0.0202 

0.0005 

15 

0.0211 

0.0413 

0.0609 

0.0799 

0.0979 

0.1148 

0.1305 

0.1447 

0.1575 

0.1686 

For  y  2:  16,  an  approximate  formula  is 
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TABLE  5.  J0(yrV2)  =  Joiyj3'2)  =  M0(y)e^ 


y 

0o(y) 

y 

M„(y) 

log10  VyM0(y) 

0o(y) 

0.00 

1.000 

•  •  • 

0.00° 

2.0 

1.229 

0.2401 

52.29° 

0.05 

1.000 

1.3995 

0.04 

2.1 

1.274 

0.2663 

56.74 

0.10 

1.000 

1.5000 

0.14 

2.2 

1.325 

0.2933 

61.22 

0.15 

1.000 

1.5880 

0.32 

2.3 

1.381 

0.3210 

65.71 

0.20 

1.000 

1.6505 

0.57 

2.4 

1.443 

0.3493 

70.19 

0.25 

1.000 

1.6990 

0.90 

2.5 

1.511 

0.3783 

74.65 

0.30 

1.000 

1.7386 

1.29 

2.6 

1.586 

0.4077 

79.09 

0.35 

1.000 

1.7721 

1.75 

2.7 

1.666 

0.4375 

83.50 

0.40 

1.000 

1.8012 

2.29 

2.8 

1.754 

0.4676 

87.87 

0.45 

1.001 

1.8269 

2.90 

2.9 

1.849 

0.4980 

92.21 

0.50 

1.001 

1.8499 

3.58 

3.0 

1.950 

0.5286 

96.52 

0.55 

1.001 

1.8708 

4.33 

3.1 

2.059 

0.5594 

100.79 

0.60 

1.002 

1.8900 

5.15 

3.2 

2.176 

0.5902 

105.03 

0.65 

1.003 

1.9077 

6.04 

3.3 

2.301 

0.6212 

109.25 

0.70 

1.004 

1.9242 

7.01 

3.4 

2.434 

0.6521 

113.43 

0.75 

1.005 

1.9397 

8.04 

3.5 

2.576 

0.6830 

117.60 

0.80 

1.006 

1.9543 

9.14 

3.6 

2.728 

0.7140 

121.75 

0.85 

1.008 

1.9682 

10.31 

3.7 

2.889 

0.7449 

125.87 

0.90 

1.010 

1.9815 

11.55 

3.8 

3.061 

0.7758 

129.99 

0.95 

1.013 

1.9943 

12.86 

3.9 

3.244 

0.8067 

134.10 

1.00 

1.016 

0.0067 

14.23 

4.0 

3.439 

0.8375 

138.19 

1.05 

1.019 

0.0187 

15.66 

4.5 

4.618 

0.9910 

158.59 

1.10 

1.023 

0.0304 

17.16 

5.0 

6.231 

1.1441 

178.93 

1.15 

1.027 

0.0419 

18.72 

5.5 

8.447 

1.2969 

199.28 

1.20 

1.032 

0.0533 

20.34 

6.0 

11.50 

1.4498 

219.62 

1.25 

1.038 

0.0645 

22.02 

7.0 

21.55 

1.7560 

260.29 

1.30 

1.044 

0.0756 

23.75 

8.0 

40.82 

2.0624 

300.92 

1.35 

1.051 

0.0867 

25.54 

9.0 

77.96 

2.3690 

341.52 

1.40 

1.059 

0.0978 

27.37 

10.0 

149.8 

2.6756 

382.10 

1.45 

1.067 

0.1089 

29.26 

11.0 

289.5 

2.9824 

422.66 

1.50 

1.077 

0.1201 

31.19 

mam 

561.8 

3.2892 

463.22 

1.55 

1.087 

0.1314 

33.16 

Wan 

2,137 

3.9029 

544.32 

1.60 

1.098 

0.1428 

35.17 

8,217 

4.5168 

625.40 

1.65 

1.111 

0.1544 

37.22 

3,185, 

5.1307 

706.46 

1.70 

1.124 

0.1661 

39.30 

EH 

1 ,2422 

5.7447 

787.52 

1.75 

1.139 

0.1779 

41.41 

25.0 

3,8093 

7.2798 

990.15 

1.80 

1.154 

0.1900 

43.54 

30.0 

1 ,1925 

8.8150 

1,192.75 

1.85 

1.171 

0.2022 

45.70 

35.0 

3,7866 

10.3502 

1,395.35 

1.90 

1.189 

0.2146 

47.88 

40.0 

1,2158 

11.8856 

1,597.94 

1.95 

1.208 

0.2273 

50.08 

45.0 

3 ,9299 

13.4209 

1,800.53 

( 1, 2 158  represents  1,215  x  108.) 

For  y  >  45,  approximate  formulas  are 

logioMo(y)  =  0.3071y  +  °'-°^84  -  0.3991  -  ^log10y 

c  oa/: 

0o(y)  =  4O.°514y--J - 22.°5 

y 

If  interpolation  is  required  when  y  ^  2.7,  the  function  log10  [\/yMQ(y)\  should  be  used  and 
M0(y)  computed  from  it. 


TABLE  6.  Jx{yj~v2)ei'ao°  =  Jx(yj3/2)  =  M1(y)e/'9l<w 


y 

M,(y) 

logic  VyM,(y) 

0i(y) 

y 

Mx(y) 

log,0V^M,(y) 

0i(y) 

0.00 

0.0000 

•  •  • 

2.25 

1.199 

0.2548 

170.50° 

0.05 

0.0250 

3.7474 

2.30 

1.232 

0.2715 

172.03 

0.10 

0.0500 

2.1990 

2.35 

1.266 

0.2881 

173.58 

0.15 

0.0750 

2.4631 

135.16 

2.40 

1.301 

0.3045 

175.16 

0.20 

0.1000 

2.6505 

135.29 

2.45 

1.337 

0.3207 

176.76 

0.25 

0.1250 

2.7959 

135.45 

2.50 

1.374 

0.3368 

178.39 

0.30 

0.1500 

2.9147 

135.64 

2.55 

1.411 

0.3529 

180.03 

0.35 

0.1750 

1.0151 

135.88 

2.60 

1.450 

0.3688 

181.70 

0.40 

0.2000 

1.1021 

136.15 

2.65 

1.489 

0.3846 

183.39 

0.45 

0.2250 

1.1788 

136.45 

2.70 

1.530 

0.4004 

185.10 

0.50 

0.2500 

1.2475 

136.79 

2.80 

1.615 

0.4317 

188.57 

0.55 

0.2751 

1.3096 

137.17 

2.90 

1.705 

0.4628 

192.11 

0.60 

0.3001 

1.3663 

137.58 

3.00 

1.800 

0.4938 

195.71 

0.65 

0.3252 

1.4185 

138.03 

3.10 

1.901 

0.5247 

199.37 

0.70 

0.3502 

1.4669 

138.51 

3.20 

2.009 

0.5555 

203.03 

0.75 

0.3753 

1.5119 

139.03 

3.30 

2.124 

0.5863 

206.83 

0.80 

0.4004 

1.5541 

139.58 

3.40 

2.246 

0.6171 

210.62 

0.85 

0.4256 

1.5937 

140.17 

3.50 

2.376 

0.6479 

214.44 

0.90 

0.4508 

1.6311 

140.80 

3.60 

2.515 

0.6788 

218.30 

0.95 

0.4760 

1.6665 

141.46 

3.70 

2.664 

0.7096 

222.17 

1.00 

0.5013 

1.7001 

142.16 

3.80 

2.823 

0.7405 

226.07 

1.05 

0.5267 

1.7321 

142.89 

4.00 

3.173 

0.8025 

233.90 

1.10 

0.5521 

1.7627 

143.66 

4.25 

3.681 

0.8801 

243.77 

1.15 

0.5776 

1.7920 

144.46 

4.50 

4.278 

0.9579 

253.67 

1.20 

0.6032 

1.8201 

145.29 

5.00 

5.809 

1.1136 

273.55 

1.25 

0.6290 

1.8471 

146.17 

5.5 

7.925 

1.2692 

293.48 

1.30 

0.6548 

1.8731 

147.07 

6.0 

10.85 

1.4245 

313.45 

1.35 

0.6808 

1.8982 

148.02 

6.5 

14.90 

1.5795 

333.46 

1.40 

0.7070 

1.9225 

148.99 

7.0 

20.50 

1.7343 

353.51 

1.45 

0.7333 

1.9460 

150.00 

7.5 

28.27 

1.8889 

373.59 

1.50 

0.7598 

1.9688 

151.04 

8.0 

39.07 

2.0434 

393.69 

1.55 

0.7866 

1.9909 

152.12 

9.0 

74.97 

2.3520 

433.96 

1.60 

0.8136 

0.0125 

153.23 

10.0 

144.7 

2.6604 

474.28 

1.65 

0.8408 

0.0335 

154.38 

11.0 

280.4 

2.9685 

514.63 

1.70 

0.8684 

0.0539 

155.55 

12.0 

545.6 

3.2765 

555.02 

1.75 

0.8962 

0.0739 

156.76 

14.0 

2,084 

3.8920 

635.84 

1.80 

0.9244 

0.0935 

158.00 

16.0 

8,038 

4.5072 

716.72 

1.85 

0.9530 

0.1127 

159.27 

18.0 

3,123, 

5.1222 

797.63 

1.90 

0.9819 

0.1315 

160.57 

20.0 

1,220, 

5.7370 

878.57 

1.95 

1.011 

0.1499 

161.90 

25.0 

3,7553 

7.2736 

1,080.98 

2.00 

1.041 

0.1680 

163.27 

30.0 

U785 

8.8099 

1,283.45 

2.05 

1.072 

0.1859 

164.66 

35.0 

3,7486 

10.3459 

1,485.94 

2.10 

1.102 

0.2035 

166.08 

40.0 

1 ,2048 

11.8817 

1,688.46 

2.15 

1.134 

0.2208 

167.53 

45.0 

3,8999 

13.4175 

1,890.98 

2.20 

1.166 

0.2379 

169.00 

50.0 

1,270, , 

14.9532 

2,093.52 

(1,1785  represents  1,718  x  10s) 

For  y  ^  50,  approximate  formulas  are 

0.1152  1 

logm  M,(y)  =  0.3071y - - -  0.3991  -  -  log10  y 

v  15  °19 

e,(y)  =  40.°51%  +  — —  +  67.  °5 

If  interpolation  is  required  when  y  >  3.3,  the  function  log10  [\/y  Mx(y)\  should  be  used  and 
M,(y)  computed  from  it. 
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Constants  of  Conductors  and  Semiconductors 


Materials  in  order  of  decreasing 
conductivity 

Conductivity,  <je 
at  20°C 

constant 

(S/m) 

Relative 
dielectric 
constant,  eer  at 
20°C 

Silver 

6.14  x  107 

r 

Copper,  annealed 

5.80  x  107 

i 

Copper,  hard-drawn 

5.65  x  107 

i 

Aluminum 

3.54  x  107 

i 

Tungsten 

1.81  x  107 

i 

Zinc 

1.74  x  107 

i 

Brass  (30%  Zn) 

1. 2-1.5  x  107 

i 

Nickel 

1.28  x  107 

i 

Iron,  pure 

1.00  x  107 

i 

Steel 

0.5-1  x  107 

i 

Tin 

0.87  x  107 

i 

Manganin  (84%  Cu,  12%  Mn,  4%  Ni) 

0.23  x  107 

i 

Constantin  (60%  Cu,  40%  Ni) 

0.20  x  107 

i 

Nichrome 

0.10  x  107 

i 

Salt  water 

3-5 

80 

Wet  earth 

io-2-io~3 

5-15 

Lake  water 

10-2-10-3 

80 

Distilled  water 

2  x  10“4 

81 

Dry  earth 

10-4-10-5 

2-6 
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Constants  of  Dielectrics  at  Low  Frequencies 


Material  in  order  of  decreasing 
conductivity 

Conductivity,  cre 
at  20°C 
(S/m) 

Relative 
dielectric 
constant,  eer  at 
20°C 

Slate 

io-6 

6. 6-7. 4 

Bakelite 

io-8-io->° 

5.5 

Wood,  paraffined 

io-«_io-" 

2-7 

Mica 

10-n_io-.5 

2.1 

Glass 

IO12 

6-8 

Shellac 

io- 14 

2.1-3  J 

Petroleum 

io-14 

2.0-3. 2 

Paraffin 

10-,4-10- 16 

1.9-2. 3 

Rubber,  hard 

10- 14-10- 16 

2. 0-3. 2 

Constants  of  Dielectrics  at  High  Frequencies 


Material 

Relative 
dielectric 
constant,  eer 

Loss  tangent, 
ue/o)ee  =  e"/e' 

Frequency 

(MHz) 

Bakelite  (sheet) 

3.57 

0.080 

3000 

Glass 

3. 8-8.7 

0.001-0.01 

1200 

Lucite 

f  2.58 

0.0090 

1200 

(  2.56 

0.0087 

3000 

Mycalex,  red 

5.91 

0.0030 

1200 

Mycalex,  white 

5.74 

0.0033 

1200 

Paraffin 

2.17 

0.00019 

1200 

Polyethylene 

2.26 

0.00031-0.0023 

1200 

Polystyrene 

2.45 

0.00028-0.00090 

1200 

Rubber,  hard,  black 

2.69 

0.00059 

3000 

Rubber,  soft,  black 

3.15 

0.0058 

1200 

Source:  C.  R.  Englund,  Bell  Syst.  Tech.  J.,  23,  125  (January  1944). 
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Appendix 


Dimensions  and  Units 


A.V-1  THEORETICAL  ANALOGUES  AND  EXPERIMENTAL 
MEASUREMENTS 

The  primary  purpose  of  the  mathematical  model  of  electromagnetism  is  to  calculate 
theoretical  analogues  of  directly  observable  measurements — these  to  be  deter¬ 
mined  by  means  of  suitably  arranged  experiments.  Such  an  aim  evidently  can  be 
achieved  only  if  the  equations  constituting  the  mathematical  structure  have  been 
so  devised,  and  the  symbols  appearing  in  them  have  been  so  defined,  that  each 
equation  or  set  of  equations  may  be  reduced  to  a  relation  between  direct  theoretical 
analogues  of  actual  measurements  or  pointer  readings.  This  does  not  mean  that 
each,  or  even  a  single  one,  of  the  symbols  appearing  in  a  given  equation  has  a 
direct  experimental  analogue.  In  fact,  this  usually  is  not  the  case.  It  does  mean, 
however,  that  every  symbol  in  every  equation  forming  a  part  of  the  mathematical 
model  must  somewhere  and  somehow  be  functionally  related  to  other  symbols  that 
do  have  such  analogues.  For  example,  the  electric  and  magnetic  vectors  E  and  B 
have  no  experimental  analogues  as  written  in  the  field  equations.  But  through  the 
force  equation  they  are  functionally  related  to  deflection  variables  of  the  mathe¬ 
matical-mechanical  model.  And  these  may  be  chosen  to  have  direct  experimental 
analogues. 

Every  measurement  expresses  how  many  times  an  arbitrary  scale  unit  is  con- 
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tained  in  an  observed  scale  interval  that  constitutes  the  measurement.  The  existence 
of  basic  scale  units  or  standards  is  thus  essential  to  all  quantitative  determinations. 
The  establishment  of  standards  may  be  described  in  terms  of  two  interrelated  parts. 
The  first  of  these  involves  the  selection  of  a  minimum  number  of  “fundamental 
dimensions”  from  the  symbols  of  the  mathematical  model.  Such  dimensions  may 
themselves  have  direct  experimental  analogues,  or  they  may  be  functionally  related 
to  quantities  that  have  such  analogues.  The  second  part  is  concerned  with  the 
experimental  determination  of  the  pointer  readings  in  terms  of  which  the  unit 
dimension  is  to  be  defined.  Both  the  selection  of  fundamental  dimensions  and  the 
experimental  technique  used  to  specify  the  units  offer  a  wide  variety  of  possibili¬ 
ties.*  In  every  case,  however,  the  basic  criteria  should  be  those  of  simplicity, 
convenience,  and  accuracy.  In  particular,  the  functional  relationship  between  a 
proposed  fundamental  dimension  and  a  quantity  for  which  direct  experimental 
analogues  can  be  provided  should  be  a  simple  one.  Where  possible,  it  is  desirable 
to  choose  dimensions  which  themselves  have  direct  experimental  analogues.  Fur¬ 
thermore,  the  experimental  technique  involved  in  obtaining  the  pointer  readings 
in  terms  of  which  the  unit  is  to  be  specified  must  be  simple  and  easily  and  accurately 
reproduced. 

It  is  possible  to  distinguish  among  three  different  methods  of  establishing 
fundamental  units  for  a  given  choice  of  fundamental  dimension. f 


1.  An  arbitrary  standard  is  constructed  once  and  for  all,  and  permanent 
constancy  and  invariance  are  assumed  for  it.  Examples  of  this  method 
are  the  setting  aside  of  carefully  selected  pieces  of  matter  such  as  the 
standard  meter  and  the  standard  kilogram. 

2.  Proportionality  constants  appearing  in  equations  in  the  mathematical 
model  that  involve  the  quantity  chosen  as  a  fundamental  dimension  are 
given  arbitrary  numerical  values.  The  unit  mass  might  be  defined  in 
terms  of  Newton’s  law  of  universal  gravitation, 


kmlm2 


r 


2 


By  arbitrarily  setting  the  constant  k  equal  to  1,  the  definition  of  unit 
mass  would  be  that  mass  which  when  placed  a  unit  distance  from  a  like 
mass  attracts  this  with  a  unit  of  force.  As  another  example,  the  unit  of 
temperature  might  be  defined  in  a  similar  way  in  terms  of  the  general 
gas  formula,  by  first  assigning  an  arbitrary  numerical  value  to  the  gas 
constant. 


*  Ernst  Weber,  “A  Proposal  to  Abolish  the  Absolute  Electrical  Units  Systems,” 
51  (1932). 

tG.  Mie,  Handbuch  der  Experimentalphysik,  Vol.  XI/1  (1932),  p.  648. 

& 


Trans.  AIEE , 


<s 


586 


Dimensions  and  Units  Appendix  V 


3.  Fundamental  dimensions  that  are  simply  related  to  direct  theoretical 
analogues  of  accurate  pointer  readings  are  assigned  numerical  values. 

a.  The  fundamental  dimension  of  length  is  theoretically  closely  related  to 
the  wavelength  of  a  red  cadmium  line,  which,  in  turn,  has  a  direct 
spectroscopic  pointer-reading  analogue.  The  unit  of  length,  the  meter, 
is  defined  by  assigning  the  numerical  value 

1 

A.,.,, i  r.,.i  —  meter 

cad,  red  1^53^64.13 

to  the  wavelength  of  the  cadmium  line. 

b.  Mechanical  force  is  itself  a  direct  theoretical  analogue  of  the  equilibrium 
pointer  reading  of  a  balance.  A  unit  of  force  may  be  defined  by  assigning 
the  value  0.999972  gram  to  the  weight  of  a  cubic  centimeter  of  water  at 
4°C. 

c.  The  dimension  of  temperature  is  theoretically  related  to  mechanical  or 
electrical  changes  in  various  devices,  such  as  the  expansion  of  a  gas  when 
heated.  The  unit  of  temperature  may  be  defined  by  assigning  the  value 
100.00  degrees  to  the  temperature  interval  between  the  melting  and 
boiling  points  of  water  under  standard  barometric  pressure  as  observed 
for  the  calibration  of  any  convenient  device. 

A  brief  consideration  of  these  three  methods  suggests  the  following  criticism. 
The  first  method  is  simple  and  experimentally  convenient.  But  its  accuracy  is  hardly 
adequate  for  high-precision  measurements,  since  it  is  based  on  the  hope  rather 
than  on  the  knowledge  that  the  sample  chosen  remains  invariant  in  time.  The  only 
way  to  verify  that,  in  spite  of  all  precautions,  it  does  not  change  is  to  provide  a 
dependable  way  for  measuring  it  from  time  to  time.  Such  a  method,  as  for  example 
the  spectroscopic  measurement  of  the  standard  meter,  then  supersedes  the  standard 
sample.  It  is  evident  also  that  only  a  very  limited  number  of  dimensions  can  be 
assigned  even  a  reasonably  permanent  unit  in  this  way.  The  second  method  is 
mathematically  simple,  but  it  is  more  unfortunate  from  the  experimental  point  of 
view.  It  actually  does  not  specify  any  series  of  experimental  operations  for  deter¬ 
mining  the  pointer-reading  analogues  of  the  dimension  chosen,  it  merely  imagines 
an  experiment.  This  is  as  likely  as  not  inconvenient,  inaccurate,  and  even  impos¬ 
sible.  The  third  method  is  the  most  satisfactory  and  the  most  common.  By  proper 
choice  of  dimension  and  a  careful  selection  of  an  experiment  which  combines  a 
high  degree  of  precision  with  convenience,  a  unit  may  be  specified  accurately  in  a 
way  that  is  both  experimentally  and  theoretically  convenient. 

If  fundamental  dimensions  are  assigned  units  according  to  the  third  method, 
then  the  proportionality  constant  in  important  relations  such  as  Newton’s  law  of 
gravitation  and  the  general  gas  formula  are  determined  by  the  variables  in  the 
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relation.  By  a  suitably  arranged  experiment  in  which  all  these  variables  may  be 
assigned  numerical  values  by  substituting  pointer  readings  for  theoretical  analogues, 
the  constant  may  be  computed  as  a  number  with  dimensions.  This  is  done,  for 
example,  both  in  Newton’s  law  and  in  the  general  gas  formula. 


A.V-2  THE  DIMENSIONAL  FORMULATION  OF  THE 
ELECTROMATHEMATICAL  MODEL 


In  the  mathematical  description  of  the  atomic  model  in  terms  of  continuous  func¬ 
tions,  six  densities  were  constructed  to  characterize  the  average  condition  of  charge 
and  of  moving  charge.  In  addition  to  using  the  dimensions  of  length  and  time, 
these  were  defined  in  terms  of  one  specifically  electrical  dimension  introduced  to 
stand  for  the  property  of  matter  called  charge.  Thus  the  mathematical  analogue 
of  the  atomic  model  deals  with  the  four  dimensions  symbolically  represented  by 
L,  M,  T,  and  Q.  The  unit  names  introduced  for  these  dimensions  are  for  length, 
the  meter;  for  mass,  the  kilogram;  for  time,  the  second;  and  for  charge,  the  cou¬ 
lomb. 

In  order  to  examine  the  dimensional  character  of  the  field  and  potential 
equations,  these  may  be  written  in  terms  of  the  quantities  involved  insofar  as  these 
can  be  assigned.  Quantities  to  which  dimensions  can  be  assigned  in  these  equations 
are 

P  *  =  ^  (A.V-1) 


From  their  definitions,  it  is  easily  verified  that  the  vector  operators  which  occur 
have  the  following  dimensional  equivalents: 

V.I. 

v 

Since  the  field  equations  and  the  potential  equations  are  analytically  equivalent, 
it  is  evidently  not  necessary  to  examine  the  dimensional  characteristics  of  both. 
The  relation  between  the  field  vectors  and  the  potentials  is  defined  by 


1 


L2 


(A.V-2) 


E  =  — Vcj>  -  A 
B  =  V  X  A 


Consequently,  their  dimensional  interdependence  is  simply 


E 

B 


4 

L 

A 

L 


(A.V-3) 


(A.V-4) 


') 
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Because  of  their  symmetrical  form,  the  potential  equations  (3.4-19)  and  (3.4-20) 
are  more  convenient  than  the  field  equations.  The  three  terms  in  each  lead  to  the 
following  quasi-dimensional  forms: 


L2  T2 


(A.V-5a) 


A-  ~  ^  Q 

J2  J2  TL2 


(A.V-5b) 


The  potential  equation  of  continuity  (3.4-17)  has  the  dimensional  form 


4  ^  feoMo 
L  T 


(A.V-5c) 


In  (A.V-5a-c),  <j>,  A,  e0,  and  |x0  as  yet  cannot  be  written  dimensionally. 

From  these  relations  it  is  apparent,  as  was  already  evident  from  the  potential 
equations  themselves,  that  the  product  (e0|x0)  has  the  dimensions 


eoflo 


T2 

L2 


(A.V-6) 


This  is  the  square  of  a  reciprocal  velocity  that  has  been  assigned  the  symbol  c. 
Thus 


c 


2 


(A.V-7) 


The  substitution  of  this  dimensional  equivalent  for  (e0|x0)  in  (A.V-5a-c)  with 
a  rearrangement  of  terms,  gives 


€°  <j>  L 

at  <j >r2 

1X0  Q  QL 


(A.V-8) 


A  «  <j> 


T 

L 


This  is  a  set  of  three  relations  that  involve  four  quantities  as  yet  without  dimensional 
equivalents.  Since  three  relations  are  not  sufficient  to  define  four  quantities,  it  is 
convenient  for  the  present  to  assign  an  independent  dimension  to  the  scalar  po¬ 
tential  <j>.  Let  its  dimensional  symbol  be  V,  and  its  unit  name  the  volt.  All  purely 
electrical  quantities  can  now  be  expressed  in  terms  of  combinations  of  the  four 
dimensions  L,  T,  Q,  V  and  the  corresponding  units  the  meter,  the  second,  the 
coulomb,  and  the  volt.  In  most  electrical  problems,  the  use  of  the  fundamental 
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dimensions  L,  T,  and  Q  and  the  auxiliary  dimension  V  leads  to  simple  and  useful 
dimensional  forms. 

Proceeding  to  a  consideration  of  the  force  equation  (4.1-5),  it  follows  from 
(A.V-4)  that 


(A.V-9) 


Accordingly,  the  electromagnetic  force  Fhas  the  following  dimensions  and  units: 


coulomb-volts 

meter 


(A.V-10) 


The  mechanical  equivalent  of  electricity  Ae  is  defined  by  the  force  equation.  Di¬ 
mensionally,  it  must  be* 


Fm  ___  MLT  2  newtons 

F  QVL _1  coulomb- volts  per  meter 


(A.V-11) 


or 


ML2T~2 

QV 


mechanical  joules 
coulomb-volts 


(A.V-12) 


Here  the  numerator  has  the  dimension  of  mechanical  energy,  the  denominator  that 
of  electromagnetic  energy. 

If  in  the  relations  (A.V-11)  and  (A.V-12),  V  is  treated  as  a  fifth  independent 
dimension,  Ae  is  a  dimensional  constant.  Its  numerical  value  is  the  ratio  between 
mechanical  and  electrical  energy  functions;  it  must  be  determined  experimentally 
and  treated  as  a  fundamental  constant.**  On  the  other  hand,  if  V  is  used  as  an 
auxiliary  dimension,  it  may  be  expressed  in  terms  of  the  four  fundamental  dimen¬ 
sions  L,  T,  M,  and  Q.  This  is  readily  done  (following  method  2  described  in  Sec. 
A.V-1)  with  the  assignment  of  a  dimensionless  numerical  value  of  unity  to  the 
constant  Ae. f  In  this  case  the  fundamental  dimensions  of  V  are  given  by 


(A.V-13) 


and  the  unit  of  V,  the  volt,  may  be  defined  directly  or  indirectly  in  terms  of  the 
kilogram,  meter,  second,  and  coulomb. 


*1  newton  =  1  mechanical  joule/meter  =  force  to  accelerate  1  kilogram  1  meter/second/second. 
This  is  the  system  adopted  by  Mie,  “Elektrodynamik,”  Handbuch  der  Experimental - 


*  * 


physik”  Vol.  XI/1,  (1932). 

fThis  is  done  in  the  rationalized  practical  system  (SI  units)  used  in  this  text. 
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Unit  Nomenclature 


Electromagnetic  unit 


Mechnical  unit 


coulomb/second 

coulomb-volt 

coulomb-volt/second  \ 

ampere-volt  > 

joule/second  J 

coulomb/volt 

volt-second/coulomb  \ 

volt/ampere  ) 

coulomb/volt-second 

ampere/volt 

1/ohm 

volt-second/square  meter 
volt-second/coulomb/second 
volt-second/ampere 
weber/ampere 
tesla-square  meter/ampere 


is  equivalent  to  ampere 

joule3 

watt3 

farad 

ohm 


siemens 

weber/m2  or  tesla 


henry 


3  Note  that  the  unit  names  joule  and  watt  may  be  taken  to  be  purely  electrical  in 
the  same  way  as  the  calorie  and  calorie/second  are  purely  thermal.  The  relation 
of  the  electrical  joule  to  the  mechanical  joule,  or  erg  x  107,  is  then  contained  in 
the  mechanical  equivalent  of  electricity  Ae.  If,  as  in  the  practical  system  (SI  units) 
used  in  this  text,  Ae  is  set  equal  to  1,  mechanical  and  electrical  joules  are  identical. 


A.V-3  ELECTROMAGNETIC  UMTS  AND  CONSTANTS 

The  dimensional  formulation  of  the  electromagnetic  model  outlined  in  the  pre¬ 
ceding  two  sections  involves  the  selection  of  a  fundamental  electrical  dimension  Q 
for  electric  charge  and  an  auxiliary  electrical  dimension  V  for  the  scalar  potential. 
The  practical  unit  of  charge,  the  coulomb,  and  the  practical  unit  of  potential,  the 
volt,  must  be  specified  in  terms  of  one  of  the  three  methods  outlined  in  Sec.  A.V- 
1 .  If  both  Q  and  V  are  treated  as  independent  dimensions  (Mie) ,  the  coulomb  and 
the  volt  may  be  defined  directly  in  terms  of  pointer-reading  analogues  of  quantities 
related  to  Q  and  V  in  specially  devised  and  easily  and  accurately  reproduced 
experiments.  The  most  convenient  method  from  the  experimental  point  of  view 
involves  the  definition  of  the  coulomb  (e.g.,  in  terms  of  the  electrolysis  of  silver) 
and  the  definition  of  the  volt-second  per  coulomb  or  ohm  in  terms  of  a  standard 
resistance  (such  as  a  suitable  column  of  mercury).  The  units  so  defined  are  the 
international  coulomb  and  the  international  volt.  With  Q  and  V  thus  defined, 
further  experiments  must  be  performed  to  determine  numerical  values  for  the 
fundamental  constants  |x0  and  e0  (and  for  the  mechanical  equivalent  of  electricity 
Ae  if  this  is  not  set  equal  to  1). 

In  the  practical  system  of  units  used  in  this  text  (SI  units),  the  coulomb  but 
not  the  volt  is  treated  as  an  independent  unit.  In  this  system,  the  dimensionless 
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value  of  unity  is  assigned  to  the  mechanical  equivalent  of  electricity  Ae,  so  that 
any  experiment  performed  to  determine  Ae  may  be  used  to  define  the  product  QV 
in  mechanical  joules  (which  are  here  identical  with  electrical  joules).  Similarly,  the 
experiment  defining  VTIQ  in  terms  of  the  standard  ohm  may  be  used  to  define  the 
ratio  VI Q.  With  the  coulomb-volt  and  volt  per  coulomb  uniquely  specified,  two 
equations  in  two  unknowns  are  available  to  define  the  coulomb  and  the  volt  in 
terms  of  the  ohm  and  the  mechanical  joule  and,  hence,  in  terms  of  the  meter, 
kilogram,  ohm,  and  second.  The  fundamental  constants  |x0  and  e0  are  determined 
experimentally,  and  from  them  the  characteristic  velocity  c  =  l/vVoeo  and  the 
characteristic  resistance  £0  =  V|x0/e0  may  be  calculated.  Or,  c  and  one  of  |x0  and 
e0  may  be  measured  experimentally. 

Based  on  the  definition  of  the  international  coulomb  and  volt,  Mie*  has 
calculated  the  following  as  the  best  numerical  values  in  the  rationalized  system: 

e0  =  0.8859  x  10~n  farad/meter 
|x0  =  1.25598  x  10“ 6  henry/meter 


1 


c  = 


"V  M-oeo 


=  2.9979  x  108  meters/second  =  3  x  108  meters/second 


Ae  =  1.00043  mechanical  joules/electrical  joule 


A 


A 


=  4.1842  electrical  joules/calorie 


In  the  rationalized  practical  system,  slightly  different  values  obtain  because 
Ae  is  by  definition  unity  so  that  the  product  QV  is  slightly  changed.  The  values  are 


eo  = 


107 

4'ttc2 


=  0.8854  x  10  11  farad/meter 


|x0  =  4-tt  x  10  7  =  1.257  x  10  6  henry/meter 


1 


c  = 


Vm^o 


=  2.9979  x  108  meters/second  =  3  x  108  meters/second 


£0  =  /—  =  376.7  ohms 


Ae 

A 

Ae 


1 

Aq  =  4.186  joules/calorie 


*“Electrodynamik,”  Handbuch  der  Experimentalphysik,  Vol.  XI/1  (1932),  p.  484. 
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Some  writers  using  the  practical  system  feel  that  if  the  ohm  is  established  as 
a  fundamental  unit,  resistance  should  be  introduced  with  a  symbol  R  in  all  dimen¬ 
sional  formulas  instead  of  Q.  However,  resistance  is  not  a  fundamental  concept  as 
is  electric  charge,  and  its  use  together  with  M,  L,  and  T  leads  to  intricate  dimen¬ 
sional  formulas  such  as 

Q  ~  My2LR  - 1/2  r~ 1/2 ;  V  «  My2LR 1/2  T  ~  3/2 

Since  dimensional  analysis  in  no  way  requires  that  the  dimensions  of  experimentally 
convenient  fundamental  units  be  used  in  preference  to  theoretically  more  funda¬ 
mental  quantities,  it  is  in  any  case  desirable  to  retain  Q  rather  than  R  as  a  fourth 
fundamental  dimension  and  V  as  an  often  convenient  auxiliary  dimension.  Frac¬ 
tional  powers  do  not  appear  in  the  simple  dimensional  formulas  using  Q  or  Q  and 
V.  The  accompanying  table  of  dimensions  is  written  in  terms  of  Q  and  V.  Whenever 
required,  the  relation  (A.V-13)  that  expresses  V  in  terms  of  M,  L,  T,  and  Q  may 
be  introduced. 

The  practical  system  of  units  (SI  units)  described  above  and  used  throughout 
this  text  is  not  the  only  system  in  common  use.  Although  other  systems  may  have 
certain  advantages  in  exclusively  theoretical  work,  especially  for  those  who  are 
accustomed  to  them,  only  the  practical  system  has  the  unique  and  compelling 
characteristic  that  it  alone  is  entirely  adequate  for  both  theoretical  and  experimental 
work ,  so  that  confusing  conversion  tables  are  not  required.  One  system  is  always 
simpler  than  two  when,  as  in  applied  physics  and  engineering,  theory  and  experiment 
must  work  in  close  cooperation.  It  is  the  responsibility  of  writers  using  systems 
other  than  the  practical  to  convert  their  results  to  the  practical  system  or  at  least 
to  provide  adequate  conversion  tables. 
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Evaluation  of  the  Field 
of  a  Dipole  Antenna 
With  a  Sinusoidal 
Current  Distribution 


The  leading  term  in  the  distribution  of  current  in  a  very  thin  antenna  is  given  by 

uz)  =  /,(0)  N) 


sin  k0h 

where  /2(0)  is  the  input  current.  The  associated  vector  potential  is 


A  =  zAz  =  z 

4tt  J-h 


**  '*  Uz^dz' 


R 


With  (A.VI-1)  this  becomes 

lVz(0)  r  • 


Az  4tt 


[sin  k0h  Ckp(h,  z)  -  cos  k0h  Skp(h,  z )] 


where 


'h 


g  -jkoR 

Ckp(h,  z)  =  1^  cos  k0z'  — dz' 


'h  /  g—jkoRi  g-jkoRz 

cos  k0z 'I  — - 1 - r —  I  dz' 


o 


Skp (h,  z)  =  f  sin  k0 

J  —h 


Ri 

g-jkoR 

R 


R 


dz' 


•h 


p—jkoR\  g-jkoRz 

sin  k0z'  I  — —  +  — - —  I  dz' 
o  \  R  i  K2 


(A.VI-1) 


(A. VI-2) 


(A. VI-3) 


(A. VI-4) 


(A. VI-5) 
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In  these  integrals 

R  =  Rl  =  [(Z  -  z'f  +  p2]l/2;  R2  =  [(z  +  Z')2  +  P2]1/2 

where  p  is  the  radial  coordinate  measured  from  the  z  axis. 

The  magnetic  field  is  evaluated  from 

B(r)  =  V  x  A(r) 

When  A(r)  =  zAz(r), 


(A. VI-6) 


(A.  VI -7a) 


B(r)  =  efie(r)  =  -  0 


(A.  VI -7b) 


With  (A. VI-3), 


„ ,  x  -  mo)  r.  , ,  z)  , ,  z) 

Bf>( r)  =  - 7——T  sin  k0h - - - cos  k0h - - - 

4tt  sin  kQh  dp  dp 


(A.VI-8) 


The  differentiation  of  the  functions  Ckp(h,  z )  and  Skp(h,  z)  as  defined  in 
(A. VI-4)  and  (A. VI-5)  may  be  carried  out  as  follows.  The  exponential  integral 


Ei(v)  = 


e~u 


du 


(A. VI-9) 


can  be  differentiated  with  respect  to  a  parameter  p  contained  in  v  as  follows: 


—  Ei(v)  =  — 

dp  w  dp 


e~u 


du 


dv 


“  ,  \  dv 

—  du  ~T 
u  J  dp 


(A.  VI- 10) 


Since  u  is  an  independent  variable,  the  differentiation  of  the  definite  integral 
reduces  to  a  single  term  obtained  by  substituting  the  upper  limit  in  the  integrand. 
Thus, 


d  ev  dv 

-  Ei(v)  =  -  ^ 
dp  v  dp 


(A. VI-11) 


The  functions  Ckp(h,  z)  and  Skp(h,  z)  may  be  expressed  in  the  form 


Ckp(h,  z)  -  -  (Ix  +  I2  +  /3  +  /4) 


(A.  VI- 12) 


where 


Skpih,  z)  =  -j  (h  ~  h  +  h~  h) 


fh  g-jkoRx 

j  _  ejkoz  ejko(z'-z)  -  fci 

Jo  R 1 


rui  e-jw 

=  e*Uo  e>u  - —  dU 

J-uo  W 


(A.  VI- 13) 


(A.  VI- 14a) 
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—  £  -jkoz 


=  e~>u 0 


fh  g-jkoRi 

e-jka(z'-z)  -  d, 

R1 

p-)W 

e~iU~rdu 

-Uo  W 


fh  p-jkoRi 

g-jkoz  I  gjko(z'  +  z)  _ _  far 

Jo  R2 

ru2  p-JW 

e->Uo  \  eiU  — — -  dU 
Juo  W 

fh  p-jkoRi 

gjkoz  I  g-jko(z'  +  z)  _ _  far 

Jo  R2 

ru2  p-jW 

eJUo  e~>u  —  dU 
Juo  W 


where 


W  =  (U2  +  A2)m\ 


^oP 


TJ  =  K  =  I ko{z'  -  z );  in  Ix  ancj  12 

0  \k0(z'  +  z);  in  I3  ancj  I4 

U0  =  k0z ;  Ux  =  k0ux  =  k0(h  -  z) 

U2  =  ^0^2  =  k0(h  +  z) 


The  following  expression  is  obtained: 


dCkp(h,  z) 

dp 


1 

_  pjkoz 
2 


p  ~jko(R2h  +  M2)  p 

^2  h  +  U2  ^2  h 


p-jko(Rih-ui)  p 

R\h  ~  U1  Rl 


1  /  e-jko(Rih  +  ui)  „ 

H — e~’koz\ - — 

2  \  R\h  +  ui  Rih 


p  —jko(R2h  —  M2)  p 

R-2h  ~  U2  R-2 


Combining  terms  gives 

dCkp(h,  z) 

dp 


g  —jko(Rih  +  h)  *  g  -jko(R\h  —  h) 

R-2h^R-2h  +  U2)  R\h(Rlh  ~  Ul) 


(A.  VI- 14b) 


(A.  VI- 14c) 


(A.VI-14d) 


(A.  VI- 15a) 
(A.  VI- 15b) 


(A.  VI- 15c) 


(A.  VI- 16) 


p  ~jko(Rih  +  h)  p  —jko(R2h  —  h) 

R^hiRlh  +  Ul)  R2h{R-2h  ~  U2) 


(A.  VI- 17) 
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Rih  =  (ul  +  P2)1/2;  R2h  =  (1 4  +  p2) 


2\l/2 


Since 


(R-2h  +  W2)(^2  h  U2)  —  Rl 


2  h 


ul 


=  ul  +  PZ  -  U2  =  P' 


(A.VI-18a) 


and  similarly 


(Rlh  +  ux){Rlh  -  ux)  =  p2 


(A.VI-18b) 


it  is  possible  by  reducing  to  a  common  denominator,  to  obtain 


dCkp(h,z)  1  f  e  -jkoRih 


ap 


2p  1  R 


\{R2h  +  u2)e*»h  -  (R2h  -  u2)e-*»h] 


2  h 


g-jkoR\h 

+  - [(«i*  +  Ui)eiM  -  {Rih  ~ 

Klh 

e~  jkoRih  /  U2  cos 


R 


+  j  sin  k0h 


2  h 


e  jkoRih  / u  CQS  £  U 

+  - I  — —  +  j  sin  k0h 


R 


1  h 


cos  k0h  ( u2e  jk oRlh  uxe 


—jkoRih 


R 


2  h 


R 


1  h 


j  kph  ^  -jkoR2h  g- jkoRih^ 


(A. VI-19) 


Similarly, 


dSkp(h,  z) 

dp 


L  ojkoz 


—  -  e 


g  -jko(R2h  +  M2)  p 


j R-2h  R 


2  h 


e  -jko(R\h  -  mi)  p  2e  ~ik^ir+z)  p 

Rlh  -  Ml  Rlh  r  +  z  r 


_|_  L  Q  -jkoz 


g-jko(R\h  +  u\)  p 


Rih  +  Ui  R 


1  h 


g  -jko(Rih  -  Ul)  p  2e  "V*0(r“  z)  p 

^2h  ~  U2  ^2h 


r  —  z  r 


(A.  VI -20) 
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Collecting  terms  gives 

dSkp(h,  z) 

dp 


]_ 

2p 


£  —jkoRih 


[(R2A  + 


+  (Rzh  - 


g  -jkoRih 


[CRia  +  ux)e^h 


+  (Rlh  -  u^e-*0*1]  +  4e~ikor 

_  y  COS  M  ^-jkoRih  g- jkoRih^ 


+ 


sin  / m2  e~ikoR2h  ule~jkoRlh 


R 


+ 


2  h 


R 


1  h 


P 


-;fcor 


(A. VI-21) 


The  combination  of  (A. VI- 19)  and  (A. VI-21)  to  form  (A. VI-8)  leads  to  the 
following  simple  result: 

Be(r)  =  ;fXoA(P)  (e-jk0Rlh  +  e~ jkoRih  _  2  cos  k0h  e~’kor)  (A. VI-22) 

4/rrp 


where 

Rih  =  [( h  +  z)2  +  p2]1/2; 


Rih  =  [( h  -  zf  +  p2] 


211/2 


r  =  (z2  +  p2) 


2M/2 


(A.  VI -23) 


The  electric  field  associated  with  the  magnetic  field  in  (A. VI -22)  is  most 
easily  obtained  from  the  relation  V  x  B(r)  =  ;'<j)|A0€0E(r).  Since  B(r)  =  05e(r), 
it  follows  that  the  components  of  the  electric  field  are 


f2  [X  X  B(r)]p 

Kq 

(A.  VI -24) 

• 

%  [V  X  B(r)]„  =  0 

K0 

(A.  VI -25) 

75  [V  X  B(r)]z 

Kq 

(A.  VI -26) 

-  ~  (pBe);  [V  X  B(r)L  =  (p Be) 

p  oz  p  dp 

(A. VI-27) 

[V  X  B(r)]p  = 
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From  (A. VI -22), 


It  may  be  noted  that 


j  ru*z\ 

4-77 

-  (e~Jkc 

that 

dR2h 

z  +  h 

dZ 

R2h 

dR2h 

P  . 

-  2  cos  k0h  e  jkor) 


dR 


lh 


h 


dz 


R 


lh 


dR 


lh 


dP  R2h 

With  (A. VI -29)  and  (A.VI-30), 


dp  R 


lh 


dr 

dz 

dr 

dp 


z 

r 

P 

r 


f  (P Be)  =  +  z—± 

dz  4T7  \  R2h  Rlh 


2  z 


cos  k0h  e  jkor 


d_ 

dp 


(P  Be)  = 


\y,0k0Iz{{))  (e~jkoR™  e-jkoRlh 


4-77 


R 


2h 


R 


lh 


- cos  k0h  e  jkor 

r 


It  follows  that 


^p(r) 


7<Wz(0)  ( 

^  Jl.  g  —jkoR\h  _|_  ^  Q—jk^Rih 


4(ttA:oP 


R 


lh 


R 


2h 


2  z 


cos  k0h  e  jkor 


E9(  r)  =  0 


Ez(  r)  = 


-;(O|xo/2(0)  (e-jkoR^  e~’koR2h 


4-77  k0 


R 


lh 


R 


2h 


(A.  VI -28) 


(A.  VI -29) 
(A.VI-30) 


(A. VI-31) 


(A.  VI -32) 


(A.  VI -33) 


(A.  VI -34) 
(A.  VI -35) 


2 

r 


cos  k0h  e  jkor 
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A 

Vector  potential 

Volt-second 

153 

meter 

a 

Radius  of  conductor 

meter 

74 

Semi-major  axis  of  ellipse 

meter 

302 

«h 

Semi-minor  axis  of  ellipse 

meter 

302 

B 

Magnetic  vector 

volt-second  weber 

87 

(Magnetic  flux  density) 

7 

square  meter  square  meter 

b 

Radius  of  insulator 

meter 

167 

C 

Typical  vector 

153 

Co 

Capacitance  of  capacitor 

farad 

350 

c 

Capacitance  per  unit  length  of 

farad 

399 

transmission  line 

meter 

c 

Velocity  of  light 

meter 

96 

second 

D 

Auxiliary  electric  vector 

coulomb 

95 

(Displacement) 

square  meter 

D 

Density  of  mass 

kilogram 

6 

meter 

D  Directivity 

dc  Mean  free  path 


meter 


Index  of  Principal  Symbols 


605 


ds 

Skin  depth 

meter 

129 

E 

Electric  vector 

volt 

meter 

87 

Ee 

Impressed  electric  field 

volt 

meter 

125 

E 

Elliptic  integral  of  second  kind 

354 

e 

Electric  charge 

coulomb 

2 

F 

Electromagnetic  force 

newton 

193 

F  M 

Mechanical  force 

newton 

193 

F 

Fresnel  integral 

269 

f 

Frequency 

hertz 

f 

Function 

127 

fer,  fmn 

Reflection  coefficients 

525 

fet,  fmt 

Transmission  coefficients 

525 

G 

Gain  of  antenna 

240 

g 

Leakage  conductance  per  unit  length 
of  transmission  line,  of  waveguide 

siemens 

m 

399,  455 

g 

Function 

127 

H 

Auxiliary  magnetic  vector  (magnetic 
field) 

ampere 

meter 

95 

h 

Half-length  of  dipole  antenna 

meter 

287 

/ 

Total  current  in  conductor 

ampere 

76 

Modified  electric  Hertz  potential 

ampere 

451 

Current  function  in  waveguides 

ampere 

452 

J 

Volume  density  of  current 

ampere 

square  meter 

36 

K 

Surface  density  of  current 

ampere 

meter 

38 

K 

Elliptic  integral  of  first  kind 

354 

KP 

Space  radiation  function 

239 

Kernel  in  integral  equation 

185 

k 

Surface  density  of  polarization 

coulomb 

meter 

32 

k 

Wave  number  in  simple  medium 

1 

meter 

127 

K 

Wave  number  in  free  space 

1 

meter 

126 

K,  K 

Spheroidal  coordinates 

dimensionless 

303 

kL 

Wave  number  of  insulated 
antenna 

1 

meter 

434 

L i 

Self  inductance  of  circuit  1 

henry 

342 

k>\2 

Mutual  inductance  of  circuits  1  and  2  henry 

342 

L 

Dimensional  symbol  of  length 

1 
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€ 

Inductance  per  unit  length 

henry 

398 

M 

Volume  density  of  magnetization 

meter 

ampere 

42 

M 

Dimensional  symbol  of  mass 

meter 

1 

m 

Magnetization 

ampere  x  square  meter 

42 

m 

Mass 

kilogram 

2 

N 

Index  of  refraction 

127 

A 

N 

Unit  normal 

56 

A 

n 

Unit  external  normal 

23 

n 

Number  density 

13 

n 

P 

Integer 

Volume  density  of  polarization 

coulomb 

17 

P 

Polarization 

square  meter 
coulomb  meter 

16 

Q 

Total  charge 

coulomb 

77 

Q 

Thermal  energy  function 

calorie 

197 

q 

Charge  per  unit  length 

coulomb 

76 

A 

R 

Unit  vector  from  origin  in  spherical 

meter 

221 

R 

coordinates 

Spherical  coordinate 

meter 

165 

r; 

Radiation  resistance 

ohm 

239 

R\ 

External  resistance  of  circuit  1 

ohm 

345 

R\ 

Internal  resistance  of  circuit  1 

357 

r‘ 

Internal  resistance  per  unit  length 

ohm 

178 

rQ 

D.C.  resistance  per  unit  length 

meter 

ohm 

178 

S 

Poynting  vector 

meter 

watts 

201 

s 

Surface,  area 

square  meter 
square  meter 

98 

s 

Distance,  contour 

meter 

99 

T 

Electromagnetic  torque 

newton-meter 

193 

T 

Electromagnetic  energy  transfer 

watt 

197 

Tq 

function 

Thermal  energy  transfer  function 

calorie 

197 

Tp 

Period 

square  meter 
second 

113 

tr 

Time  of  relaxation 

second 

112 

t 

Time 

second 

66 

u 

Electromagnetic  energy  function 

joule 

197 

UE 

Electric  energy  function 

joule 

* 

201 
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where 

defined 

Magnetic  energy  function 

joule 

201 

u 

V 

Nonrandom  velocity  of  free  charge 

Dimensional  symbol  for  scalar 
potential 

meter 

second 

37 

V 

Volume 

cubic  meters 

5 

V 

Scalar  potential  difference 

volt 

403 

VE 

Voltage  function  in  waveguides 

volt 

452 

VM 

Modified  magnetic  Hertz  potential 

volt 

451 

V 

Velocity  vector 

meter 

second 

35 

V 

Magnitude  of  velocity 

meter 

second 

43 

VE,  vm 

Phase  velocities  of  electric  and 
magnetic  type  waves  in  waveguide 

meter 

second 

459 

W 

Mechanical  energy  function 

joule 

197 

W 

Vector  potential  difference 

volt-second 

meter 

403 

w 

Width,  thickness 

meter 

347 

Xx 

Self-reactance  of  circuit  1 

ohm 

342 

X\2 

Mutual  reactance  of  circuits  1  and  2 

ohm 

342 

Xs 

A 

X 

Surface  reactance 

Unit  vector  in  direction  of  positive  x 
axis 

ohm 

178 

X 

Cartesian  coordinate 

meter 

X* 

Internal  reactance  per  unit  length 

ohm 

meter 

178 

A 

y 

Magnetic  type  wave  admittance  in 
waveguide 

Unit  vector  in  direction  of  positive  y 
axis 

siemens 

456 

y 

Cartesian  coordinate 

meter 

y 

Admittance  per  unit  length 

siemens 

meter 

405 

Admittance  per  unit  length  of 
waveguide 

siemens 

meter 

455 

Zc 

Characteristic  impedance 

ohm 

413 

^Ea 

Electric  type  wave  impedance  of 
waveguide 

ohm 

456 

Zs 

Surface  impedance 

ohm 

178 

Zr 

Wave  impedance  of  T-mode  in 
coaxial  waveguide 

ohm 

469 

Zi 

Self-impedance  of  circuit  1 

ohm 

342 

Z12 

Mutual  impedance  of  circuits  1  and  2 

ohm 

342 
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£ 

Unit  vector  in  direction  of  positive  z 

axis 

z 

Impedance  per  unit  length  of 

ohm 

407 

transmission  line 

meter 

Impedance  per  unit  length  of 

455 

waveguide 

z 

Cartesian  coordinate 

meter 

zx 

Internal  impedance  per  unit  length 

ohm 

178 

meter 

Internal  impedance  per  unit  length  of 

ohm 

463,  464 

waveguide 

meter 

Z'y 

Internal  impedance  of  T-mode  in 

ohm 

459 

coaxial  waveguide 

meter 

a 

Attenuation  constant,  imaginary  part 

neper 

127 

of  complex  wave  number 

meter 

^E^M 

Electric  and  magnetic  type 

neper 

459 

attenuation  constant  in  waveguide 

meter 

P 

Phase  constant,  real  part  of  complex 

radian 

127 

wave  number 

meter 

Pe>Pm 

Electric  and  magnetic  type  phase 

radian 

459 

constant  in  waveguide 

meter 

y 

Propagation  constant 

1 

399 

meter 

7a 

Propagation  constant  in  waveguide 

1 

460 

meter 

7e>7m 

Propagation  constants  of  electric  and 

1 

459 

magnetic  types  in  waveguide 

meter 

7t 

Propagation  constant  of  T-mode  in 

coaxial  waveguide 

8 

Dirac  delta  function 

6 

E 

Absolute  permittivity  of  simple 

farad 

109 

medium 

meter 

Ee 

Real  effective  absolute  permittivity 

farad 

123 

of  simple  medium 

meter 

Er 

Relative  permittivity  of  simple 

109 

medium 

E 

Generalized  complex  absolute 

farad 

124 

permittivity  of  simple  medium 

meter 

E0 

Absolute  permittivity  of  free  space 

farad 

89 

• 

meter 

e',e" 

Real  and  imaginary  parts  of  e  =  e' 

farad 

123 

-  je". 

meter 
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defined 

c'  p" 

Gr?  Gr 

Real  and  imaginary  parts  of  er  =  e' 

-  K 

Characteristic  impedance 

122 

t 

ohm 

tc 

Real  effective  characteristic 

ohm 

128 

to 

impedance  of  simple  medium 
Characteristic  impedance  of  free 

ohm 

96 

TH 

space 

Surface  density  of  charge 

coulomb 

12 

TH 

Coordinate  in  Fourier  transformed 

square  meter 

534 

TH 

space 

Essential  surface  density  of  charge 

coulomb 

29 

THm- 

Essential  surface  density  of  moving 

square  meter 
ampere 

74 

0 

charge 

Spherical  coordinate 

meter 

radian,  degree 

A 

6 

0 

Unit  vector 

Cylindrical  coordinate 

radian,  degree 

A 

0 

X 

Unit  vector 

Wavelength  in  simple  medium 

meter 

Guide  wavelength  in  waveguide 

meter 

460 

^e  Am 

Wavelengths  of  electric  and  magnetic  meter 

459 

types  in  waveguide 

Wavelength  in  free  space  (air) 

meter 

126 

P- 

Absolute  permeability  of  simple 

henry 

109 

P-r 

medium 

Relative  permeability  of  simple 

meter 

109 

M-O 

medium 

Absolute  permittivity  of  free  space 

henry 

89 

pAp4' 

Real  and  imaginary  parts  of  |xr  = 

meter 

122 

€ 

P-r  -  j  P'r 

Coordinate  in  Fourier  transformed 

534 

space 

Hertz  potentials,  electric  and 

volt  seconds;  volt  meter 

449 

P 

magnetic 

Volume  density  of  charge 

coulomb 

6 

P 

Cylindrical  coordinate 

cubic  meter 

meter 

Pf 

Volume  density  of  free  charge 

coulomb 

Po 

Spot  size  in  optical  fiber 

meter 

square  meters 

514 

Pm- 

Essential  volume  density  of  moving 

ampere 

74 

charge 

square  meter 
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£,a 

Surface 

square  meter 

23 

a 

Conductivity 

siemens 

meter 

109 

Real  effective  conductivity  of  simple 
medium 

siemens 

meter 

123 

a',  a" 

Real  and  imaginary  parts  of  a  =  a' 

-  ja" 

siemens 

meter 

122 

T 

Volume 

cubic  meter 

7 

Ta 

Cut  off  parameter  in  waveguide 

460 

$ 

4> 

Spherical  coordinate 

Unit  vector 

radian,  degree 

4> 

Scalar  potential 

volt 

153 

Xs 

Extinction  coefficient 

127 

Xe,  Xm 

Electric,  magnetic  susceptibility 

109 

* 

Expansion  function  for  antenna 

290 

4>M 

Mode  function  of  electric  and 
magnetic  types  in  waveguides 

454 

lj/T 

Mode  function  of  T-mode  in 
waveguide 

468 

0) 

Angular  velocity 

radian 

118 

second 


Index 


A 

Action: 

by  contact,  548  ff. 
retarded,  551  ff. 

Admittance: 

of  cylindrical  antenna,  294 
of  loop  antenna,  376,  390 
graphs,  382 

of  short  cylindrical  antenna,  295 
shunt,  in  waveguide,  454,  455 
of  two  coupled  antennas,  320,  321 
wave,  in  waveguides,  456 
Ampere  (unit  of  current) ,  37 
Ampere-Maxwell  theorem,  102 
Ampere’s  law,  227 
Analogy: 

between  field  vectors,  95,  96 
between  steady  and  static  states,  62 
tables,  63,  88,  94,  111,  157 
Antennas,  coupled,  current  in,  317,  318 
integral  equation  for,  316 
linear,  286  ff 
Array,  two-element: 
bilateral  end-fire,  325 
broadside,  324 
electric  field  of,  321  ff 
end-fire,  326 


Atom,  2 

Attentuation  constant,  416 
Average,  time,  3 


B 

B-vector,  boundary  conditions  for, 

93-95,  96,  97,  115,  116,  123,  125 
definition,  86  ff 

derivation  of  boundary  conditions,  90-92 
Bessel  equation,  172 
Bessel  functions: 
tables,  575-79 

Biot  and  Savart  formula,  227 
Boundary  condition,  89 
B-vector,  93-95,  96,  97,  115,  116,  123,  125 
for  current,  73 

on  cylindrical  conductor,  173,  181 
derivation  of,  90-92 
for  dielectric  rod,  506 
D-vector,  96,  97 

E-vector,  92-95,  97,  115,  116,  123,  125 
H-vector,  96,  97 
impedance,  179  ,  456 
for  non-conductors,  115 
for  potential  functions,  163 


612 


Index 


for  simple  media,  110,  115,  116 
for  waveguides,  456,  457 
Brewster  angle,  523 
pseudo,  528 


C 

Capacitance: 
of  capacitor,  350 

per  unit  length,  of  coaxial  line,  410 
of  two-wire  line,  406 
Capacitor,  impedance  of,  350,  351 
Cell,  interior,  7 
surface,  12 
volume,  7 
Charge,  1,  2 
bound, 4 

conservation  of,  2,  67,  70,  74,  402 
density  of,  surface,  9,  12,  14 
volume,  5,  6,  8,  14 
distribution  in  capacitor,  349 
free,  4 

fundamental  concept,  1,  2 
mutual  interaction  of,  2 
on  transmission  line,  404 
in  waveguide,  480 
Circulation,  microscopic,  35,  4 1 
Circuit,  electric  (see  Electric  circuits) 
Circuit  elements: 
near-zone,  341  ff 
quasi-near-zone,  343  ff 
unrestricted,  338  ff 
Coaxial  line,  407  ff 
with  extended  inner  conductor,  437 
Coefficients: 

generalized  for  simple  media,  126  ff 
reflection,  522,  523 
graphs,  529 
transmission,  525 
Complex  notation,  118-20,  121  ff 
Conduction  response: 
instantaneous,  121 
time  lag  in,  124 
Conductivity,  110,  111 
complex,  122 
real  effective,  123 
tables,  580,  581 

Conductor,  definition  of,  111,  114 
perfect,  112 

Constant,  fine  structure,  44 


Constants: 

electromagnetic,  590  ff 
numerical  values,  591 
of  materials,  tables,  580  ff 
propagation,  in  waveguides,  459 
universal,  89,  96 
Constitutive  relations,  109,  121 
Continuity  of  electric  charge,  equation  of,  67 
complex,  121 
cylindrical  conductor,  74 
surface,  70 

Coordinates,  curvilinear,  554 
Cornu  spiral,  271 
Coulomb’s  law,  226 
Coupled  circuits,  equations  for  n,  341 
equations  for  two,  336,  337 
Coupling,  coefficient,  339 
loose,  339 
Curl  of  a  vector,  54 
component  form,  56 
coordinate  form,  Cartesian,  559,  564 
curvilinear,  557 
cylindrical,  559 
rectangular,  559,  564 
spherical,  559 
spheroidal,  563 
Curl  theorem,  98 
Current: 

in  antenna,  294,  296 
conduction,  36 
convection,  36 

in  cylindrical  conductor,  294,  295,  296 
integral  equation  for,  183,  286,  290 
cut  off,  in  waveguides,  460 
density,  distribution  of,  in  cylindrical 
conductor,  175-77 
in  loop,  369,  374,  375 
integral  equation  for,  367 
magnetization,  35,  41,  78 
polarization,  77 
quasi-surface,  178 
in  short  cylindrical  antenna,  295 
surface,  on  half  plane,  279,  281 
surface  density  of,  38  ff 
in  waveguide,  480 

in  transmission  line,  413,  417,  418,  419 
volume  density  of,  35  ff 
Cylindrical  conductor,  boundary  conditions 
for,  173 

continuity  equations  for,  75,  185 
current  in,  294,  295,  296 
electromagnetic  field  of,  297  ff,  304,  308-13 
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D 

d’Alembert,  equation  of,  156 
Density: 

of  charge,  surface,  12 
volume,  6,  8 
of  current,  surface,  38 
volume,  36,  37 
of  magnetization,  surface,  61 
volume,  42 
of  mass,  6 
number,  13 

of  polarization,  surface,  31 
volume,  17 

Diamagnetic  medium,  96,  97 
Dielectric  constant  (see  Permittivity) 
Dielectric  medium,  96,  97 
Dimensional  formulation,  584  ff 
Dimensions,  table,  592 
Dipole: 

antenna,  286  ff 
electric,  16 

equivalent  for  unit  length  of  conductor,  78 
Hertzian,  240,  241 
infinitesimal,  169,  240 
sleeve,  440 

vertical,  over  dissipative  region,  531  ff 
Directivity,  definition,  240 
of  Hertzian  dipole,  241 
Disk,  magnetized,  82 
Dissipation,  in  waveguides,  461  ff 
Divergence  of  a  vector,  definition,  24 
curvilinear,  556 
cylindrical,  559 
spherical,  559 
spheroidal,  563 
Divergence  theorem,  98 
D-Vector,  boundary  conditions  for,  96,  97 
definition,  95 

Dynamical  equation,  of  electron,  196 


E 

Electric  circuit  theory,  general  formulation, 
333  ff 

Electric  circuits,  conventional,  341  ff 
general,  338,  339 
near-zone,  341  ff 
quasi-near-zone,  343  ff 

Electric  D-vector  (see  D-vector)  h 


Electric  E  field: 
impressed,  125  ff 
intrinsic,  125  ff 

Electric  E-vector  (see  E-vector) 

Electricity: 

conservation  of,  67  (see  also  Continuity, 
equation  of) 

mechanical  equivalent  of,  197 
Electromagnetic  field: 

in  coaxial  or  hollow  circular  waveguide,  447, 
479 

of  dielectric  rod,  504 
electric  type,  519,  521 
of  half-wave  dipole,  308,  309,  310 
graphs,  308 
impressed,  125 

incident  at  arbitrary  angle,  526 
induction,  225 
of  loop  antenna,  385  ff 
magnetic  type,  519,  520 
magnitude  in  earth,  134 
radiation,  227 

for  cylindrical  conductor,  228 
in  rectangular  waveguide,  483-86 
of  three-term  current,  311,  312 
of  T-mode  in  waveguide,  471 
of  vertical  dipole,  over  earth,  532,  533, 

539  ff 

over  sea,  graphs,  544,  545 
Electromagnetic  waves,  220  ff 
plane,  233  ff 
polarized,  234  ff 
spherical,  231 
Electron: 
charge  on,  2 
classes  of,  4 

dynamical  equation  of,  196 
mass  of,  2 

Electrostatic  field,  definition,  225,  226 
Elliptic  integral,  complete: 
of  first  kind,  354 
of  second  kind,  354 
Energy: 
in  circuit,  204 
complex,  206 
concept  of,  196 
density,  205 
electric,  201,  203 

functions,  electromagnetic,  201,  202 
in  simple  media,  203 
in  space,  203 
kinetic,  197 

localization  of,  in  space,  200 
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magnetic,  201,  203 
mechanical,  197 
potential,  197 
storage  of,  in  space,  200 
substance,  200 
thermal,  197 
time-average,  209 
time-rate-of-change  of,  201 
total,  of  system,  197 
transfer,  across  closed  surface,  201,  205 
across  part  of  closed  surface,  205 
for  cylindrical  antenna,  212  ff 
Equation: 

of  continuity,  67  (see  Continuity,  equation 
of) 

dynamical,  196 
Equations: 
field,  87 

first-order,  for  transmission  line,  407 
for  waveguide,  454 
Maxwell-Lorentz,  87 
transverse,  for  waveguide,  453 
Equivalent,  circuit,  for  waveguide,  455,  464 
Ether,  action  in,  550 

E-vector,  boundary  conditions  for,  90,  92,  93- 
95,  115,  116,  123,  125 
definition  of,  87,  88 


F 

Faraday’s  law,  106,  107 
Far  zone,  227 

Ferromagnetic  medium,  96,  97 
boundary  conditions  for,  96,  97 
Fiber,  optical,  502  ff 
Field,  diffracted,  definition,  263 
by  black  screen,  graph,  273 
by  conducting  half-plane,  275 
electric  type,  in  waveguide,  definition,  450 
formulas,  457,  466,  477,  479 
electromagnetic  (see  Electromagnetic  field) 
electrostatic,  225,  226 

of  multiple  half-wave  antenna,  301,  304,  305 
radiation  or  far-zone,  227 
reradiated,  definition,  263 
scattered,  definition,  263 
Field  equations,  87,  94 
complex,  123 
in  conductors,  115,  116 
in  simple  media,  110,  125 
in  terms  of  D  and  H  vectors,  96 


Force: 

electromagnetic,  192,  194 
equation,  193 
mechanical,  193 
on  one  kind  of  charge,  195 
Fourier  equation,  172 
f(p)  function,  definition,  127,  566 
tables  for,  567  ff 
Fresnel  integral,  270 
Functions: 

characteristic  for  waveguides,  453 
longitudinal,  for  waveguides,  454 


G 

Gauss’s  theorem,  102 
Generator,  slice  or  point,  126 
g(p)  function,  definition,  127,  566 
tables  for,  567  ff 

Gradient  of  a  scalar,  definition,  151 
Green’s  function,  283 
Green’s  theorem,  153 
symmetrical,  153 


H 

Half-plane: 

absorbing,  diffraction  by,  271  ff 
conducting,  diffraction  by,  265,  266 
diffraction  by,  arbitrary  polarization,  282  ff 
general  incidence,  282  ff 
Helmholtz  theorem,  154 
Hertzian  dipole,  240 
directivity,  241 
electromagnetic  field  of,  241 
gain  of,  241 

radiation  function  for,  241 
radiation  resistance  of,  241 
vector  potential  of,  240 
Hertz  potential,  448,  449 
H-vector: 

boundary  conditions  for,  96,  97 
definition  of,  95 
Hyperboloid: 

of  one  sheet,  equation,  560 
of  two  sheets,  equation,  560 

I 

Image  field,  244  ff 
Images,  method  of,  244  ff 
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Impedance: 

of  capacitor  in  circuit,  350 
characteristic,  of  insulated  antenna,  188,  434 
of  simple  medium,  128 
of  space,  96 

of  transmission  line,  413 
definition  of,  338 
of  helical  coil,  361,  362,  364 
internal,  of  capacitor,  349,  350 
of  loop  antenna,  374,  375 
mutual,  of  circuits,  338,  339,  346,  347 
mutual,  of  coaxial  rings,  353,  355 
per  unit  length: 
of  conductor,  176 
of  waveguide,  463 
self,  of  circuit,  338,  339 
of  circular  ring,  357,  374 
series,  in  waveguide,  454,  455 
surface,  178 

wave,  in  waveguides,  456 
Impedance  boundary  condition,  178 
Impressed  field,  in  electric  circuit,  334 
Incidence,  plane  of,  519 
Index  of  refraction,  521 
Inductance : 
of  circular  loop,  345 
of  closely  wound  coil,  364 
of  rectangle,  345 
of  square,  345 
Insulated  antenna,  429  ff 
characteristic  impedance  of,  434 
with  choke  section,  438,  439 
current  in,  431 

electromagnetic  field  of,  431,  432 
for  heating,  in  bore  hole,  436 
integral  equation  for  current  in,  188,  429 
series,  connected,  443  ,  444 
short,  445,  446 

wave  number  for  current  in,  188,  435 
Integral  equation,  for  current: 
in  circular  loop,  365  ff,  367 
in  conductor,  180 
in  insulated  conductor,  188 
in  thin  cylinder,  185 


K 

Kernel,  for  integral  equation: 
of  insulated  antenna,  188 
of  thin  cylinder,  183 
Kirchhoff’s  voltage  law,  336 
Kronig- Kramers  relations,  124 


L 

Laplace’s  equation,  157 
Laplacian  operator,  155 
Lateral  wave,  539 
Layer,  double,  31 
Loop  antenna: 
admittance  of,  376-79 
graphs,  382 
current  in,  369 
graphs,  381 

electrically  small,  373-75 
electromagnetic  field  of,  385,  386 
field  of  electrically  small,  388 
Lorentz  condition,  156 
in  simple  media,  163 
Loss  tangent: 
in  dielectrics,  124 
in  waveguides,  460 


M 

Magnetic  B -vector  {see  B -vector) 
field  {see  Electromagnetic  field) 

H-vector  {see  H-vector) 

Magnetization: 
surface  density  of,  61 
total,  45 

volume  density  of,  41 
Magnetostatic  field,  225,  226 
Mass,  density  of,  6 

Maxwell-Lorentz  equations  {see  Maxwell’s 
equations) 

Maxwell’s  equations,  87 
as  fundamental  postulates,  94 
integral  forms,  107,  108 
in  simple  media,  108,  123,  125 
in  terms  of  D  and  H  vectors,  95 
time-independent,  118,  121 
Mean  free  path,  8 

Mode,  E0  and  in  dielectric  waveguide,  509 
E  or  TM  in  waveguide,  456 
H  or  TE  in  waveguide,  456 
hybrid  HEn  in  dielectric  waveguide,  511-13 
T  or  TEM  in  waveguide,  458 
Mode  functions,  for  waveguides,  453  ff 
coaxial  higher  modes,  472,  474,  475 
coaxial  T  mode,  468 
hollow  circular  waveguide,  476 
rectangular  waveguide,  482 
Model,  bound  charge,  4,  11 
free  charge,  4,  10 
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Models,  theory  of,  259 
Molecule,  1,  2 
Moment: 
electric,  16 
magnetic,  42,  43 
Motron,  equation  of,  193 
random,  3 

Mutual  impedance  (see  Impedance,  mutual) 

N 

Neumann  formula  for  mutual  impedance,  342 
Nonconductor,  definition,  115 
Normalization: 

of  mode  functions  in  waveguides,  459 
of  modes  in  circular  waveguides,  475 
in  rectangular  waveguides,  482 


O 

Operators,  differential,  553  ff 
Operators,  Table  of,  559 

P 

Paramagnetic  medium,  boundary  conditions 
for,  96,  97 

Pass  band,  in  waveguides,  460 
Periodic  time  dependence,  118  ff 
Permeability: 
absolute,  110 
relative,  109 

Permittivity  (dielectric  constant): 
absolute,  109,  110 
relative,  109 
tables,  580-83 
Phase  velocity: 
in  simple  media,  128 
in  transmission  lines,  416 
in  waveguides,  459 

Plane  waves,  transmission  into  earth,  129  ff 
Plasma  frequency,  125 
Poisson’s  equation,  156 
Polarization,  average  of  atom  or  molecule,  15, 
16 

elliptical,  236 
surface  density  of,  31 
volume  density  of,  15 

Potentials,  boundary  conditions  for,  157-61 
equation  for,  in  simple  media,  164 
electric,  scalar,  155 


Hertz,  449 
modified,  451 

for  infinitesimal  dipole,  170 
integrals  for,  159,  168 
magnetic  vector,  155 
scalar,  153 

in  simple  media,  162,  163 
vector,  153 
in  simple  media,  162 
Power,  in  load  of  line,  426 
Power  equation,  197 
complex,  426 
in  simple  media,  204 
in  terms  of  potentials,  211,  212 
Poynting  vector,  definition,  201 
complex,  208 
of  half-wave  dipole,  310 
in  radiation  zone,  238 
time-average,  208 
Proton: 
charge  on,  2 
mass  of,  2 

Pulse,  into  earth,  graphs,  143 
Gaussian,  141 

transmission  of,  into  earth,  137  ff 

Q 

Quasi-stationary  field,  226 
Quasi-surface  current,  178 

R 

Radiation,  condition,  169 
Radiation  field,  224,  227,  236  ff 
of  antenna,  229 
and  vector  potential,  236  ff 
Radiation  function,  definition,  239 
of  Hertzian  dipole,  241 
Radiation  resistance,  239 
of  Hertzian  dipole,  241 
Radiation  zone,  227  ff 
Ratio,  gyromagnetic,  44 
Rayleigh-Carson  reciprocal  theorem,  252,  255 
applied  to  antennas,  258 
Rayleigh  formula  for  resistance,  178 
Reciprocity,  252  ff 
Reflection: 

by  conducting  plane,  264,  265 
by  cunducting  half-phase,  265  ff 
total  internal,  524 
Regularity,  statistical,  10 
Reimann  surface,  267 
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Relaxation,  time  of,  112 
Resistance: 

characteristic  of  space,  96 
of  circle  of  wire,  345 
of  circuit,  343-45 

d.c.  per  unit  length  of  conductor,  177 
radiation,  of  antenna,  239 
of  half-wave  antenna,  310 
of  quasi-near-zone  circuits,  344,  345 
of  rectangle,  of  wire,  345 
of  square,  of  wire,  345 
Resonance,  condition  for: 
in  transmission  lines,  425 
in  waveguides,  496  ff 
Resonator,  cavity,  496-500 
Retarded  action  at  a  distance,  551 


S 

Scalar  potential: 
condition  for,  153 
definition,  153 
Separation  of  variables,  171 
for  waveguides,  452 
Shielding,  electromagnetic,  179 
Similitude,  electrodynamical,  258  ff 
Simple  (or  linear)  media,  109  ff 
boundary  conditions  for,  110 
field  equations  in,  110 
Skin  depth,  176 
Skin  effect: 

in  cylindrical  conductor,  170  ff 
in  tubular  conductor,  179 
Smith  chart,  421,  422 
Snell’s  law,  521 
Solenoidal  vector,  154 
Space,  mathematical  description  of,  86  ff 
Spheroidal  coordinates,  556  ff 
and  field  of  antenna,  303 
Standing  wave  ratio  (SWR),  425 
State: 

nonstationary,  66  ff 
static,  3  ff,  32  ff 
statistically  stationary,  3 
steady,  34  ff 
Stokes’  theorem,  99 
Stop  band,  in  waveguides,  460 
Strip  line,  411 

Subdivision,  mode  of,  for  simple  media,  110 
Surface: 

equiphase  in  field  of  antenna,  305-7 
equipotential,  153  X, 


layer,  thickness  of,  9 
wave,  524  ff,  539,  543 
Susceptibility,  electric,  109 
magnetic,  109 

T 

TE-mode,  456  ff 
TEM-mode,  in  coaxial  line,  473 
Terminal  function,  for  transmission  line,  419 
Time  average  of  periodic  functions,  206 
TM-mode,  456  ff 
Torque,  electromagnetic,  194 
Transfer  function: 
complex,  for  antenna,  238-39 
electromagnetic,  133 
electromagnetic  energy,  197,  201 
Transmission  line: 
coaxial,  408,  410 
current  distribution  in,  413,  423 
differential  equations  for,  399,  407 
two-wire,  402,  407 
voltage  distribution  in,  423 

U 

Uniqueness  of  solution,  169 
Units,  electromagnetic,  590  ff 

V 

Vector  point  function,  17 
potential,  153,  154 
Velocity: 

characteristic,  of  space,  96 
group,  for  field  of  antenna,  307 
of  light,  96 
phase,  96,  127 
for  field  of  antennas,  307 
in  waveguides,  459 

W 

Wave: 

electromagnetic  plane,  233 
polarized,  235 
spherical,  231 
lateral,  539  ff 
surface,  539  ff 

Wave,  plane,  incident  on  boundary,  518  ff 
Wave  admittance,  for  waveguide,  456 
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Wave  equation,  156 
one-dimensional,  413 
scalar,  450 
Waveguide: 
coaxial,  465  ff 
higher  modes  in,  472  ff 
dielectric-rod,  502  ff 
hollow  circular,  465  ff 
methods  of  driving  and  loading,  489-96 
rectangular,  480  ff 
summarizing  table,  466,  467 
theory  of,  448  ff 
T-mode  in  coaxial,  468  ff 
Wave  impedance,  130 
for  waveguides,  456,  461 


Wavelength: 

cut  off  in  circular  waveguide,  479 
guide,  459,  460 

Wave  number,  definition,  126,  127 
for  insulated  antenna,  188 


Z 

Zone,  far,  definition  of,  227 
induction,  definition  of,  225 
intermediate,  228 
near,  definition  of,  225 
radiatioft,  definition  of,  227 


